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The harmonic-generation spectrum of an anharmonic oscillator perturbed by a high-frequency, high-
intensity external field is discussed from both classical and quantum mechanical points of view. The classical
theory of harmonic generation in this regime is shown to provide a simple analytical expression for the
probability to emit thekth harmonic of the external field frequency. The theory is applied to the harmonic
generation by a charged particle moving in Morse and “soft-core” Coulomb model potentials and interacting
with a time-periodic electric field. For both models the probability to emitkiieharmonic attains a maximal
value at somd,,,, SO that a single harmonic peak dominates the spectkygy.can be controlled by properly
choosing the field and oscillator parameters. The quantum mechanical numerical results are shown to be in
excellent agreement with the classical predictions due to the localization of the wave function around either
stable(in the case of Morse potentjabr unstablg(in the case of “soft-core” Coulomb potentjaéquilibrium
position of the corresponding effective Kramers-Henneberger pote8ib50-294708)04202-4

PACS numbds): 33.80.Wz, 32.90+a, 33.90+h, 42.50.Hz

I. INTRODUCTION Ip+ 3.17Up
Qmax% Tr (2)
Atoms being irradiated by strong ac fields emit odd har-
monics of the incident radiation frequency. This phenom-
enon, called harmonic generatidiiG), has recently at- WhereU,=e?*f§/4mw? is a ponderomotive potential,, is
tracted a lot of attention from both experimentalists andthe ionization potentialg is the electron’s chargd, is the
theorists. The probabilityr, to emit the kth harmonic is ac field amplitudem is the electron’s massy; is the field
associated with the Fourier transform of the dipole momenfrequency, and 3.17 is a numerical factor determined in the

acceleration: classical simulation§6,7]. Its value has been confirmed by
the fully QM treatmen{2].
T _ 2 HG, however, is not a purely QM phenomenon. As a
o lim fo () (t)e ketdt (1)  matter of fact,oy of Eq. (1) can be calculated classically if
T—o

the expectation value of the dipole moment acceleration is
replaced by its average over classical trajectories. The HG
It has been foundi1] that at field intensities beyond the per- spectra obtained in classical trajectory calculatip®s10]
turbative regime the HG spectrum exhibits a plateau extendexhibit several characteristic features of the experimental
ing to some high harmonic order, which ends by an abrupbnes, but do not match them quantitatively. The classical
cutoff. The typical experimental situation is that the radiationtheory of HG in the low-frequency regime has been devel-
frequency is much lower than the transition frequency beoped by Leopold and Richard41]. It was found that the
tween the adjacent atomic states. The quantum mechanicelassical HG spectrum consists of bands of harmonic peaks
(QM) theory of HG in the low-frequency—high-intensity re- centered around the multiples of the mean atomic frequency.
gime has been developed by Lewenstein and co-worker§he theoretical results for a one-dimensional hydrogen
[2,3] following the earlier numerical studies, e.¢4] and model were found to be consistent with the three-
theoretical works, e.g[5]. A simple quasiclassical descrip- dimensional classical simulations of Bandarageal. [8,9]

tion of HG in this limit due to Kulander, Schafer, and Krause (see alsd10]). As discussed by Leopold and Richards, the
[6] and Corkum{ 7] represents it as a three-stage process. Itheory is limited to the regular classical dynamics. It is not
the course of this process an electron first tunnels through aapplicable to the high intensities, at which the motion be-
adiabatically oscillating(“quasistatic”) potential barrier. comes largely chaotic. The attempts to trace the implications
The electron appears then in the continuum at some phase of classical chaos on the HG spectra of quantum systems
the low-frequency, high-intensity field. Its further motion is have been made recently by Averbukh and MoiselyE]
affected to a good approximation by the field only. The ini-and Cocke and Reichl 3].

tial field phase can be such that the electron returns to the The main purpose of this article is to present a simple
vicinity of the ionic core and radiatively recombines to pro- classical theory of HG in the high-frequency limit. The gen-
duce the neutral atom in its ground state. The highest haeral discussion is presented in Sec. Il. Newton’s equation in
monic emitted is thus determined by the maximal kineticthe Kramers-HennebergéKH) frame [14,15 is shown to
energy of the electron at the moment of its encounter withprovide a direct route to calculation of the acceleration Fou-
the core and by the atom’s ionization potential: rier transform. We employ Kapitza’'s id¢46] of separating
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the motion under the influence of a high-frequency field intoThe resulting Hamilton function in the KH frame,
large amplitude slow motion and fast oscillations of smallH,(x,p,t), is
amplitude. Simple expressions fof, are derived within the
framework of the first-order perturbation theory for both
continuous wavécw) and pulse cases. The general theory is Hikn(X,p,0) =5~ +V(x=h(1)) (6)
first applied to the model of the Morse oscillator in the high-
frequency, high-intensity cw laser field, studied preViOUS|y(here we dropped the terms which depend on time)oiilye
by Jiang[17]. The kth harmonic intensity is shown to go advantage of such transformation can be understood by com-
through a maximumk, being field controllable. The re- paring Newton’s equations of motion in the length gauge and
sults, presented in Sec. Ill, are shown to be in excellenin the KH frame. The former looks like
agreement with both classical and Qi8ec. I\) numerical
calculations. In Sec. V we show that even in the problem . IV(X)
with largely chaotic phase space, such as the one- mX(t)=——x——f(b. @
dimensional “soft-core” Coulomb model in the high-
frequency, high-intensity external field, the simple classicalt is well known[16] that the motion under the influence of
theory still applies due to the existence of the “scarred” g high-frequency field consists of a slow motion in an effec-
quasienergy states. In Sec. VI the limits of applicability of tive potential and rapid oscillations superimposed over it.
'fjhe classical theory are discussed and the conclusions amherefore representing the trajectotyt) as

rawn.

2

X(1)=x(t) +x¢(t), mx(t)=—f(t) ®)
Il. A CLASSICAL THEORY _ _ _ _
OF HARMONIC GENERATION (X¢ is the trajectory as it would be under the influence of the
IN THE HIGH-FREQUENCY REGIME time-dependent field onjyand deriving the equation for

x(t), one gets
Consider an anharmonic oscillator in an external time-
dependent field. The Hamilton function of the system has the . IV (X+x4(t))
following general form: mx(t)=— T ax ©)

2

P which is Newton’s equation in the KH frame. It is easy to see
H(X,P.t) = 5=+ V(X)+ r(X)f (1), 3 N !

now thatx; corresponds te-h(t) of Eq. (5). The constant
C, is associated with the drift momentum of; and
where m is the mass(reduced magsof the moving par- C,—with its mean deviation from the smooth trajectory. Ap-
ticle(s), u(X) is the coupling, say, a dipole moment, ar{d]) parently, these constants can be chosen in such a way that
is the field. both the drift momentunfrepresenting dissociation or ion-
Let us assume that the coupling term in E3).is linear in  ization) and the mean deviation are zero. This simple deri-
coordinate:u(X)= u.X (which is usually a reasonable ap- vation shows that by using the KH frame one takes into
proximatior). Then the Hamilton function reduces to the so-account the “trivial” part of the trajectory, i.ex;(t).
called length gauge Hamilton functidt, (X,P,t): The further general discussion is based on the assumption
that the classical motion is regular. In this case one expects
the quantum mechanical expectation values to behave like
classical quantities, provided the action is much larger than
f. Moreover, regular motion implies that the trajectories are
where the coupling strength constant is incorporated into  multiperiodic functions of timéno dissociation or ionization
f(t). The specific case of interest in the present work isiakes place A very important specific example in which this
when the frequency of the time-dependent field is muckassumption does not hold will be discussed in Sec. V.
higher than that of the unperturbed motion. The KH frame Consider now the expressidl) for the probability of
has been shown to be an effective theoretical tool for invesharmonic emission. The key quantity one has to calculate in
tigation of both classical and quantum dynamics of ionizingorder to obtaino is the dipole moment acceleration as a
(dissociativeé systems in high-frequency field48,19. In  function of time:
classical mechanics one can obtain the Hamilton function in
the KH frame by means of a canonical transformation. The
corresponding generating function of the second kind,
Fo(X,p,t), is given by

2
HL(XvP,t)=;—m+V(X)+Xf(t), (4)

1
p(t)=pa[X() +X(1)]= ,u1< X(t) - — f(t)) . (10

Newton’s equatiort9) provides a direct root to the derivation

Fo(X,p,t)=Xp+h(t)p+g(t)X, (5) of a perturbation expansion for acceleration. The shape of the
field is important for such analysis, so let us first consider the
where cw case, e.g.,
t)=—['f(t")dt’+C,, f
g =—Jr) L F(t)=fopy SiN(wit), xf=r£—“§ sin(wit)= arg sin(w;t).
W

h(t)=(1/m) [tV f(t")dt"dt’ — (C,/m)t+C,. (11)
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In such a case the time-dependent potential of(Bgcan  The functional form ofx°(t) can be quite complicated, but,
be expanded in Fourier series: whenever the harmonic approximation to the effective poten-
tial holds, one can use a simple sine function instead of the
exact zero-order trajectory.

It is easy to see also that HG depends only on the action

5 o of the zero-order trajectory. IndeexP(t) is a periodic func-
b ino:t tion of angle, since it corresponds to the motion induced by a
- ﬁJrn;x Vi(x, @o) €T, (12 time-independent Hamilton function. Hence, the initial value

of the angle variable plays no role within the diagonal ap-
where proximation and the resulil7) can be considered as an en-
— _ B semble average over a microcanonical distribution of initial

V(X @g) = (w/2m) [ o7 “V(x+ aq sin(wyt))e™"rdt. conditions. This distribution corresponds, however, to a spe-

cific value of the effective Hamilton function

2

p .
Hkn(X,p,t) = >m +V(x+ aq sin(w¢t))

The corresponding Newton equati® is

0y2
HR(x%,p0) = ﬁ—l—vo(xo,ao) (18

IVo(X,a )
M'FE Fn(X,ag e, (13 2m

mx(t) =~ X n#0
and not to the field-free Hamilton function. This is consistent
with the situation in which the cw field is switched on not
suddenly, but rather adiabatically.
Sincex(t) represents small amplitude oscillations around
the equilibrium positionx., of the effectiveVy(x,«q) po-
E)[ential, it is clear from Eq(17) that the dominant harmonics
will be those for whicH F (., @) |? get large values. More-
over, in our model calculation§ecs. I, \) we find that the
spectral distribution of harmonics is peaked around a single
(14  frequency. We call this “an approximative selection rule.”
x=x0(t) Finally, the implications of the pulse shape on the above
treatment need to be clarified. First, let us consider the
smooth part of the trajectory in the case of pulse excitation.
(In the subsequent derivation the idea of adiabatic invariance
is exploited in the same way as in the treatment of low-
gineit (15 frequency limit by Leopold and Richard41].) Let us as-
x=x0(t) sume that the pulse duration timg is much larger than the

. . o o period of the unperturbed motion®:
In order to obtain the harmonic emission probability, we

have to consider the Fourier transform Xxft), where the 20

acceleration, as given by E@.5), is a multiperiodic function Tp> o> —. (19
of time. The largest period is clearly that of tk¥t) motion,
27l wky . Thus, computing the Fourier transform of accel-
eration, it is natural to take this period as the interval of
integration. The result, up to a common factor, reads

whereF (X, ag) = — dV (X, ag)/ IX.

The time-averaged potenti&ly(X,ag) generates a slow
motion of large amplitudéthe smooth part of a trajectory
while the time-dependent forcds,(x, ap)e"f are respon-
sible for fast, small amplitude oscillations. Consequently, th
zero-order approximation fot(t) is the motion in the effec-
tive V, potential:

ﬁVO(Xv aO)

mx(t)=— P

Moreover, the first-order approximation for the acceleration
X(t), is

5'(1(t)=5'<0(t)+% > Fu(X,a0)
n#0

In such a case the Hamilton functiéh8) can be regarded as
adiabatically dependent on the field strength parameger

(p°)?

27w tee . 0 — 0
[L(w=kwf)°<f KH( > Fa0(t),ag)el et Hi P = "5+ Vol aolt)), (20
0 n=-—w

where the time dependence af(t) is determined by the
pulse shape. Suppose the time-independent generating func-
tion F,(J,X,ap) defines the canonical transformation of Eq.
k=1,2,.... (16) (18) to the action-angle variables. Then the time-dependent
function F,(J,x,ap(t)) leads to the following Hamilton
However, the functiong'(""Kert n+k oscillate much function:
more rapidly tharF,(x°(t), a,) do. Consequently, the main £ )
contribution to the integrall6) comes from the “diagonal” dF2(Jd, X, ap(t
terms (=k). Confining ourselves to these terms only, we K(3,6,6)=Ha(J, ao(1))+ ot '
obtain the following expression for the probability to emit
the kth harmonic: whereH,(J,a(t)) is the adiabatic Hamilton function writ-
. ¢ ) ten in action-angle variables. The last term of E2{) can be
f = (1), ag)dt+ 8 To#y neglected in the limit,>7°, Eq.(19). Therefore Hamilton’s
0 k oo k12 equations of motion in the adiabatic approximation are given
(17 by

n fO"_Ll el (1-Kwgt _ fO"_"l ei(-1-Rart | g
2i 2i

(21

CTL<°‘|,M(|(C0f)|2°C
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dHa(J, a(1))
B 96

:O,

IHa(J, ag(1))

0=w,(J,t)= 3 : (22)
and
J(t)=Jo,
t
0(t)=¢90+ fowa(\]o,t’)dt, (23)

The zero-order trajectory can be obtained by an inverse

transformation from theJ; #) to the (p,x) coordinates:
x9(3,0)=x%Jg, 6, ,1). (24)

Unlike in the cw casex? of Eq. (24) is no longer a periodic
function of either time or angle.

Having estimated the smooth part of a trajectory, one

would like next to write down Newton’s equation of motion

from which the first-order approximation to the acceleration
can be obtained. This equation can be derived easily from the

Hamilton function(6). Note that—h(t) of Eq. (6) represents
now a motion of a “free” particle affected by the radiation
pulse only. Consequently, the KH potenth(x—h(t)) is,
strictly speaking, no longer a periodic function of time. How-
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terms will be taken into account in the evaluation of the
Fourier transform of acceleration. Naturally, the time interval
over which the integration should be performed is the pulse
duration time. Using the diagonal approximation, just as in
the cw case, and taking into account the acceleration of the
X;(t) trajectory one arrives at the following expression for
the dipole moment acceleration Fourier components:

o 2| | Py (630,00, 0)0l

2

- prf(t)e*ikwftdt 29
0

The last expression, unlike its cw anal@ly), still depends

on the 6, initial condition. In order to get th&th harmonic
emission probability as the square of the absolute value of
the meanacceleration Fourier componefgee Eq.(1)] one

has to averagEkXNp(xo(Jo,eo,t)) over fy:

oy

1 ™ (27
Zfo fo Fkpr(Xo(Joﬂo't))daodt

2
(30)

_ f pf(t)e—ikwftdt
0

ever, the pulse can be imagined to repeat itself infinitely

many times after it has effectively decayed. In this case, th
potential of Eq.(6) is a time-periodic function with the pe-
riod equal to the pulse duratior),. Suppose, for simplicity,

that 7, is equal to an integer number of optical cycles of the

high-frequency field:

2T

p=Np o0 Np>1. (25
Then Eq.(6) can be rewritten as
P« -
H(Gp, ) = o—+ > Vp(x)en@Npt  (26)
2m ==
whereV,(x) = (1/7,) f e~ M@t/Noty (x—h(t))dt.
The corresponding Newton equation reads
mX(t)= X Fr(x)eneNt, (27)
n=—co

whereF (x)=—dV,(x)/dx.

RNote that the force Fourier components in the right-hand side
of Eq. (30) are averaged over the microcanonical ensemble
of initial conditions, which corresponds to a specific value of
the field-free Hamilton function.

An analytical evaluation of the last expression is a hard
task. Nevertheless, it provides some insight into the shape of
the HG spectrum as a function of the pulse shape. Suppose
the pulse decays immediately after it has been switched on
(e.g., a Gaussian or a $iprofile). In such a case, the zero-
order trajectory is not localized, since the equilibrium posi-
tion x, of the effective potential changes adiabatically. So,
unlike the cw case, there are no approximative selection rules
for harmonic emission. The Fourier components of force,
being averaged over a large interval, are expected to produce
monotonously decreasing harmonic amplitudes. However,
the rate of decrease is expected to be lower than in the cw
case. Indeed, the HG spectrum of the Morse oscillator ex-
cited by a pulse of high-frequency radiation shows this kind
of behaviof{17]. If, on the other hand, the rise of the pulse is
followed by a constant value of the envelope during a lot of
optical cycles, the selectivity is regainéske the discussion

The first-order approximation to the acceleration can bdn Sec. IV).

obtained by substitution of the zero-order traject®¥) into
Eq. (27):
+ o0

. 1 )
Xl(t):a 2 Fn(x)|x:xo(.]o,Ho,t)em(wf /Np)t- (28)
n=-—w

The dominan¥,’s are those corresponding to the har-
monics, sincew; itself is the dominant frequency in the Fou-
rier decomposition of-h(t). Therefore only these dominant

lll. CLASSICAL HG SPECTRUM
OF MORSE OSCILLATOR
DRIVEN BY A HIGH-FREQUENCY
cw LASER FIELD

Consider Morse oscillator linearly coupled to the periodic
external field. This system is described by the following
Hamiltonian:
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" 2 16.0
HL:ﬁ + Do(e—2a(X—Xo)_ Ze—a(X—XO))
+ p1Xfo sin(wgt). (3D 80 |

In the subsequent calculations we choose to use the parar
eters corresponding to the nuclear motion of the HF mol- § oo}
ecule being in the ground electronic state: the reduced mass ~
m=1744.7 a.u., Dy=0.225a.u., a=1.1741a.u., X,
=1.7329 a.u.,u1=0.31 a.u. The model Hamiltonia(B1)
and its classical counterpat, (P,X,t) [see Eq.4)], have
been used to study the multiphoton transitip28], classical
chaotic dynamics, and photodissociati@i] and, more re-
cently, harmonic generatiofl7]. The Hamiltonian(31) is -16.0,2 v o8
not applicable to the description of the interaction of the x(au.)
molecule with the high-intensity fields considered in this
work. Nevertheless, it can be used as a simple mathematical FiG. 1. Poincareurface of section corresponding to Hamilton’s
model in order to test the predictions of the general theory ofunction (32. The field parameters areay=3.1a.u., w;
Sec. Il =0.0858 a.u=8wyy. The points in the chaotic region result from a
Transforming the length gauge Hamilton function to thesingle dissociative trajectory. The separatrix of the time-averaged
KH frame one gets KH Hamilton function[Eq. (18)] is shown by a line.

2 reduces to that of a harmonic oscillator linearly coupled to
Hin(p,x,t)= 2p_+ D(e 2alxtag sin(wit) =Xo] the time-dependent field. The quantum mechanical solution
m of such a problem is known to reproduce the classical one
—2e a[x+aq Sin(wft)—Xo]) ) (32) exaCtly [25] . . . . .
The zero-order trajectory in the harmonic approximation

. . . is simply
The Fourier expansion of the KH potenti@?2) produces

2 + o
p .
Hin(p,X, ) = 5=+ i"Do[ln(2aag)e 24X~ %o
kH(PX D=2 n;_oc ol In(2aao) X2(t)=x2 sin(wdyt+ 6g) + Xe, (35)
— 21 (aag)e” ** X0 gnert, (33

where wﬁH is the harmonic frequency of the averaged KH

wherel , is thenth-order modified Bessel function of the first . . ) -
A potential and<‘r’n is the amplitude of small oscillations around

kind [22]. Note that the averaged KH potentM}(x, «g) is
nothing but the generalized Morse potenfiaB]. e

In order to apply the general res(lt?) to this model, one It has been shown in Sec. Il that one can estimate which

should first verify the applicability of the classical theory. harmc_ml((j:s W”fl t;]e ?omlnsnt In the spectrl:én CEO”S'fg”.”g the
The latter is presumably correct if the classical motion ismagn_lt_u_es?c the OrC_T_b ourier CO_WPO”? h§" ?f'( .)’ in
regular and the corresponding value of action is much highef€ Vicinity of the equilibrium position of the effective po-
than#. Poincaresurface of section corresponding to Hamil- tential. For example, comparing t.he absolute valueg of these
ton’s function(32) for the field parametera,=3.1 a.u.,o;  components fory=3.1 a.u(see Fig. 2 one can predict that

=0.0858 a.u=8wyy is represented in Fig. 1. The regular or the third harmor]ic is going to be the dominant one in the
chaotic character of motion is determined by the overlap O\Bpe.ctrum. The Q|rect evfaluauon of H47) produces the fol-
classical resonancésee Goggin and Milonr{i21] for Chir-  10Wing expression foor:

ikov’s resonance overlap criterid@4] applied to the Morse
oscillator in the time-periodic fie)d As the field frequency
grows, the resonances of higher ordehnains of regular is-
lands in Fig. 1 affect the motion and the measure of regular
trajectories inside th&/q(X,aq) separatrix becomes larger.
Moreover, Vy(X,ag) can be approximated by a harmonic
potential in the vicinity of its equilibrium positioRr,,

1 (lo(Zaao))

Xe=Xp+ —In
et lo(aag)

_ZaDoin

(s

lo(a@ag) (lo(aao)lo(ZaX%)

lo(2aag) | To(2aag  K2¥%0)

fors 2
+ 5k,l T .

—lo(ax)l(aay) (36)

(34 The oscillation amplitude<S, is small on the scale of the

Vo(X,ag) potential range, smx% is a small parameter. It
and the coupling¥,(x,ag), n#0 can be linearized around implies that the HG spectrum depends weakly on the initial
Xe. Therefore in this region of the phase space the problemondition:
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180 : . , calculation, or deal with the quasiener@yE) states. The QE
* T ¢ 4 states are quasistationary solutions of Sdimger's equa-
i tion:

i1 3 ) ,t — 7i(55t/ﬁ)q) ,t ’
s0g “ 2 - pe=e pO60 (39)

2
X,t+—
wg

In[o(w)] (arbitrary units)

B & the HG spectrum can be associated with a single QE state
" Il (see[26], and references therginThe expectation value of
" dipole moment, entering Eq1), should be taken with the
o M length gauge wave function. However, the length gauge is
120,35 o5 0 15 not suitable for the treatment of high-frequency external
o{a.u) fields from the numerical point of view. So using Ehrenfest’s
theorem and the operators of the unitary transformations
FIG. 2. The classical HG spectrum resulting from the numericalfrom length to reduced momentum gauge and from reduced
integration of Hamilton’s equations of motion corresponding to Eq.momentum gauge to KH framgsee, for examplg,27]) one
(32) (continuous curvg the analytical resul37) (circles, and the  easily obtains
absolute values of the Fourier components of the time-dependent&2 J
force in the KH frame, IfF,(X.,aq)|, EQ. (13), evaluated at the ~ M1 N
equilibrium position of trt‘;n )éeﬁegt!ve KH potentialdiamonds. 912 <\I’L|/L1X|‘I’L>: m ot <‘I’L|p|‘1’|'>
The field parameters arexp=3.1a.u.,, w;=0.0858 a.u., x%
~0.236 a.u., which corresponds to the harmonic approximation to My d

20} " “ 9 ) It has been shown previously that under certain conditions

the ground state of the time-averaged KH potential. The field fre- “m ot (PPIB|WP) — pagwf sin(wrt)
quency peak is out of scale. The spectra are normalized in such a
way that the third harmonic intensity is the same in all of them. My 0 KHI A < KH
Note the third harmonic dominance in all the spectra. “m oot (P p| )
lo(@ag)[ 1+ (axy)’] — pr1agof sin(wit), (39
Oyx>1"~ |o(2aao) I k(zaQO) L P KH ) .
where ¥-, ¥, and ¥"" are the wave functions in the

2 length gauge, reduced momentum gauge, and KH frame, re-
(37) spectively. Fourier decomposition of the time-periodic part
of a KH frame QE function reads

1+ % (aX%)z) I (aag)

and the only important parameter of the problemuis,, +oo
namely, the amplitude of the field-induced motiafn, on the \IIEH(X,I)= e iept/h) E pn(x)enert, (40)
scale of a potential range,dl/ The parametera defines n=—o
actually which peak will be the most prominent one in the o ) )
HG spectrum. It is easy to see that by changing it one carpubstitution of Eq(40) into Eq.(39) and subsequent Fourier
achieve the enhancement of a specific harmonic. However, ffansformation result in the following expression for the
takes totally unrealistic field intensities to get very high har-Probability to emit thekth harmonic by the system being in
monics enhanced. the pth QE state:

The relative harmonic intensities as predicted by 84) +oo n 2
have been found to be in excellent agreement with the clas- A _ oMoy
sical numerical resultésee Fig. 2 The latter were obtained Tk knzz—oo {@n(01Bl@ns (X)) 2 Sy - (4D
by the numerical solution of Hamilton’s equations of motion
in the KH frame. The single trajectory HG spectrum wasClearly, the HG spectrum of a quasiperiod#” state con-
found to be practically independent of the initial phage  sists only of the harmonics of the radiation frequency.
while x%, was chosen to match approximately the energy of In the problem with dissociation or ionization, such as a
the Vo(X, ao) ground state. The following calculation param- Morse oscillator in the external cw field, only the resonance
eters were chosenay=3.1a.u., «=0.0858 a.u. Such a QE states, which live sufficiently long in the interaction re-
value of ay corresponds to the enhancement of the thirddion, should be considered:
harmonic peak. I
eg=Re(ep) —i X (42
IV. HG SPECTRUM OF MORSE OSCILLATOR

DRIVEN BY A HIGH-FREQUENCY

cw LASER FIELD—OM NUMERICAL RESULTS whereI'/% is the dissociation rate. These states are being

routinely obtained by the complex scalif@S technique
Quantum mechanically, the problem can be approached if28]. According to the CS procedure, the coordinate is ro-
two different ways. One can either perform a wave packetated into the complex plane by an angte



57 CLASSICAL VERSUS QUANTUM HARMONIG . .. 1351

X— (X—Xco) €' 0+ Xe. (43 185 P
The most convenient choice of the poiygs, about which
the rotation to the complex plane occurs, is the center of the o *** .
interaction regionXcs=Xe - H A
The complex-scaled QE functions have been calculated in £ s i
KH frame for the field parametersxg=3.1a.u., ws _§ 9
=0.0858 a.u. by diagonalization of the one optical cycle 3 ‘ 8
complex scaled propagator matrix: — 35} ‘ o
3
U(T,0 P (x,0=e 16wk (x,0). 449 T
-15
The propagator was calculated by the recently developed °
(t,t’) algorithm[29]. Eleven Fourier basis functions were
used to represent the time dependence of the Floquet Hamil- % 05 10 15
tonian: ®a.u)
~ ho - FIG. 3. The QM HG spectrum of the narrowest resonance Flo-
Hin(X,D= ot +Hi(X,1). (45 quet statddiamond$, QM HG spectrum of a wave packet placed in

the harmonic regiofisee Fig. 1 (continuous ling and the classical
. prediction of Eq.(37) (circles. The relative intensities of the sec-
II'ond and higher harmonics are shown. The field parameters are those
of Fig. 1. The spectra are normalized in such a way that the third
~5 harmonic intensity is the same in all of them.

AR = 2+ Vo(x,ag) (46

One hundred eigenfunctions of the zero-order KH Ham
tonian,

longest-living QE state is presented in Fig. 3. As one can see,

) the single QE state QM HG spectrum is in excellent agree-
have been used to represent the coordinate dependence nqgnt with the classical analytical result. The HG spectra of
Hyw - Twenty-one Floguet channels and 1000 time stepsy| the resonance QE states exhibit strong similarity. All of
were used in {(t") calculation ofU(T,0). The number of  them show the enhancement of the third harmonic peak.
resonance QE states was found to be equal to the number of | order to explore the properties of the QM HG spectrum
bound states of théfg, Hamiltonian. The lifetime of the as a function of phase space variables, wave packet calcula-
narrowest resonance QE state, closely corresponding to thns have been performed. Sctimger's equation in the
HY,, ground state, id'~1.224 35¢10 ° a.u. The complex KH frame,
QE’s are stationary over a wide range of rotation angles. The
calculations described below have been performedd at
=0.1rad. 9 -

In order to calculate the HG spectrum, we should gener- ih rn W(X,t)=Hgn(X,1) W(X,1),

alize the expressiof¥1) for the complex rotated QE states. (49)
This implies two changes: first, the generalized inner prod-
uct, ((¥?| ¥ %) [30], should be used instead of the regular AZ
one, (¥|¥), second, the momentum operafwe (%/i) 9/ Ix 0 (1) = p—+D (e 2alx+ ag sinwrt) =Xo
should be substituted by its complex rotated counterpart: KRV ™ om * 70

b —2e” a[X+aq Sin(wft)fxo])
—ig '

47

g 9
pr=¢€ i ox’
The generalized inner produg product of Ref[30]) differs ~ Wwas solved numerically for the initial condition of the form

from the regular one by the lack of complex conjugation of
those parts of bra and ket which have become complex only

due to the CS. Being applied to the res(itl) the above [ Mgy 172 (o2 (X 5 il
prescription gives Y(x,t=0)= e~ (MokH/2h) (X=Xin) “giPinX/h
(50)
+ oo
~ g aomwf
Tk kn;_x ({en() [P’ on+k(x))) — 2 Skl - wherex;, and p;, are the initial mean values of the coordi-

(48  hate and the momentum of the minimum uncertainty wave

packet. The expectation value of the dipole moment accel-

where ({pn(X)| and|¢,;(X))) are Fourier components of eration as a function of time can be expressed, again using

the left and the right eigenvectors of the complex-scaled FloEhrenfest's theorem and the operator of transformation from
guet Hamiltonian correspondingly. The HG spectrum of thethe length gauge to KH frame as
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2

d 2aDguq
S (W= 210

<\PL|e72a(X7X0) 170 |
m

—e X WL — agwiuy sin(wst) 0

. 2aDop;y

<\PKH| e*2a[x+ ag sin(wst) — Xg]
m

—e a[x+ag Sin(wfI)7X0]|\I,KH> roq

— agwiu Sinwit). (51)

In[o(w)] (arbitrary units)

20+

A Gaussian wave packet centered at the equilibrium position

of the averaged KH potentialk;,=X., pi»=0) has been

propagated in time by the split operator algorithgd]. 512 80 . I

equally spaced grid points have been used to represent th 00 08

HamiltonianH gy . The box length has been chosen to be 13

a.u. and the absorbing boundary conditions were introduced FIG. 4. The QM HG spectrum of a ground state of the field-free

at Xop=12 a.u. by means of the following optical potential: Hamiltonian. Contrary to the calculations presented in Fig. 3, the
field is turned on here according to E&3), @;=3.1 a.u.,N=20.

. €opt The field frequency peak is out of scale.

DT e o (52)

(a.u.)

Vopt(x) =

covering the interval from 0 to 15 a.u. The fast Fourier trans-

where €y, =10 a.u., 74,=0.25. The resulting quantum me- form (FFT) procedure has been used to allow the operation
chanical HG Spectrur(ﬂ_) Corresponding to the field param- of the kinetic term on the wave function. The optical poten-
eters of Fig. 2 is represented in Fig. 3. The result is in exdial (52) has been used to prevent the reflection from the edge

cellent agreement with the classical predicti8@) and with ~ of the interval.
the QE calculation. The resulting HG spectrum corresponding to the ground
The similar calculations have been performed with thestate of the field-free Hamiltonian is represented in Fig. 4.
initial wave packet located at one of the elliptical fixed The switching time was taken to be 20 optical cycles. The
points in the chain of the ten islands of regularisge Fig. spectrum agrees very well with the results of the pure cw
1). Note that the measure of chaotic initial conditions closetreatment(Figs. 2, 3. If, however, one chooses a higher
to a hyperbolic fixed point is substantially less tHarso one ~ €xcited eigenstate as an initial condition, the longer switch-
cannot locate the least uncertainty wave packet in the chaotifd time is required to avoid a significant dissociation during
region on|y_ The HG spectrum obtained by propagation o'ﬂ:he rising of the field. Consequently, the switching part of the
the wave packet centered around the poipt=4.46 a.u., dipole moment time dependence begins to play a role. In-
p;»=9.8 a.u. has been found to be almost identical to that ofleed, starting with the tenth eigenstate of the Morse oscilla-
the wave packet placed in the harmonic region, in accorfor and allowing a 40 optical cycle switching time, we have
dance with the results of the QE calculations. obtained a HG spectrum with less pronounced third har-
Finally, one has to consider the effect that the switchingmonic dominance effect.
of the cw laser field may have on the HG spectrum. Appar-

ently, if driving the initial state(which is localized in the V. HG SPECTRUM OF “SOFT-CORE”
field-free potential wellx~1.7 a.u) to the interaction region COULOMB POTENTIAL
(namely, the vicinity of the effective KH potentialx DRIVEN BY A HIGH-FREQUENCY

~4.5 a.u) takes a switching time comparable to the lifetime cw LASER FIELD—QM NUMERICAL RESULTS

of the resonance QE state, the cw theory can hardly reflect ) ) ) ) )
the real physical situation. In order to check the implications The example discussed in the previous two sections s,
of switching on the HG, a series of numerical calculationsP€rhaps, the simplest case on which the predictions of the
has been performed. The eigenstates of the field-free HamiBeneral theory(Sec. 1) can be tested. The Morse potential

tonian have been propagated in time under the influence df@n be considered as a generic one for the molecular vibra-
the following time-dependent field: tional motion. However, at the field strengths causing the

enhancement of high harmonics, the multiphoton transitions

. ot) 24N to the excited electronic states and the disintegration of a

aowim S'nz(m) sin(wyt), t<w— molecule would occur. Moreover, the harmonic generation

f(t)= f (53 by electronic motion will always be more effective just due
2wN to the electron-proton mass ratio and different magnitudes of

apwim sinwgt), t>—— " . !
f ’ w; transition matrix elements between the electronic and nuclear

eigenstates. Therefore the general theory needs to be applied
whereN is the number of optical cycles it takes to switch theto the Coulomb potential. This section will be devoted to the
field on. The propagation has been performed in the Khstudy of the HG spectrum of a one-dimensional “soft-core”
frame by the split operator meth¢81]. The wave function Coulomb potential model in the high-frequency, high-
has been represented on a grid of 512 equally spaced pointgensity regime. Before reporting our QM numerical results,
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let us discuss several questions concerning the applicability
of the classical theory to the Coulombic case. el I~ )

If the zero field potential is a symmetric functidaf the ®
coordinate defining the polarization direction of the external & ®
field), then its averaged KH counterpart at high enough field § 8
strengths is a double well. Consequently, the zero-order clas & 145 | 8
sical motion does not take into account the tunneling phe-.
nomenon. The symmetry considerations, however, apply tcs 8
the force Fourier components as well, therefore their values=,
in each one of the wells can differ only by a phase and the& ., | 8
tunneling is not expected to affect the spectrum drastically. % 8

What can be more important, however, is the measure of 8
the regular classical motion in the vicinity of the equilibrium
points of the zero-order KH potential on the scaleioOur 8
numerical experience with the Morse potential model shows '*%¢ 10 20 %
though that the QM resonance states are not necessarily a. {a. u.)
sociated _W_ith t_he surviving _tori. A_s a matter of fact, the reso- FIG. 5. The OM HG spectrum of a ground state of the soft-core
hances living in _thg chaotic region of the. phase. space cap, ,mp potentialcircles and the classical predictiofb5) (dia-
possess longer lifetimes than those associated with the regy-

. . H'londs. The field is turned on according to EG3), ag=10 a.u.,
lar islands[32]. Jensen and Sundarg88] have pointed out N=10. The field frequency peak is out of scale. The spectrum is

that the Suppress_ion of ionization in high-frequency fields iS,q;malized in such a way that the fifth harmonic intensity is equal
related to the existence of scarred QE states. The authofs ;. of gq. (55).

studied a one-dimensional “soft-core” Coulomb potential
model[34]:

-

bitra
(¢ 2

change:F(X,e(t), @p)~Fy(x=0,a0). Note that due to the
symmetry of the problem only odd harmonics appear in the

V(X)= 1 (54) spectrum. As in the case of Morse oscillator, a sin(fh)
J1+ X2 harmonic is the dominant one in the spectrum. The behavior

of the Fourier components of the force at the unstable fixed
under the influence of the high-frequency, high-intensity cwpoint suggests that the higher the field intensity, the higher
field. The two stable fixed points in the phase space of théarmonic signal is enhanced. It is remarkable that the HG
model are associated with the two minima of the double welspectrum bears purely classical character even in the case
effective potential, while the unstable fixed point is situatedwhen the measure of the regular trajectories is much smaller
on the saddle between the wells=0, p=py). It has been than# and tunneling takes place.
suggested by Jensen and Sundaram that the quantum dynam-
ics is governed by the QE states localized in the vicinity of VI. CONCLUSIONS
the unstable periodic orbit, “scars{see also Leopold and ) ) )
Richards[35] on the role of scars in the suppression of ion- It has been shown that classical mechanics provides an
ization). In order to check the implications of this phenom- adequate description of the HG phenomenon in the high-
enon on the HG of the system, we have compared the QNfequency regime. Moreover, it provides an approximative
HG Spectrum with the prediction of the approximative C|as-$€|eCti0n rule for the relative Strengths of different harmon-
sical selection rule. Schdinger’'s equation in the KH frame iCs. This gives a possibility to adjust the system and the laser
has been solved numerically by the split operator methodi€ld parameters in such a way that a specific single harmonic
[31]. The ground state of the field-free potenti&#) was dominates the spectrum.
chosen as the initial condition and ten optical cycle long The classical theory is applicable if the wave function is
switching time was allowedisee Eq.(53)]. The calculation localized in space. In such a case the Newton equation used
has been performed at the field parametefs-1 a.u., ag in the denvapon _of the harmonic em|SS|on_pr0bab|I|t|e_s is a
=10 a.u. The Hamiltonian was represented on a grid of 409§00d approximation to the quantum equations of motion by
equally spaced points in the interval from —100 to 100 Virtue of Ehrenfest’s theorem:

a.u. The symmetric optical potential of the typ&3)
(Xop=+98 a.U., €gp=5 a.u., 7,,=0.5 a.u) was introduced (X)(t)= i < — M> 1 M
m

to prevent the reflections from both edges of the grid. The IxX m X x=x,
resulting HG spectrum presented in Fig. 5 has been found to )
be in remarkable agreement with the simple classical predic- ~Xpet)- (56)

tion:
The wave function implicit in Eq.56) can be localized
=1~ |Fy(x=0,a0)|?. (55)  around either stable or unstable periodic trajectapy(t).
These trajectories, in their turn, deviate only slightly from
The last equation is valid under the assumption that the dethe correspondingstable or unstabjeequilibrium position of
viation of the unstable periodic orbik,.(t), from the un-  the averaged KH Hamiltonian. Indeed, such deviation is due
stable equilibrium position of the effective KH potential is to the high-frequency forces,(x)ek“!, w¢>wyy [see Eq.
small on the scale on which the force Fourier component$13)] and thus it is proportional to 1d(k)?. For frequencies
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high enough the deviation of the periodic trajectory frggn  The validity of the adiabatic approach to the radiation pulses,
becomes small on the characteristic scale on which thas described in Sec. Il, is not guaranteed in the case of two-
F«(x)’s change. If the wave function localization width is and more-dimensional effective KH potentials. In such prob-

small on this scale as well, the characteristic pattern of théems even the zero-order classical motion can be noninte-
force Fourier components is translated directly into the HGgrable.

spectrunfsee Eq(55)]. It turns out that long-living quantum The questions raised above outline the directions of future
states of various nonlinear oscillators, such as Morse, “softstudies. Research along these directions is currently in
core” Coulomb, and hydrogen atof3,36| perturbed by the progress.

high-frequency external fields exhibit this kind of localiza-

.tion..This fact lets us think that the cla_ssical approach to HG ACKNOWLEDGMENTS

in this regime and the resul65) are quite general.
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