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Reciprocity relations for time-independent transition probabilities of time-dependent
Hamiltonians
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Reciprocity relations are derived between time-independent transition probabilities for absorption and emis-
sion of photons within a system governed by a time-dependent Hamiltonian. The proof combines the use of
absorbing boundary conditions to express the probabilities and the (t,t8) formalism. The case of a particle
incident on an asymmetric double-barrier potential and interacting with an oscillatory field is given for illus-
tration. @S1050-2947~98!04711-8#

PACS number~s!: 31.70.Hq, 03.65.Nk, 33.80.2b
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I. INTRODUCTION

Time-independent transition probabilities can be defin
for a system subjected to a time-dependent perturbatio
asymptotically, before and after the motion in the interact
region between the collision partners, the particles are de
pled from the perturbation. A very important case is that
the dipolar coupling with an oscillatory electric field: if th
potential governing the collision is localized in space,
going to the acceleration frame~or Kramers-Henneberge
representation@1,2#! this decoupling is guaranteed. Th
asymptotic forms of the wave functions describe free moti
General expressions for the transition probabilities have b
derived@3,4# by applying to this situation Floquet theory i
an extended (t,t8) space. The expressions for the probab
ties are very similar to those of time-independent Hamil
nians. However, the transition operator is built with a Gre
function containing the new dynamical variablet8 and the
scalar product requires integration overt8.

It has been shown recently by Vorobeichik and Moisey
@5# that these transition probabilities can be cast in a differ
form, using previous work for the description of reacti
collisions@6–8#. For the reactive case, the state-to-state tr
sition probabilities are given the form@6–8#

Pf← i5U i

\
^F fe fG~E!e iF i&U2

. ~1!

F f andF i are the free asymptotic wave functions after a
before the collision.e f ande i are absorbing complex poten
tials localized in the product and reactant regions. The Gr
function G(E) is (E2H)21.

For the time-dependent case, the corresponding exp
sion is @5#

Pf← i5U i

\
^^F̃ fe f G̃~E!e iF̃ i&&U2

. ~2!

The Green function is now

G̃~E!5@E2Ĥ~q,t8!#21 ~3!

defined with the Floquet Hamiltonian
PRA 581050-2947/98/58~5!/4218~4!/$15.00
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Ĥ~q,t8!52 i\
]

]t8
1H~q,t8!2 i e~q!. ~4!

q represents the usual dynamical variables andt8 an addi-
tional dynamical variable, wherease(q)5e i(q)1e f(q).
Note that in both Eqs.~1! and ~2! e i(q) and e f(q) can be
replaced bye(q). This fact simplifies the proof given in Sec
II. The symbol^^uu&& recalls that integration has to be pe
formed on bothq and t8.

The initial free wave function for one-dimensional motio
of a particle of massm is

F̃ i~q,t8!5A m

\ki
exp@ ik ix#exp@ invt# ~5!

while the final function is

F̃ f~q,t8!5A m

\kf
exp@ ik fx#. ~6!

In Eq. ~5! n is positive in case of photon absorption an
negative in case of emission. Initial and final energies
related byEf5Ei1n\v.

This note is making use of this formalism to prove th
the absorption and emission probabilities are related i
special way. We consider the one-dimensional motion o
particle incident on an asymmetric potentialV(x). The po-
tential is assumed to go to the same limit asx→6`. The
proof is given in Sec. II. An example with an asymmetr
piecewise constant potential is studied in Sec. III. This c
is amenable to an exact treatment@10,11#.

II. RECIPROCITY RELATIONS BETWEEN ABSORPTION
AND EMISSION PROBABILITIES

We consider an asymmetric one-dimensional poten
@i.e., with V(2x)ÞV(x)#, with x increasing as one goe
from left to right. The transition probabilities for absorptio
or emission ofn photons for a particle meeting this potenti
and interacting with an oscillatory field area priori different
for motion from x52` to x51` or the reverse motion
Tn(E) and Rn(E) denote the transmission and reflectio
probabilities for left to right motion, with the energyE being
4218 ©1998 The American Physical Society
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changed byn quanta. For the reverse motion they are d

notedT̃n(E) and R̃n(E).
The formulas that will be proven are

Tn~E!5T̃2n~E1n\v!, T̃n~E!5T2n~E1n\v! ~7!

and

Rn~E!5R2n~E1n\v!, R̃n~E!5R̃2n~E1n\v! ~8!

We emphasize that Eq.~7! relates quantities associated
the two ways to approach the interaction region, while E
~8! relates quantities describing the same collision at t
different energies.

The complete set of eigenenergiesEa of the Floquet
Hamiltonian

Ĥ~x,t8!52 i\
]

]t8
1H~x,t8!2 i e~x! ~9!

and of its left and right eigenfunctionsfa,m
L (x,t8) and

fa,m
R (x,t8) make it possible to express the Green function

@E2Ĥ~x,t8!#215(
a,m

ufa,m
L ~x,t8!&@E2~Ea1n\v!#21

3^fa,m
R ~x,t8!u ~10!

When real basis sets are used to expand the eigenf
tions and even when the Hamiltonian is complex scaled~this
option is not used in our calculations, but the proof of t
reciprocity relations holds in this case as well!, the left and
right eigenfunctions are related in a simple way@9#:

fa,m
L ~x,2t8!5fa,m

R ~x,t8!, fa,m
R ~x,2t8!5fa,m

L ~x,t8!
~11!

Consider first the relationTn(E)5T̃2n(E1n\v). The
probabilityTn(E) is the squared modulus of a transition am
plitude, which can be written:

tn~E!52
i

\2

m

Akikf
(
a,m

@Ei1n\v2~Ea1m\v!#21

3F E E dx8dt8e2 ik fx8e~x8!fa,m
L ~x8,t8!G

3F E E dx9dt9eikix9e~x9!einvt9fa,m
R ~x9,t9!G . ~12!

The transmission probabilityT̃2n(E1n\v) is the
squared modulus of the amplitude:

t̃ 2n~E1n\v!

52
i

\2

m

Aki8kf8
(
a,m

@Ei2~Ea1m\v!#21

3F E E dx8dt8eik f8x8e~x8!fa,m
L ~x8,t8!G
-

.
o

s

c-

3F E E dx9dt9e2 iki8x9e~x9!e2 invt9fa,m
R ~x9,t9!G .

~13!

Because of the permutation of initial and final energi
we haveki5kf8 andkf5ki8 . Instead of the counting indexm

we introduce the indexm̃5n1m. The transition amplitude
is now

t̃ 2n~E1n\v!

52
i

\2

m

Akikf
(
a,m̃

@Ei1n\v2~Ea1m̃\v!#21

3F E E dx8dt8eik fx8e~x8!fa,m̃2n
L

~x8,t8!G
3F E E dx9dt9e2 iki x9e~x9!e2 invt9fa,m̃2n

R
~x9,t9!G .

~14!

Changingt8 into 2t8 in the first integral changesfL into
fR @cf. Eq. ~11!#. Changingt9 into 2t9 in the second inte-
gral has the opposite effect. Two further properties of
Floquet eigenfunctions.

fa,m̃2n
R

~x8,t8!5einvt8fa,m̃
R

~x8,t8!,

einvt9fa,m̃2n
L

~x9,t9!5fa,m̃
L

~x9,t9!, ~15!

transform the first integral of Eq.~14! into the second inte-
gral of Eq. ~12! and the second into the first. The relatio

T̃n(E)5T2n(E1n\v) can be proven in a similar way
However, changing the energyE into E2n\v into the first
of the two relations~7! and replacingn by 2n produce the
second relation.

We turn now to the first of the two relations in Eq.~8!.
While in the transmission amplitudes the initial and fin
wave vectors are aligned, in a reflection amplitude the t
wave vectors are pointing in opposite directions. This e
plains that in the latter case we are comparing two am
tudes for the same collision. The transition amplitude
reflection with absorption ofn photons in the collision from
left to right at energyE is

r n~E!52
i

\2

m

Akikf
(
a,m

@Ei1n\v2~Ea1m\v!#21

3F E E dx8dt8eik fx8e~x8!fa,m
L ~x8,t8!G

3F E E dx9dt9eikix9e~x9!einvt9fa,m
R ~x9,t9!G

~16!

while the transition amplitude for reflection with emission
n photons in the same collision but at energyE1n\v is
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r 2n~E1n\v!52
i

\2

m

Aki8kf8
(
a,m

@Ei2~Ea1m\v!#21

3FEEdx8dt8eik f8x8e~x8!fa,m
L ~x8,t8!G

3FEEdx9dt9eiki8x9e~x9!e2 invt9fa,m
R ~x9,t9!G .

~17!

Changing the counting index as in the previous derivat
and introducing the same properties of the Floquet eig
functions transform identically this transition amplitude in
that for absorption ofn photons at energyE.

The reciprocity relations in the particular casen50 ~no
net photon absorption or emission, although there may
virtual processes during the collision! produce no informa-
tion in the case of reflection: Eq.~8! becomes a trivial iden-
tity. On the other hand, Eq.~7! tells us that the transmissio

probabilitiesT0(E) andT̃0(E) are equal. This is trivial only
if the potential is symmetric.

III. NUMERICAL ILLUSTRATION WITH AN
ASYMMETRIC PIECEWISE CONSTANT POTENTIAL

Sacks and Szo¨ke @10# have given an exact treatment
electron scattering by a piecewise constant one-dimensi
potential in the presence of a radiation field of arbitrary
tensity. It was shown recently@11# that this approach can b
reformulated with the use of transfer matrices express
continuity of wave functions and their derivatives at ea
discontinuity of the potential. This method has shown
efficiency for the calculation of transmission through the h
erostructures met in semiconductor research@12,13#. The dif-
ference is that now the matrices are, in principle, of infin
dimensionality, since a wave has to be defined for arbitr
numbers of emitted or absorbed photons. As any o
dimensional potential can be viewed as the limit of a pie
wise constant potential with steps of vanishing widths, t
opens a route to the treatment of scattering by an arbit
potential. For an illustration of the rules given in Eqs.~7! and
~8! we choose the asymmetric double-barrier potential sho
in Fig. 1. Two barriers of width 1 a.u. are separated by a w
of width 2 a.u. and depth 1 a.u. The first barrier met by
electron coming from the left has a height of 1.5 a.u. wh
the second barrier has a height of 2 a.u. The calculations
made in the velocity gauge@10#. Exchange of energy be
tween the particle and the field occurs only at the disco
nuities of the potential. We have therefore free motion in
asymptotic regions, as in the Kramers-Henneberger repre
tation for a localized potential. However, Gordon-Volko
waves are used instead of plane waves.

Figure 2 gives in panel~a! the transmissivity as a functio
of energy of the incoming electron in the absence of
radiation field. This transmissivity is the same when the el
tron approaches the double barrier from the left or from
right. It shows a resonance associated to a level of the in
mediate well. The maximum value of the transmissivity
not unity because the potential arrangement is not symm
ric. With an electric field of maximum amplitude 0.1 a.u. a
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\v equal to 0.4 a.u., the number of amplitudes of incom
and outgoing amplitudes kept at every discontinuity is 2
This is required by the rather high value chosen for the e
tric field amplitude. The total transmissivity is the thick lin
of panel~b!, while the thin line of this panel showsT0 . The
resonance is shifted, and a multiplet structure appears,
peak-to-peak separation equal tov @14,11#. These transmis-
sivities are not dependent upon the initial asymptotic po
tion of the particle. Panels~c! and~d! depict reflectivities. In
panel ~c! we have the total reflectivity for positive initia
momentum~thick line!, while the thin line givesR0 . In
panel ~d! the thick line is also the total reflectivity, but fo
initial negative momentum. It is identical to the total refle

tivity of panel ~c!. HoweverR̃0 , given by the thin line, is
different fromR0 . This is expected on the basis of the rec
procity relations for reflectivities@Eq. ~8!#.

In Fig. 3 we have the illustration of the reciprocity rela

tions. Panel~a! showsT1(E) and T̃21(E) while panel~b!

gives T̃1(E) and T21(E). Panel ~c! gives R1(E) and

R21(E), while panel~d! representsR̃1(E) andR̃21(E). The
graphs are exactly as expected from relations~7! and ~8!.
The transmissivities and reflectivities coincide, except fo
shift equal to the field quantum. The doublets in the tra
missivities are due to the fact that, ifER is the resonance
energy of the well, transmissivity is favoured at energ
ER2v and ER in a one-photon absorption process and
energiesER andER1v in a one-photon emission process

FIG. 1. An asymmetric double-barrier potential used to illustr
the reciprocity relations between transition probabilities for a p
ticle interacting with an oscillatory field. Energies and distances
in a.u.



rs
n
-

la-
ting
r-

is
ful

an

to

b-
an

s
l,

rp-

PRA 58 4221BRIEF REPORTS
IV. CONCLUSION

The analysis of transition amplitudes in the Krame
Henneberger frame, together with the use of the additio
dynamicalt8 variable, is very efficient in establishing rela

FIG. 2. Total and partial transmissivities and reflectivities for
electron incident n the double-barrier potential of Fig. 1. Panel~a!:
the field-free transmissivity showing a resonance structure due
level of the intermediate well. Panel~b!: total ~thick curve! and
zero-photon~thin curve! transmissivities when the electron is su
jected to an oscillatory electric field of amplitude 0.1 a.u. and
gular frequency 0.4 a.u. Panels~c! and ~d!: total ~thick curve! and
zero-photon~thin curve! reflectivities when the initial momentum i
positive ~c! or negative~d!. While the total reflectivities are equa
the zero-photon reflectivities are different.
-
al

tions among these amplitudes. It is likely that similar re
tions could be proven when the quantum system interac
with the field is described, in addition to the reaction coo
dinate, by some other variables.

ACKNOWLEDGMENTS

R.L. thanks Professor N. Moiseyev for hospitality in h
group at Technion, Haifa, Israel. We acknowledge help
discussions with I. Vorobeichik.

a

-

FIG. 3. Illustration of the reciprocity relations between abso
tion ~thick curves! and emission~thin curves! transition probabili-

ties. Panel~a!: T1(E) and T̃21(E). Panel~b!: T̃1(E) andT21(E).

Panel~c!: R1(E) andR21(E). Panel~d!: R̃1(E) andR̃21(E).
.
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