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Classical versus quantum harmonic-generation spectrum of a driven anharmonic oscillator
in the high-frequency regime
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The harmonic-generation spectrum of an anharmonic oscillator perturbed by a high-frequency, high-
intensity external field is discussed from both classical and quantum mechanical points of view. The classical
theory of harmonic generation in this regime is shown to provide a simple analytical expression for the
probability to emit thekth harmonic of the external field frequency. The theory is applied to the harmonic
generation by a charged particle moving in Morse and ‘‘soft-core’’ Coulomb model potentials and interacting
with a time-periodic electric field. For both models the probability to emit thekth harmonic attains a maximal
value at somekmax so that a single harmonic peak dominates the spectrum.kmax can be controlled by properly
choosing the field and oscillator parameters. The quantum mechanical numerical results are shown to be in
excellent agreement with the classical predictions due to the localization of the wave function around either
stable~in the case of Morse potential! or unstable~in the case of ‘‘soft-core’’ Coulomb potential! equilibrium
position of the corresponding effective Kramers-Henneberger potential.@S1050-2947~98!04202-4#

PACS number~s!: 33.80.Wz, 32.90.1a, 33.90.1h, 42.50.Hz
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I. INTRODUCTION

Atoms being irradiated by strong ac fields emit odd h
monics of the incident radiation frequency. This pheno
enon, called harmonic generation~HG!, has recently at-
tracted a lot of attention from both experimentalists a
theorists. The probabilitysk to emit the kth harmonic is
associated with the Fourier transform of the dipole mom
acceleration:

sk} lim
T→`

U E
0

T

^m̈&~ t !e2 ikvtdtU2

. ~1!

It has been found@1# that at field intensities beyond the pe
turbative regime the HG spectrum exhibits a plateau exte
ing to some high harmonic order, which ends by an abr
cutoff. The typical experimental situation is that the radiati
frequency is much lower than the transition frequency
tween the adjacent atomic states. The quantum mecha
~QM! theory of HG in the low-frequency–high-intensity re
gime has been developed by Lewenstein and co-wor
@2,3# following the earlier numerical studies, e.g.,@4# and
theoretical works, e.g.,@5#. A simple quasiclassical descrip
tion of HG in this limit due to Kulander, Schafer, and Krau
@6# and Corkum@7# represents it as a three-stage process
the course of this process an electron first tunnels throug
adiabatically oscillating~‘‘quasistatic’’! potential barrier.
The electron appears then in the continuum at some pha
the low-frequency, high-intensity field. Its further motion
affected to a good approximation by the field only. The i
tial field phase can be such that the electron returns to
vicinity of the ionic core and radiatively recombines to pr
duce the neutral atom in its ground state. The highest
monic emitted is thus determined by the maximal kine
energy of the electron at the moment of its encounter w
the core and by the atom’s ionization potential:
571050-2947/98/57~2!/1345~10!/$15.00
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where Up5e2f 0
2/4mv f

2 is a ponderomotive potential,I p is
the ionization potential,e is the electron’s charge,f 0 is the
ac field amplitude,m is the electron’s mass,v f is the field
frequency, and 3.17 is a numerical factor determined in
classical simulations@6,7#. Its value has been confirmed b
the fully QM treatment@2#.

HG, however, is not a purely QM phenomenon. As
matter of fact,sk of Eq. ~1! can be calculated classically
the expectation value of the dipole moment acceleration
replaced by its average over classical trajectories. The
spectra obtained in classical trajectory calculations@8–10#
exhibit several characteristic features of the experime
ones, but do not match them quantitatively. The class
theory of HG in the low-frequency regime has been dev
oped by Leopold and Richards@11#. It was found that the
classical HG spectrum consists of bands of harmonic pe
centered around the multiples of the mean atomic frequen
The theoretical results for a one-dimensional hydrog
model were found to be consistent with the thre
dimensional classical simulations of Bandarageet al. @8,9#
~see also@10#!. As discussed by Leopold and Richards, t
theory is limited to the regular classical dynamics. It is n
applicable to the high intensities, at which the motion b
comes largely chaotic. The attempts to trace the implicati
of classical chaos on the HG spectra of quantum syst
have been made recently by Averbukh and Moiseyev@12#
and Cocke and Reichl@13#.

The main purpose of this article is to present a sim
classical theory of HG in the high-frequency limit. The ge
eral discussion is presented in Sec. II. Newton’s equation
the Kramers-Henneberger~KH! frame @14,15# is shown to
provide a direct route to calculation of the acceleration F
rier transform. We employ Kapitza’s idea@16# of separating
1345 © 1998 The American Physical Society
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1346 57VITALI AVERBUKH AND NIMROD MOISEYEV
the motion under the influence of a high-frequency field in
large amplitude slow motion and fast oscillations of sm
amplitude. Simple expressions forsk are derived within the
framework of the first-order perturbation theory for bo
continuous wave~cw! and pulse cases. The general theory
first applied to the model of the Morse oscillator in the hig
frequency, high-intensity cw laser field, studied previou
by Jiang @17#. The kth harmonic intensity is shown to g
through a maximum,kmax being field controllable. The re
sults, presented in Sec. III, are shown to be in excell
agreement with both classical and QM~Sec. IV! numerical
calculations. In Sec. V we show that even in the probl
with largely chaotic phase space, such as the o
dimensional ‘‘soft-core’’ Coulomb model in the high
frequency, high-intensity external field, the simple classi
theory still applies due to the existence of the ‘‘scarre
quasienergy states. In Sec. VI the limits of applicability
the classical theory are discussed and the conclusions
drawn.

II. A CLASSICAL THEORY
OF HARMONIC GENERATION

IN THE HIGH-FREQUENCY REGIME

Consider an anharmonic oscillator in an external tim
dependent field. The Hamilton function of the system has
following general form:

H~X,P,t !5
P2

2m
1V~X!1m~X! f ~ t !, ~3!

where m is the mass~reduced mass! of the moving par-
ticle~s!, m(X) is the coupling, say, a dipole moment, andf (t)
is the field.

Let us assume that the coupling term in Eq.~3! is linear in
coordinate:m(X)5m1X ~which is usually a reasonable ap
proximation!. Then the Hamilton function reduces to the s
called length gauge Hamilton functionHL(X,P,t):

HL~X,P,t !5
P2

2m
1V~X!1X f~ t !, ~4!

where the coupling strength constantm1 is incorporated into
f (t). The specific case of interest in the present work
when the frequency of the time-dependent field is mu
higher than that of the unperturbed motion. The KH fram
has been shown to be an effective theoretical tool for inv
tigation of both classical and quantum dynamics of ioniz
~dissociative! systems in high-frequency fields@18,19#. In
classical mechanics one can obtain the Hamilton function
the KH frame by means of a canonical transformation. T
corresponding generating function of the second ki
F2(X,p,t), is given by

F2~X,p,t !5Xp1h~ t !p1g~ t !X, ~5!

where

g~ t !52* t f ~ t8!dt81C1 ,

h~ t !5~1/m!* t* t8 f ~ t9!dt9dt82~C1 /m!t1C2 .
l
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The resulting Hamilton function in the KH frame
HKH(x,p,t), is

HKH~x,p,t !5
p2

2m
1V„x2h~ t !… ~6!

~here we dropped the terms which depend on time only!. The
advantage of such transformation can be understood by c
paring Newton’s equations of motion in the length gauge a
in the KH frame. The former looks like

mẌ~ t !52
]V~X!

]X
2 f ~ t !. ~7!

It is well known @16# that the motion under the influence o
a high-frequency field consists of a slow motion in an effe
tive potential and rapid oscillations superimposed over
Therefore representing the trajectoryX(t) as

X~ t !5x~ t !1xf~ t !, mẍf~ t !52 f ~ t ! ~8!

~xf is the trajectory as it would be under the influence of t
time-dependent field only! and deriving the equation fo
x(t), one gets

mẍ~ t !52
]V„x1xf~ t !…

]x
, ~9!

which is Newton’s equation in the KH frame. It is easy to s
now thatxf corresponds to2h(t) of Eq. ~5!. The constant
C1 is associated with the drift momentum ofxf and
C2—with its mean deviation from the smooth trajectory. A
parently, these constants can be chosen in such a way
both the drift momentum~representing dissociation or ion
ization! and the mean deviation are zero. This simple de
vation shows that by using the KH frame one takes in
account the ‘‘trivial’’ part of the trajectory, i.e.,xf(t).

The further general discussion is based on the assump
that the classical motion is regular. In this case one exp
the quantum mechanical expectation values to behave
classical quantities, provided the action is much larger th
\. Moreover, regular motion implies that the trajectories a
multiperiodic functions of time~no dissociation or ionization
takes place!. A very important specific example in which thi
assumption does not hold will be discussed in Sec. V.

Consider now the expression~1! for the probability of
harmonic emission. The key quantity one has to calculat
order to obtainsk is the dipole moment acceleration as
function of time:

m̈~ t !5m1@ ẍ~ t !1 ẍf~ t !#5m1S ẍ~ t !2
1

m
f ~ t ! D . ~10!

Newton’s equation~9! provides a direct root to the derivatio
of a perturbation expansion for acceleration. The shape of
field is important for such analysis, so let us first consider
cw case, e.g.,

f ~ t !5 f 0m1 sin~v f t !, xf5
f 0m1

mv f
2 sin~v f t ![a0 sin~v f t !.

~11!
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57 1347CLASSICAL VERSUS QUANTUM HARMONIC- . . .
In such a case the time-dependent potential of Eq.~6! can
be expanded in Fourier series:

HKH~x,p,t !5
p2

2m
1V„x1a0 sin~v f t !…

5
p2

2m
1 (

n52`

1`

Vn~x,a0!einv f t, ~12!

where

Vn~x,a0!5~v f /2p!*0
2p/v fV„x1a0 sin~v f t !…e

2 inv f tdt.

The corresponding Newton equation~9! is

mẍ~ t !52
]V0~x,a0!

]x
1 (

nÞ0
Fn~x,a0!einv f t, ~13!

whereFn(x,a0)[2]Vn(x,a0)/]x.
The time-averaged potentialV0(x,a0) generates a slow

motion of large amplitude~the smooth part of a trajectory!
while the time-dependent forcesFn(x,a0)einv f t are respon-
sible for fast, small amplitude oscillations. Consequently,
zero-order approximation forx(t) is the motion in the effec-
tive V0 potential:

mẍ0~ t !52
]V0~x,a0!

]x U
x5x0~ t !

. ~14!

Moreover, the first-order approximation for the accelerati
ẍ(t), is

ẍ1~ t !5 ẍ0~ t !1
1

m (
nÞ0

Fn~x,a0!U
x5x0~ t !

einv f t. ~15!

In order to obtain the harmonic emission probability, w
have to consider the Fourier transform ofẍ(t), where the
acceleration, as given by Eq.~15!, is a multiperiodic function
of time. The largest period is clearly that of thex0(t) motion,
2p/vKH . Thus, computing the Fourier transform of acc
eration, it is natural to take this period as the interval
integration. The result, up to a common factor, reads

m̈~v5kv f !}E
0

2p/vKHS (
n52`

1`

Fn„x0~ t !,a0…ei ~n2k!v f t

1
f 0m1

2i
ei ~12k!v f t2

f 0m1

2i
ei ~212k!v f tD dt,

k51,2,... . ~16!

However, the functionsei (n2k)v f t, nÞk oscillate much
more rapidly thanFn„x0(t),a0… do. Consequently, the mai
contribution to the integral~16! comes from the ‘‘diagonal’’
terms (n5k). Confining ourselves to these terms only, w
obtain the following expression for the probability to em
the kth harmonic:

sk}um~kv f !u2}U E
0

2p/vKH
Fk„x

0~ t !,a0…dt1dk,1

f 0m1

2i U2

.

~17!
e

,

f

The functional form ofx0(t) can be quite complicated, bu
whenever the harmonic approximation to the effective pot
tial holds, one can use a simple sine function instead of
exact zero-order trajectory.

It is easy to see also that HG depends only on the ac
of the zero-order trajectory. Indeed,x0(t) is a periodic func-
tion of angle, since it corresponds to the motion induced b
time-independent Hamilton function. Hence, the initial val
of the angle variable plays no role within the diagonal a
proximation and the result~17! can be considered as an e
semble average over a microcanonical distribution of ini
conditions. This distribution corresponds, however, to a s
cific value of the effective Hamilton function

HKH
0 ~x0,p0!5

~p0!2

2m
1V0~x0,a0! ~18!

and not to the field-free Hamilton function. This is consiste
with the situation in which the cw field is switched on n
suddenly, but rather adiabatically.

Sincex0(t) represents small amplitude oscillations arou
the equilibrium position,xe , of the effectiveV0(x,a0) po-
tential, it is clear from Eq.~17! that the dominant harmonic
will be those for whichuFk(xe ,a0)u2 get large values. More-
over, in our model calculations~Secs. III, V! we find that the
spectral distribution of harmonics is peaked around a sin
frequency. We call this ‘‘an approximative selection rule.

Finally, the implications of the pulse shape on the abo
treatment need to be clarified. First, let us consider
smooth part of the trajectory in the case of pulse excitati
~In the subsequent derivation the idea of adiabatic invaria
is exploited in the same way as in the treatment of lo
frequency limit by Leopold and Richards@11#.! Let us as-
sume that the pulse duration timetp is much larger than the
period of the unperturbed motion,t0:

tp@t0@
2p

v f
. ~19!

In such a case the Hamilton function~18! can be regarded a
adiabatically dependent on the field strength parametera0 :

HKH
0 ~x,p,t !5

~p0!2

2m
1V0„x0,a0~ t !…, ~20!

where the time dependence ofa0(t) is determined by the
pulse shape. Suppose the time-independent generating
tion F̃2(J,x,a0) defines the canonical transformation of E
~18! to the action-angle variables. Then the time-depend
function F2„J,x,a0(t)… leads to the following Hamilton
function:

K~J,u,t !5Ha„J,a0~ t !…1
]F2„J,x,a0~ t !…

]t
, ~21!

whereHa„J,a0(t)… is the adiabatic Hamilton function writ
ten in action-angle variables. The last term of Eq.~21! can be
neglected in the limittp@t0, Eq.~19!. Therefore Hamilton’s
equations of motion in the adiabatic approximation are giv
by
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J̇52
]Ha„J,a0~ t !…

]u
50,

u̇[va~J,t !5
]Ha„J,a0~ t !…

]J
, ~22!

and

J~ t !5J0 ,

u~ t !5u01E
0

t

va~J0 ,t8!dt8. ~23!

The zero-order trajectory can be obtained by an inve
transformation from the (J,u) to the (p,x) coordinates:

x0~J,u!5x0~J0 ,u0 ,t !. ~24!

Unlike in the cw case,x0 of Eq. ~24! is no longer a periodic
function of either time or angle.

Having estimated the smooth part of a trajectory, o
would like next to write down Newton’s equation of motio
from which the first-order approximation to the accelerat
can be obtained. This equation can be derived easily from
Hamilton function~6!. Note that2h(t) of Eq. ~6! represents
now a motion of a ‘‘free’’ particle affected by the radiatio
pulse only. Consequently, the KH potentialV„x2h(t)… is,
strictly speaking, no longer a periodic function of time. Ho
ever, the pulse can be imagined to repeat itself infinit
many times after it has effectively decayed. In this case,
potential of Eq.~6! is a time-periodic function with the pe
riod equal to the pulse durationtp . Suppose, for simplicity,
that tp is equal to an integer number of optical cycles of t
high-frequency field:

tp5Np

2p

v f
, Np@1. ~25!

Then Eq.~6! can be rewritten as

HKH~x,p,t !5
p2

2m
1 (

n52`

1`

Vn~x!ein~v f /Np!t, ~26!

whereVn(x)5(1/tp)*0
tpe2 in(v f /Np)tV„x2h(t)…dt.

The corresponding Newton equation reads

mẍ~ t !5 (
n52`

`

Fm~x!ein~v f /Np!t, ~27!

whereFn(x)[2]Vn(x)/]x.
The first-order approximation to the acceleration can

obtained by substitution of the zero-order trajectory~24! into
Eq. ~27!:

ẍ1~ t !5
1

m (
n52`

1`

Fn~x!ux5x0~J0 ,u0 ,t !e
in~v f /Np!t. ~28!

The dominantFn’s are those corresponding to thev f har-
monics, sincev f itself is the dominant frequency in the Fou
rier decomposition of2h(t). Therefore only these dominan
e

e

he

y
e

e

terms will be taken into account in the evaluation of t
Fourier transform of acceleration. Naturally, the time interv
over which the integration should be performed is the pu
duration time. Using the diagonal approximation, just as
the cw case, and taking into account the acceleration of
xf(t) trajectory one arrives at the following expression f
the dipole moment acceleration Fourier components:

um~kv f !u2}U E
0

tp
Fk3Np

„x0~J0 ,u0 ,t !…dt

2E
0

tp
f ~ t !e2 ikv f tdtU2

. ~29!

The last expression, unlike its cw analog~17!, still depends
on theu0 initial condition. In order to get thekth harmonic
emission probability as the square of the absolute value
the meanacceleration Fourier component@see Eq.~1!# one
has to averageFk3Np

„x0(J0 ,u0 ,t)… over u0 :

sk}U 1

2p E
0

tpE
0

2p

Fk3Np
„x0~J0 ,u0 ,t !…du0dt

2E
0

tp
f ~ t !e2 ikv f tdtU2

. ~30!

Note that the force Fourier components in the right-hand s
of Eq. ~30! are averaged over the microcanonical ensem
of initial conditions, which corresponds to a specific value
the field-free Hamilton function.

An analytical evaluation of the last expression is a ha
task. Nevertheless, it provides some insight into the shap
the HG spectrum as a function of the pulse shape. Supp
the pulse decays immediately after it has been switched
~e.g., a Gaussian or a sin2 profile!. In such a case, the zero
order trajectory is not localized, since the equilibrium po
tion xe of the effective potential changes adiabatically. S
unlike the cw case, there are no approximative selection r
for harmonic emission. The Fourier components of for
being averaged over a large interval, are expected to prod
monotonously decreasing harmonic amplitudes. Howe
the rate of decrease is expected to be lower than in the
case. Indeed, the HG spectrum of the Morse oscillator
cited by a pulse of high-frequency radiation shows this k
of behavior@17#. If, on the other hand, the rise of the pulse
followed by a constant value of the envelope during a lot
optical cycles, the selectivity is regained~see the discussion
in Sec. IV!.

III. CLASSICAL HG SPECTRUM
OF MORSE OSCILLATOR

DRIVEN BY A HIGH-FREQUENCY
cw LASER FIELD

Consider Morse oscillator linearly coupled to the period
external field. This system is described by the followi
Hamiltonian:
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ĤL5
P̂2

2m
1D0~e22a~X2X0!22e2a~X2X0!!

1m1X f0 sin~v f t !. ~31!

In the subsequent calculations we choose to use the pa
eters corresponding to the nuclear motion of the HF m
ecule being in the ground electronic state: the reduced m
m51744.7 a.u., D050.225 a.u., a51.1741 a.u., X0
51.7329 a.u.,m150.31 a.u. The model Hamiltonian~31!
and its classical counterpart,HL(P,X,t) @see Eq.~4!#, have
been used to study the multiphoton transitions@20#, classical
chaotic dynamics, and photodissociation@21# and, more re-
cently, harmonic generation@17#. The Hamiltonian~31! is
not applicable to the description of the interaction of t
molecule with the high-intensity fields considered in th
work. Nevertheless, it can be used as a simple mathema
model in order to test the predictions of the general theory
Sec. II.

Transforming the length gauge Hamilton function to t
KH frame one gets

HKH~p,x,t !5
p2

2m
1D0~e22a@x1a0 sin~v f t !2X0#

22e2a@x1a0 sin~v f t !2X0#!. ~32!

The Fourier expansion of the KH potential~32! produces

HKH~p,x,t !5
p2

2m
1 (

n52`

1`

i nD0@ I n~2aa0!e22a~x2X0!

22I n~aa0!e2a~x2X0!#einv f t, ~33!

whereI n is thenth-order modified Bessel function of the fir
kind @22#. Note that the averaged KH potentialV0(x,a0) is
nothing but the generalized Morse potential@23#.

In order to apply the general result~17! to this model, one
should first verify the applicability of the classical theor
The latter is presumably correct if the classical motion
regular and the corresponding value of action is much hig
than\. Poincare´ surface of section corresponding to Ham
ton’s function~32! for the field parametersa053.1 a.u.,v f
50.0858 a.u.'8vKH is represented in Fig. 1. The regular
chaotic character of motion is determined by the overlap
classical resonances~see Goggin and Milonni@21# for Chir-
ikov’s resonance overlap criterion@24# applied to the Morse
oscillator in the time-periodic field!. As the field frequency
grows, the resonances of higher order~chains of regular is-
lands in Fig. 1! affect the motion and the measure of regu
trajectories inside theV0(x,a0) separatrix becomes large
Moreover, V0(x,a0) can be approximated by a harmon
potential in the vicinity of its equilibrium positionxe ,

xe5X01
1

a
lnS I 0~2aa0!

I 0~aa0! D ~34!

and the couplingsVn(x,a0), nÞ0 can be linearized aroun
xe . Therefore in this region of the phase space the prob
m-
l-
ss,

al
f

s
er

f

r

m

reduces to that of a harmonic oscillator linearly coupled
the time-dependent field. The quantum mechanical solu
of such a problem is known to reproduce the classical
exactly @25#.

The zero-order trajectory in the harmonic approximati
is simply

x0~ t !5xm
0 sin~vKH

0 t1u0!1xe , ~35!

wherevKH
0 is the harmonic frequency of the averaged K

potential andxm
0 is the amplitude of small oscillations aroun

xe .
It has been shown in Sec. II that one can estimate wh

harmonics will be dominant in the spectrum considering
magnitudes of the force Fourier components,Fn, Eq. ~13!, in
the vicinity of the equilibrium position of the effective po
tential. For example, comparing the absolute values of th
components fora053.1 a.u.~see Fig. 2!, one can predict tha
the third harmonic is going to be the dominant one in t
spectrum. The direct evaluation of Eq.~17! produces the fol-
lowing expression forsk :

sk}U22aD0i n
I 0~aa0!

I 0~2aa0!
S I 0~aa0!I 0~2axm

0 !

I 0~2aa0!
I k~2aa0!

2I 0~axm
0 !I k~aa0! D 1dk,1

f 0m1

2i
U2

. ~36!

The oscillation amplitudexm
0 is small on the scale of the

V0(x,a0) potential range, soaxm
0 is a small parameter. I

implies that the HG spectrum depends weakly on the ini
condition:

FIG. 1. Poincare´ surface of section corresponding to Hamilton
function ~32!. The field parameters area053.1 a.u., v f

50.0858 a.u.'8vKH. The points in the chaotic region result from
single dissociative trajectory. The separatrix of the time-avera
KH Hamilton function@Eq. ~18!# is shown by a line.
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sk.1'UI 0~aa0!@11~axm
0 !2#

I 0~2aa0!
I k~2aa0!

2S 11
1

4
~axm

0 !2D I k~aa0!U2

~37!

and the only important parameter of the problem isaa0 ,
namely, the amplitude of the field-induced motion,a0 on the
scale of a potential range, 1/a. The parameteraa0 defines
actually which peak will be the most prominent one in t
HG spectrum. It is easy to see that by changing it one
achieve the enhancement of a specific harmonic. Howeve
takes totally unrealistic field intensities to get very high h
monics enhanced.

The relative harmonic intensities as predicted by Eq.~37!
have been found to be in excellent agreement with the c
sical numerical results~see Fig. 2!. The latter were obtained
by the numerical solution of Hamilton’s equations of moti
in the KH frame. The single trajectory HG spectrum w
found to be practically independent of the initial phaseu0 ,
while xm

0 was chosen to match approximately the energy
theV0(x,a0) ground state. The following calculation param
eters were chosen:a053.1 a.u., v50.0858 a.u. Such a
value of a0 corresponds to the enhancement of the th
harmonic peak.

IV. HG SPECTRUM OF MORSE OSCILLATOR
DRIVEN BY A HIGH-FREQUENCY

cw LASER FIELD—QM NUMERICAL RESULTS

Quantum mechanically, the problem can be approache
two different ways. One can either perform a wave pac

FIG. 2. The classical HG spectrum resulting from the numer
integration of Hamilton’s equations of motion corresponding to E
~32! ~continuous curve!, the analytical result~37! ~circles!, and the
absolute values of the Fourier components of the time-depen
force in the KH frame, lnuFn(xe ,a0)u, Eq. ~13!, evaluated at the
equilibrium position of the effective KH potential~diamonds!.
The field parameters area053.1 a.u., v f50.0858 a.u., xm

0

'0.236 a.u., which corresponds to the harmonic approximatio
the ground state of the time-averaged KH potential. The field
quency peak is out of scale. The spectra are normalized in su
way that the third harmonic intensity is the same in all of the
Note the third harmonic dominance in all the spectra.
n
it

-
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f

d
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t

calculation, or deal with the quasienergy~QE! states. The QE
states are quasistationary solutions of Schro¨dinger’s equa-
tion:

Cb~x,t !5e2 i ~ebt/\!Fb~x,t !,
~38!

Fb~x,t !5FbS x,t1
2p

v f
D .

It has been shown previously that under certain conditi
the HG spectrum can be associated with a single QE s
~see@26#, and references therein!. The expectation value o
dipole moment, entering Eq.~1!, should be taken with the
length gauge wave function. However, the length gauge
not suitable for the treatment of high-frequency exter
fields from the numerical point of view. So using Ehrenfes
theorem and the operators of the unitary transformati
from length to reduced momentum gauge and from redu
momentum gauge to KH frame~see, for example,@27#! one
easily obtains

]2

]t2 ^CLum1x̂uCL&5
m1

m

]

]t
^CLu p̂uCL&

5
m1

m

]

]t
^CPu p̂uCP&2m1a0v f

2 sin~v f t !

5
m1

m

]

]t
^CKHu p̂uCKH&

2m1a0v f
2 sin~v f t !, ~39!

where CL, CP, and CKH are the wave functions in the
length gauge, reduced momentum gauge, and KH frame
spectively. Fourier decomposition of the time-periodic p
of a KH frame QE function reads

Cb
KH~x,t !5e2 i ~ebt/\! (

n52`

1`

wn~x!einv f t. ~40!

Substitution of Eq.~40! into Eq.~39! and subsequent Fourie
transformation result in the following expression for th
probability to emit thekth harmonic by the system being i
the bth QE state:

sk}Uk (
n52`

1`

^wn~x!u p̂uwn1k~x!&2
a0mv f

2
dk,1U2

. ~41!

Clearly, the HG spectrum of a quasiperiodiccb
KH state con-

sists only of the harmonics of the radiation frequency.
In the problem with dissociation or ionization, such as

Morse oscillator in the external cw field, only the resonan
QE states, which live sufficiently long in the interaction r
gion, should be considered:

eb5Re~eb!2 i
G

2
, ~42!

where G/\ is the dissociation rate. These states are be
routinely obtained by the complex scaling~CS! technique
@28#. According to the CS procedure, the coordinate is
tated into the complex plane by an angleu:
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x°~x2xCS!e
iu1xe . ~43!

The most convenient choice of the pointxCS, about which
the rotation to the complex plane occurs, is the center of
interaction region,xCS5xe .

The complex-scaled QE functions have been calculate
KH frame for the field parametersa053.1 a.u., v f
50.0858 a.u. by diagonalization of the one optical cy
complex scaled propagator matrix:

Û~T,0!Cb
KH~x,0!5e2 i ~ebt/\!Cb

KH~x,0!. ~44!

The propagator was calculated by the recently develo
(t,t8) algorithm @29#. Eleven Fourier basis functions wer
used to represent the time dependence of the Floquet Ha
tonian:

ĤKH~x,t ![
\

i

]

]t
1ĤKH~x,t !. ~45!

One hundred eigenfunctions of the zero-order KH Ham
tonian,

ĤKH
0 ~x!5

p̂2

2m
1V̂0~x,a0! ~46!

have been used to represent the coordinate dependen
ĤKH . Twenty-one Floquet channels and 1000 time st
were used in (t,t8) calculation ofÛ(T,0). The number of
resonance QE states was found to be equal to the numb
bound states of theĤKH

0 Hamiltonian. The lifetime of the
narrowest resonance QE state, closely corresponding to
ĤKH

0 ground state, isG'1.224 3531026 a.u. The complex
QE’s are stationary over a wide range of rotation angles.
calculations described below have been performed au
50.1 rad.

In order to calculate the HG spectrum, we should gen
alize the expression~41! for the complex rotated QE state
This implies two changes: first, the generalized inner pr
uct, ^^CuuCu&& @30#, should be used instead of the regu
one, ^CuC&, second, the momentum operatorp̂[(\/ i )]/]x
should be substituted by its complex rotated counterpart

p̂u5e2 iu
\

i

]

]x
. ~47!

The generalized inner product~c product of Ref.@30#! differs
from the regular one by the lack of complex conjugation
those parts of bra and ket which have become complex o
due to the CS. Being applied to the result~41! the above
prescription gives

sk}Uk (
n52`

1`

^^wn~x!u p̂uuwn1k~x!&&2
a0mv f

2
dk,1U2

,

~48!

where ^^wn(x)u and uwn1k(x)&& are Fourier components o
the left and the right eigenvectors of the complex-scaled F
quet Hamiltonian correspondingly. The HG spectrum of
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longest-living QE state is presented in Fig. 3. As one can s
the single QE state QM HG spectrum is in excellent agr
ment with the classical analytical result. The HG spectra
all the resonance QE states exhibit strong similarity. All
them show the enhancement of the third harmonic peak.

In order to explore the properties of the QM HG spectru
as a function of phase space variables, wave packet calc
tions have been performed. Schro¨dinger’s equation in the
KH frame,

i\
]

]t
C~x,t !5ĤKH~x,t !C~x,t !,

~49!

ĤKH~x,t !5
p̂2

2m
1D0~e22a@x1a0 sin~v f t !2X0#

22e2a@x1a0 sin~v f t !2X0#!,

was solved numerically for the initial condition of the form

C~x,t50!5S mvKH

p\ D 1/2

e2~mvKH/2\!~x2xin!2
eip inx/\,

~50!

wherexin and pin are the initial mean values of the coord
nate and the momentum of the minimum uncertainty wa
packet. The expectation value of the dipole moment ac
eration as a function of time can be expressed, again u
Ehrenfest’s theorem and the operator of transformation fr
the length gauge to KH frame as

FIG. 3. The QM HG spectrum of the narrowest resonance F
quet state~diamonds!, QM HG spectrum of a wave packet placed
the harmonic region~see Fig. 1! ~continuous line!, and the classical
prediction of Eq.~37! ~circles!. The relative intensities of the sec
ond and higher harmonics are shown. The field parameters are t
of Fig. 1. The spectra are normalized in such a way that the t
harmonic intensity is the same in all of them.
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d2

dt2
^CLum1xuCL&5

2aD0m1

m
^CLue22a~x2X0!

2e2a~x2X0!uCL&2a0v f
2m1 sin~v f t !

5
2aD0m1

m
^CKHue22a@x1a0 sin~v f t !2X0#

2e2a@x1a0 sin~v f t !2X0#uCKH&

2a0v f
2m1 sin~v f t !. ~51!

A Gaussian wave packet centered at the equilibrium posi
of the averaged KH potential~xin5xe , pin50! has been
propagated in time by the split operator algorithm@31#. 512
equally spaced grid points have been used to represen
HamiltonianĤKH . The box length has been chosen to be
a.u. and the absorbing boundary conditions were introdu
at xopt512 a.u. by means of the following optical potentia

Vopt~x!52 i
eopt

11e~xopt2x!/hopt
, ~52!

whereeopt510 a.u.,hopt50.25. The resulting quantum me
chanical HG spectrum~1! corresponding to the field param
eters of Fig. 2 is represented in Fig. 3. The result is in
cellent agreement with the classical prediction~37! and with
the QE calculation.

The similar calculations have been performed with
initial wave packet located at one of the elliptical fixe
points in the chain of the ten islands of regularity~see Fig.
1!. Note that the measure of chaotic initial conditions clo
to a hyperbolic fixed point is substantially less than\, so one
cannot locate the least uncertainty wave packet in the cha
region only. The HG spectrum obtained by propagation
the wave packet centered around the pointxin54.46 a.u.,
pin59.8 a.u. has been found to be almost identical to tha
the wave packet placed in the harmonic region, in acc
dance with the results of the QE calculations.

Finally, one has to consider the effect that the switch
of the cw laser field may have on the HG spectrum. App
ently, if driving the initial state~which is localized in the
field-free potential well,x'1.7 a.u.! to the interaction region
~namely, the vicinity of the effective KH potential,x
'4.5 a.u.! takes a switching time comparable to the lifetim
of the resonance QE state, the cw theory can hardly re
the real physical situation. In order to check the implicatio
of switching on the HG, a series of numerical calculatio
has been performed. The eigenstates of the field-free Ha
tonian have been propagated in time under the influenc
the following time-dependent field:

f ~ t !5H a0v f
2m sin2S v f t

4N D sin~v f t !, t<
2pN

v f

a0v f
2m sin~v f t !, t.

2pN

v f

~53!

whereN is the number of optical cycles it takes to switch t
field on. The propagation has been performed in the
frame by the split operator method@31#. The wave function
has been represented on a grid of 512 equally spaced p
n
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covering the interval from 0 to 15 a.u. The fast Fourier tra
form ~FFT! procedure has been used to allow the operat
of the kinetic term on the wave function. The optical pote
tial ~52! has been used to prevent the reflection from the e
of the interval.

The resulting HG spectrum corresponding to the grou
state of the field-free Hamiltonian is represented in Fig.
The switching time was taken to be 20 optical cycles. T
spectrum agrees very well with the results of the pure
treatment~Figs. 2, 3!. If, however, one chooses a highe
excited eigenstate as an initial condition, the longer swit
ing time is required to avoid a significant dissociation duri
the rising of the field. Consequently, the switching part of t
dipole moment time dependence begins to play a role.
deed, starting with the tenth eigenstate of the Morse osc
tor and allowing a 40 optical cycle switching time, we ha
obtained a HG spectrum with less pronounced third h
monic dominance effect.

V. HG SPECTRUM OF ‘‘SOFT-CORE’’
COULOMB POTENTIAL

DRIVEN BY A HIGH-FREQUENCY
cw LASER FIELD—QM NUMERICAL RESULTS

The example discussed in the previous two sections
perhaps, the simplest case on which the predictions of
general theory~Sec. II! can be tested. The Morse potenti
can be considered as a generic one for the molecular vi
tional motion. However, at the field strengths causing
enhancement of high harmonics, the multiphoton transiti
to the excited electronic states and the disintegration o
molecule would occur. Moreover, the harmonic generat
by electronic motion will always be more effective just du
to the electron-proton mass ratio and different magnitude
transition matrix elements between the electronic and nuc
eigenstates. Therefore the general theory needs to be ap
to the Coulomb potential. This section will be devoted to t
study of the HG spectrum of a one-dimensional ‘‘soft-cor
Coulomb potential model in the high-frequency, hig
intensity regime. Before reporting our QM numerical resu

FIG. 4. The QM HG spectrum of a ground state of the field-fr
Hamiltonian. Contrary to the calculations presented in Fig. 3,
field is turned on here according to Eq.~53!, a053.1 a.u.,N520.
The field frequency peak is out of scale.
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let us discuss several questions concerning the applicab
of the classical theory to the Coulombic case.

If the zero field potential is a symmetric function~of the
coordinate defining the polarization direction of the exter
field!, then its averaged KH counterpart at high enough fi
strengths is a double well. Consequently, the zero-order c
sical motion does not take into account the tunneling p
nomenon. The symmetry considerations, however, appl
the force Fourier components as well, therefore their val
in each one of the wells can differ only by a phase and
tunneling is not expected to affect the spectrum drastica

What can be more important, however, is the measur
the regular classical motion in the vicinity of the equilibriu
points of the zero-order KH potential on the scale of\. Our
numerical experience with the Morse potential model sho
though that the QM resonance states are not necessaril
sociated with the surviving tori. As a matter of fact, the res
nances living in the chaotic region of the phase space
possess longer lifetimes than those associated with the r
lar islands@32#. Jensen and Sundaram@33# have pointed out
that the suppression of ionization in high-frequency fields
related to the existence of scarred QE states. The aut
studied a one-dimensional ‘‘soft-core’’ Coulomb potent
model @34#:

V~X!5
1

A11X2
~54!

under the influence of the high-frequency, high-intensity
field. The two stable fixed points in the phase space of
model are associated with the two minima of the double w
effective potential, while the unstable fixed point is situat
on the saddle between the wells~x50, p5p0!. It has been
suggested by Jensen and Sundaram that the quantum dy
ics is governed by the QE states localized in the vicinity
the unstable periodic orbit, ‘‘scars’’~see also Leopold and
Richards@35# on the role of scars in the suppression of io
ization!. In order to check the implications of this phenom
enon on the HG of the system, we have compared the
HG spectrum with the prediction of the approximative cla
sical selection rule. Schro¨dinger’s equation in the KH frame
has been solved numerically by the split operator met
@31#. The ground state of the field-free potential~54! was
chosen as the initial condition and ten optical cycle lo
switching time was allowed@see Eq.~53!#. The calculation
has been performed at the field parametersv f51 a.u., a0
510 a.u. The Hamiltonian was represented on a grid of 4
equally spaced points in the interval fromx52100 to 100
a.u. The symmetric optical potential of the type~53!
~xopt5698 a.u., eopt55 a.u., hopt50.5 a.u.! was introduced
to prevent the reflections from both edges of the grid. T
resulting HG spectrum presented in Fig. 5 has been foun
be in remarkable agreement with the simple classical pre
tion:

sk.1'uFx~x50,a0!u2. ~55!

The last equation is valid under the assumption that the
viation of the unstable periodic orbit,xper(t), from the un-
stable equilibrium position of the effective KH potential
small on the scale on which the force Fourier compone
ity
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change:Fk„xper(t),a0…'Fk(x50,a0). Note that due to the
symmetry of the problem only odd harmonics appear in
spectrum. As in the case of Morse oscillator, a single~fifth!
harmonic is the dominant one in the spectrum. The beha
of the Fourier components of the force at the unstable fi
point suggests that the higher the field intensity, the hig
harmonic signal is enhanced. It is remarkable that the
spectrum bears purely classical character even in the
when the measure of the regular trajectories is much sma
than\ and tunneling takes place.

VI. CONCLUSIONS

It has been shown that classical mechanics provides
adequate description of the HG phenomenon in the hi
frequency regime. Moreover, it provides an approximat
selection rule for the relative strengths of different harmo
ics. This gives a possibility to adjust the system and the la
field parameters in such a way that a specific single harmo
dominates the spectrum.

The classical theory is applicable if the wave function
localized in space. In such a case the Newton equation u
in the derivation of the harmonic emission probabilities is
good approximation to the quantum equations of motion
virtue of Ehrenfest’s theorem:

^ ẍ&~ t !5
1

m K 2
]V~x1xf~ t !!

]x L '2
1

m

]V~x1xf~ t !!

]x U
x5xe

' ẍper~ t !. ~56!

The wave function implicit in Eq.~56! can be localized
around either stable or unstable periodic trajectory,xper(t).
These trajectories, in their turn, deviate only slightly fro
the corresponding~stable or unstable! equilibrium position of
the averaged KH Hamiltonian. Indeed, such deviation is d
to the high-frequency forcesFk(x)eikv f t, v f@vKH @see Eq.
~13!# and thus it is proportional to 1/(v fk)2. For frequencies

FIG. 5. The QM HG spectrum of a ground state of the soft-c
Coulomb potential~circles! and the classical prediction~55! ~dia-
monds!. The field is turned on according to Eq.~53!, a0510 a.u.,
N510. The field frequency peak is out of scale. The spectrum
normalized in such a way that the fifth harmonic intensity is eq
to s5 of Eq. ~55!.



th
is
th
G

of

a-
HG

a
t t
de
,
io
a

es,
wo-
b-

nte-

ure
in

a-
tion
ri

ng

1354 57VITALI AVERBUKH AND NIMROD MOISEYEV
high enough the deviation of the periodic trajectory fromxe
becomes small on the characteristic scale on which
Fk(x)’s change. If the wave function localization width
small on this scale as well, the characteristic pattern of
force Fourier components is translated directly into the H
spectrum@see Eq.~55!#. It turns out that long-living quantum
states of various nonlinear oscillators, such as Morse, ‘‘s
core’’ Coulomb, and hydrogen atom@33,36# perturbed by the
high-frequency external fields exhibit this kind of localiz
tion. This fact lets us think that the classical approach to
in this regime and the result~55! are quite general.

Besides the specificity of harmonic emission, the char
teristic shape of the HG spectrum can be used to detec
high-frequency stabilized states, as proposed by Kulan
Schafer, and Krause@36#. It still has to be shown, however
that the approximative selection rules for harmonic emiss
derived here have an analog in the three-dimensional c
,

.
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-

e

e

t-

c-
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The validity of the adiabatic approach to the radiation puls
as described in Sec. II, is not guaranteed in the case of t
and more-dimensional effective KH potentials. In such pro
lems even the zero-order classical motion can be noni
grable.

The questions raised above outline the directions of fut
studies. Research along these directions is currently
progress.
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