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Heller’s expression for the absorption cross-section in the weak field limit is extended to cases
where the total Hamiltonian contains a strong time-dependent component, supplemented by a weak
field. A very similar expression to the original case then results when the~t,t8! formalism is used;
one only needs to construct a correlation function for the system without the weak field, and use it
to extract the absorption probability for any value of the weak-field frequency~or pulse shape!. In
addition, a numerical approach for extracting Floquet states without full-matrix diagonalization is
demonstrated, by filtering~or filter-diagonalization! a single wave function~or the correlation
function! propagated under the~t,t8! Hamiltonian. © 1997 American Institute of Physics.
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INTRODUCTION

In the time-dependent approach for photodissociation
championed by Heller,1 the absorption cross-section is pr
portional, in the weak-field limit, to the Fourier-transform
the overlap between a time-dependent wave packet o
field-free potential surface, and the same wave packe
t50. In this article we extend this approach to cases wh
the total Hamiltonian contains a strong time-dependent c
ponent, supplemented by a weak field

H5H0~x,t !1V~x,t !,

where x is the multi-dimensional coordinate, andV is the
weak-field perturbation,

V~x,t !5l~x!cos~wt!.

This general case occurs, e.g., for molecules in conden
phase probed by weak light sources, or for molecules a
upon by two laser sources: a strong fixed one, and a pro
weak pulse.~The classes of system which are subjected
strong time-dependent Hamiltonians is not limited to m
ecules in a monochromatic field, and includes also molec
in strong chirped-pulse fields, or subsystems of molecu
interacting with a strong bond.!

An example of a possible experimental realization
such a weak-field–strong-field combination is as follow
Recently very extensive studies of the non-linear dynam
in strong fields were carried out. Many studies are associ
with the above-threshold-ionization spectra and with
probability to get very high harmonics when the atom
exposed to strong electromagnetic field.2 In that case when
the strong field is turned on sufficiently slowly and suppo
more than 10215 oscillations before the field is turned of
one may assume that the field is periodic. Then for h
fields ~more than 1013 W/cm2! there are indications that th
system is prepared in a single resonance quasi-en
J. Chem. Phys. 106 (17), 1 May 1997 0021-9606/97/106(17)/68
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state.3,4 After a sufficiently long time since the strong field
turned on, the system is trapped into the longest-lived re
nance state.

As long as the strong time-dependent field is on the s
tem would find itself in the quasi-energy states rather than
the field-free eigenstates. A natural question is how a
whether it is possible to observe these Floquet states.
natural to suggest that by probing with a second weak la
pulse ~V! one may measure the probabilities of the tran
tions from one quasi-energy state to another. So far such
experiment has not been carried out.

The fact that formally~or even physically! we can view
the molecules as lying in discrete or continuous Floq
states, which are analogous to bound-states, motivates
amination of whether the same theoretical techniques u
for studying weak-field transitions in the absence of a stro
underlying field can be used to examine the weak-fie
induced transitions in the presence of a strong field. In t
work we show that with the appropriate modification, t
usual expressions – involving an integral over a correlati
function which is evaluated independently of the probi
weak field, and then filtered at any desired weak-field f
quency – are also recovered here~in a very compact form!.

We comment that there are studies in the literature
numerical techniques and methodologies for studying mi
systems, typically for two color lasers.5,6 Our goal here is to
suggest an alternate approach which automatically extr
the absorption cross-section spectrum for all weak-field
quencies from a single propagation – just like the tim
dependent formula for the absorption cross-section com
ments basis-set based approaches.

Briefly, the development here is as follows. We first a
sume, as mentioned, thatH0 has a periodic dependence o
time with periodT. ~For some problems,T is naturally de-
fined – e.g., the periodicity of the strong source in a tw
pulse problem.! We then obtain a very simple expression f
683939/9/$10.00 © 1997 American Institute of Physics
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6840 Pang, Neuhauser, and Moiseyev: Photoabsorption probability
the absorption-probability per unit time~Eq. ~1.28!!, refor-
mulate this expression using the (t,t8) approach, in which
time-dependent Hamiltonians are formally converted i
time-independent ones, and get an expression~Eq. ~2.14!!
which generalizes the formula for a time-independentH0.

Our more detailed strategy is as follows. First we sh
derive an expression for the survival probability in the pr
ence of time-dependent perturbation. The initial state, h
ever, is not an eigenstate of the field-free Hamiltonian bu
quasi-energy Floquet state.~For the initial derivation, we as
sume that the Floquet quasi-energy is real-valued, but a
end of the paper we generalize our study, and account fo
fact that under a strong-field the atomic/molecular syst
has a finite lifetime due to the presence of the strong e
tromagnetic field.! After some algebraic manipulations th
expression for the absorption probability per unit tim
J(v), would be obtained. This expression is reminiscent
the Heller formula, except for an additional average o
time. In the second step of the derivation the final comp
expression for the photoabsorption probability~Eqs. ~2.10!
and ~3.4!! will be obtained by using the (t,t8) formulation.7

By the (t,t8) formalism the time evolution operator for
general time-dependent Hamiltonian has an exponential f
similar to the time evolution operator when the Hamiltoni
is time independent. The (t,t8) formalism is based on the
solution of differential equation wheret8 acts as additiona
coordinate. A simple proof for it has been given by Pes
and Moiseyev in Ref. 7~see our Appendix which emphasiz
the fact that several time-dependent wave functions can
propagated simultaneously!, another older proof is of
Howland.8 In the (t,t8) formalism the generalization of th
definition of the Hillbert space as proposed by Howland
used. For a study of the properties of this generalized in
product see the work of Pfiefer and Levine.9

In Section 4 we outline the usefulness of the express
We show how the absorption cross section can be obta
by a repeated application of the generalized Hamiltoni
without a need to determine any Floquet state~beyond the
initial state in which the system is placed!. Further, we show
how the result of the correlation-function integration yiel
~smeared! peaks at frequencies associated with a differe
in energies between the eigenstates.

In Section 5 we present numerical results for a mo
continuously driven harmonic oscillator. The absorpti
spectrum has then discrete peaks, and is dominated by a
of those peaks. By either a long-time filtering or throu
filter-diagonalization we extract all peaks, i.e., all Floqu
eigenvalues ~without large-matrix diagonalization!. The
method is suitable for extracting similarly Floquet eige
states.

I. PHOTOABSORPTION PROBABILITY WITH TIME-
DEPENDENT HAMILTONIANS

The first stage in our study is the derivation of an e
pression for the time-dependent absorption probability du
the weak laser-light, in the presence of the underlying tim
dependent zeroth-order Hamiltonian. For this purpose
J. Chem. Phys., Vol. 106
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pick uf(t50)&, an initial wave function, and defineuf(t)&
anduc(t)&, respectively, as the evolution ofuf(t50)& under
the periodic time-dependent fieldH0(t) and the full Hamil-
tonianH(t)

i
df

dt
5H0~ t !f, i

dc

dt
5H~ t !c, c~ t50!5f~ t50!,

~1.1!

and the zeroth-order Hamiltonian, while time-dependent,
a periodicityT,

H0~ t !5H0~ t1T!, ~1.2!

an important feature in the derivations below. In contrast
uf(t)& the wave functionuc(t)&, evolved under the influence
of the total HamiltonianH ~including the weak field!, is not
periodic.

We now define the propagatorU0 associated withH0:

uf~ t !&5U0~ t←0!uf~ t50!&, ~1.3!

which, while not translationally invariant, is invariant und
shifts byT:

U0~ t1 jT←t81 jT !5U0~ t←t8!, ~1.4!

for all integersj .
We now turn to the definition of the absorption pro

abilities. First, note that the survival probability, i.e., th
probability that under the action of the weak fieldc(t)
would remain in its original time-dependent stateuf(t)&, is
simply ua(t)u2 where

a~ t !5^f~ t !uc~ t !&. ~1.5!

The absorption probability per unit time has the form

J[ lim
t large

12ua~ t !u2

t
. ~1.6!

~As usual, the limit in Eq.~1.6! is really taken under the
condition that the weak field is so weak that, at timet, it has
not yet pumped appreciable magnitude away from the ini
state–so a perturbative treatment is justified. Below we a
assume, with no loss of generality, thatt is an integer prod-
uct of T.) The absorption probability can then be calculat
by noting the following exact relation onc(t):

c~ t !5f~ t !2 i E
0

t

U0~ t←t8!V~ t8!c~ t8!dt8. ~1.7!

Indeed, this function fulfillsi (]c/]t)5Hc. For our pur-
poses~evaluatinga(t)) a second-order perturbative iteratio
of Eq. ~1.7! is required, yielding

c~ t !5f~ t !2 i E
0

t

U0~ t←t8!V~ t8!f~ t8!dt82E
0

t

U0~ t←t8!

3V~ t8!E
0

t8
U0~ t8←t9!V~ t9!f~ t9!dt8dt91O~V3!.

~1.8!

When Eq.~1.8! is substituted into Eq.~1.3!, it follows that
, No. 17, 1 May 1997
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6841Pang, Neuhauser, and Moiseyev: Photoabsorption probability
a~ t ![^f~ t !uc~ t !&512 iA2B1O~V3!, ~1.9!

where

A5E
0

t

^f~ t8!uV~ t8!uf~ t8!&dt8,

~1.10!

B5E
0

tE
0

t8
^f~ t8!uV~ t8!U0~ t8←t9!V~ t9!uf~ t9!&dt8dt9,

so that

ua~ t !u25u~12 iA2B!u2511A222 Re B22A Im ~B!,
~1.11!

where we ignoreO(V3) terms. Thus we arrive at

J5
12ua~ t !u2

t
>

2A2

t
1
2 Re B

t

52
~*0

t ^f~ t8!uV~ t8!uf~ t8!&dt8!2

t

12 Re
1

t E0
tE

0

t8
^f~ t8!uV~ t8!U0~ t8←t9!

3V~ t9!f~ t9!&dt8dt9. ~1.12!

We will treat first the 2 ReB/t term ~the2A2/t term can be
generally ignored, as proved in Appendix A!. Our treatment
would be based on the explicit form ofV for weak fields:

V~x,t !5l~x!coswt. ~1.13!

A. Initial Floquet states

For a time-independent zeroth-order HamiltonianH0, a
choice of a stationary initial state~with Hf5ef) yields
very directly the celebrated formula for the absorption pro
ability as a function of time,

J}E ^lfue2 iH0tulf&eivtdt. ~1.14!

In the present case, where the Hamiltonian is tim
dependent (H0(t)), we will employ in analogy the equiva
lent of a stationary initial state, i.e., a Floquet eigenstate~see
below for details!. As explained below, this would lead to
formula which is reminiscent of the Heller–Lax formu
~and will be brought to an even more similar form in the ne
section!. First recall the basic properties of Floquet eige
states. A periodic HamiltonianH0 possesses time-depende
solutionsfn(x,t), which, while non-periodic, are made of
time-dependent phase times a periodic part,f n :

fn~x,t !5 f n~x,t !e
2 i«nt.

Formally, one labels«n as quasi-energies, andf n as quasi-
stationary states, fulfilling

S 2 i
]

]t
1H0~x,t ! D f n~x,t !5«nf n~x,t !, ~1.15!

where f n is a periodic function, with the same periodicity o
H0

f n~x,t1T!5 f n~x,t !. ~1.16!
J. Chem. Phys., Vol. 106
-
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t

We then assume that the initial wave function is a spec
Floquet state:f(x,t50) 5 f n(x,t50). ~For a justification of
this assumption, see below.! Using Eqs.~1.13!–~1.15! in Eq.
~1.12!, and the decomposition

2 coswt8 coswt95cosw~ t82t9!1cosw~ t81t9!,
~1.17!

yields

2 Re B

t
5
2

t
ReE

0

t

dt8E
0

t8
dt9^g~ t8!uU0~ t8←t9!ug~ t9!&

3
1

2
~cosw~ t82t9!1cosw~ t81t9!!e2 i«n~ t92t8!,

~1.18!

where

g~x,t !5l~x! f n~x,t !.

We now further simplify the integral in Eq.~1.18!. First, we
define the term in the integrand as a correlation funct
~analogous tôlfue2 iHt ulf& for stationary states!

C~ t8,t9!5^g~ t8!uU0~ t8←t9!ug~ t9!&, ~1.19!

and assume that it vanishes for large differences in time

C~ t8,t9!→0 as t82t9→`. ~1.20!

~This assumption is similar to the assumption

^lc~ t !ulc~0!&→0 for t→`

in the usual derivation of the time-dependent photoabso
tion formula, for a case in which the underlying Hamiltonia
H0 is time-independent.!

At this stage, the derivation is almost complete, exc
that we need to convert the double time-integral to a sing
integral. This is achieved here by employing the periodic
of H0, as outlined in the remainder of this subsection.

In Eq. ~1.18! the 1/t term guarantees that only globa
contributions from large times need to be included. We c
therefore assumet8 @ y ~wherey[t82t9) and, using prop-

erty ~1.20!, extend the second integration to*2`
t8 dt9 ~rather

than *0
t8dt9). By changing variables tot8 and y, it follows

that

2 Re B

t
5
1

t
Re E

0

t

dt8E
0

`

dy C~ t8,t82y!ei«ny

3$coswy1cos@w~2t82y!#%. ~1.21!

We now assume~as mentioned! with no loss of generality
that t is an integer multiple ofT,

t5NT, ~1.22!

and replace the integration variablet8 by m,t where

t85t1mT, ~1.23!

with

0,t,T, ~1.24!

and

m50, . . . ,N21, ~1.25!
, No. 17, 1 May 1997



y

-

ys

i
a

he

te
en
al
e
e

ee
q
se

D

ze
n

an
e-
rdi-

-
n.
ion

-

his

-

er-

6842 Pang, Neuhauser, and Moiseyev: Photoabsorption probability
so that using the periodicity properties ofU0, it follows that:

2 ReB

NT

5
1

NTE0
T

dt (
m50

N21 E
0

`

dy^g~t!uU0~T←T2y!ug~t2y!&

3ei«nyF12coswy1
1

2
cos~w~2t2y12mT!!G . ~1.26!

We now switch the order of*dy and(m , and note that the
second term in Eq.~1.26! vanishes then in general for an
wÞ( i /2)w0 ~wherew052p/T and j is an integer!

1

N(
m50

N21

cos~~2t2y!w12mvT!

5
sin Ntw

Nsin Tw
cos~w~2t2y!1wNT!→0

for TwÞp j asN→`. ~1.27!

@Note that thew Þ jw0/2 condition has a physical interpreta
tion: perturbation theory breaks down then since two (v)
photons will mix two Floquet states of the unperturbed s
tem.# Equation~1.26! results then at

J5
1

T
ReE

0

T

dtE
0

`

dyC~t,t2y!cosvyei«ny. ~1.28!

This simple expression for the absorption probability is rem
niscent of the Heller–Lax formulae, except for an addition
average over time (1/T)*0

Tdt). We will now reformulate ex-
pression~1.28! to look even more closely associated with t
former formula, by using the (t,t8) formalism.

II. ABSORPTION PROBABILITY WITH THE (T,T’)
FORMALISM

The (t,t8) formalism is a simple approach to reformula
time-dependent Hamiltonians to have a time-independ
like form. It allows expansion of the powerful numeric
algorithms employed in time-dependent formalisms for tim
dependent cases, at a price of introducing an extra degre
freedom, which is added to the spatial degrees of freedomx.
~Here, however, it turns out that an extra time-degree of fr
dom ~y! is required even in the direct approach—see E
~1.28! — so that no additional effort is required when we u
the (t,t8! formalism.!

In our case, the generalization proceeds as follows.
fine an extra time-coordinatet8 ~not directly associated with
t8 in Section I! and define

H0~x,t8!5H0~x,t8!2 i
]

]t8
. ~2.1!

The spatial grid is then replaced by a grid for the generali
coordinate (x,t8), and the wavefunction is replaced by a ge
eralized functionF(x,t8,t) such that7–9
J. Chem. Phys., Vol. 106
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]

]t
F~x,t8,t !5H0~x,t8!F~x,t8,t !. ~2.2!

As shown by Peskin and Moiseyev7 it is easy to prove that
the functionf(x,t) defined by

f~x,t !5F~x,t85t,t ! ~2.3!

fulfills the Schrödinger equation

i
]

]t
f~x,t !5H~x,t !f~x,t !. ~2.4!

Thus, the solution of the time-dependent wave function c
be found using efficient methods suitable for tim
independent Hamiltonians, at the cost of the extra coo
nate.

Usually, the initial condition onF is taken to be con-
stant int8:

F0~x,t8,t50!5f~x!, ~2.5!

wheref is a desired initial function. This solution is suffi
cient when one is interested only in a single initial conditio
For our purposes, however, the underlying Floquet funct
~in the presence ofH0 alone! is t8 dependent. This is not a
difficulty, since any ‘‘ray’’ t85t1const. ~not only the ray
t5t8) corresponds to a solution of the Schro¨dinger equation.
For a proof, see Appendix B.

In our case we therefore chose as an initial functionF:

F~x,t8,t50!5g~x,t8!5l~x! f n~x,t8!. ~2.6!

Note that we include only the periodic part of the full Flo
quet wave function. We can formally write Eq.~2.2! as~see
Appendix C!

F~x,t8,t !5g~x,t8!5^^x,t8ue2 iH0tuF0&&

5^xuU0~ t8←t82t !ug~ t82t !&. ~2.7!

Note that the double-bracket in the left-hand side of t
equation refers to a generalizedx,t8 space ~we define
^^•••&&[(1/T)*0

Tdt8*dx . . . ) andthat the single bracket re
fers to x alone. By substituting Eq.~2.7! into Eq. ~1.19! it
follows that

C~ t8,t82t !5E g* ~x,t8!F~x,t8,t !dx. ~2.8!

Thus, using Eq.~1.28! ~and replacingt→t8,y→t) it follows
that the absorption rate equation becomes

J5
1

T
ReE

0

T

dt8E
0

`

dtei«ntcoswtE g~x,t8!F~x,t8,t !dx

5ReE
0

`

dt ei«ntcoswt

3F1TE0TE F* ~x,t8,0!F~x,t8,t !dx dt8G , ~2.9!

which, using the definition of the inner product in the gen
alized Hilbert space,7,8 leads to
, No. 17, 1 May 1997
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6843Pang, Neuhauser, and Moiseyev: Photoabsorption probability
J5Re E
0

`

dt ei«ntcoswt^^F~0!uF~ t !&&. ~2.10!

This is the desired equation, which shows that to calcu
the full absorption probability it is only necessary to prop
gateF under the generalized space HamiltonianH0, calcu-
late the generalized correlation function^^F(0)uF(t)&&, and
then filter it at any desired frequency. Even more importan
than the calculational prescription, the formula is concep
ally attractive as it casts the absorption formula develo
for time-independent Hamiltonians as a general appro
valid also for time-dependent Hamiltonians.

III. PHOTOABSORPTION FOR DISSOCIATING
SYSTEMS

So far our proof assumed that the Floquet qua
eigenstate ofH0 that we start from is a true bound state,
that the associated Floquet eigenvalue«n is a real quantity.
In practice, however,«n is most often complex~correspond-
ing to leakage, i.e., dissociation!, and the associated ‘‘eigen
state’’ is really a resonance state. For narrow resonan
(Im(«n);0) Eq. ~2.10! would still converge ~since
^^F(0)uF(t)&& would be small long before the exponenti
increase ofei ent). For broader resonances Eq.~2.10! needs to
be modified, but the extension is straightforward, as sho
below.

The tools generally used to incorporate the possibility
dissociation in a finite-basis calculations are either the co
plex scaling approach~see, e.g., Refs. 10 and specifically f
quasi-energy complex-scaled states see, e.g., Ref. 11!, or
negative imaginary potentials~Ref. 12! ~for resonance appli-
cations see, e.g., Ref. 13!. With either method14 almost all
eigenvalues~in the presence of the field! are complex, and
the field-free bound-states become resonant states with c
plex eigenvalues,en5enR2 iGn /2. The resonance quas
energies, regardless of their lifetime~i.e., narrow, broad, or
overlapping resonances! are associated with square
integrable quasi-energy solutions.

The derivations done so far for realen ~bound-states!
automatically extend to the complexen case~resonances!,
provided one uses the c-product~see Ref. 15 for detailed
discussion! rather than the conventional scalar product.
practice, this simply means here that we associate with
statef(x,t) a left-bra state,fL(x,t), defined as

i
d

dt
fL52H0f

L. ~3.1!

~Note that if H0 would have been time-independent, th
H0 would befL5exp(1iHt)f.!

Even though the Hamiltonian is now complex~account-
ing for dissociation!, it still remains true that

~fL~ t !uf~ t !![E fL~x,t !f~x,t !dx51,

where we assumed that att50, f is taken to fulfill

fL~ t50!5f~ t50!
J. Chem. Phys., Vol. 106
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~f~ t50!uf~ t50!!51. ~3.2!

The introduction offL allows a generalized definition of a
absorption amplitude, which is now

a~ t !5~fL~ t !uc~ t !!. ~3.3!

In general,a(t) measures the probability-amplitude for
~decaying! c to still contain the~decaying! f. ~The states
decay, but not necessarily their coefficientsa.! In the ab-
sence of the weak field, the survival probability defined
this way is still equal to 1~in spite of the decay off(t)).
Therefore, the absorption probability per unit time, as d
fined in Eq.~1.6!, is equal to 0~as it should! in the absence
of the external weak field, while with the weak field it is st
equal to (12uan(t)u2)/t for large t. The remainder of the
proof goes as before, with particular care in the ‘‘bra
terms.16 It thus follows that the final equation for the absor
tion probability, Eq.~2.10!, becomes here

J~v!5ReE
0

`

dt e1~Gn/2!te1 i«nRtcosvt^^F~0!uF~ t !&&.

~3.4!

The exponential increase in the expression forJ can be com-
pensated by the inherent decaying ofuF&& ~and further, as in
the realen case, by the damping of the generalized corre
tion function!.

IV. THE ABSORPTION CROSS SECTION

In this section we derive several expressions for form
and numerical analysis of the frequency-dependent abs
tion probability, Eq. ~3.4!. These expressions are entire
analogous to well-known expressions derived whenH0 is
time-independent.

First, we note that a very efficient approach for prop
gating uF(t)&& forward in time is through a polynomial ex
pansion of the evolution operator,

e2 iH0tuF&&5(
l
al~ t !Rl~H0!uF&&,

where Rl are polynomials in H0 ~e.g., Lancosz,17

Chebyshev,18 Newton,19 Fauvre,20 or modified Chebyshev
polynomials21!, andal are associated numerical coefficien
~For an application of Chebyshev polynomials with the~t,t8!
formalism, see Ref. 18b.! Denoting byTmax a time for which
the correlation function in Eq.~3.4! vanishes, it follows that

J5(
l

~bl~en2w!1bl~en1w!!^^FuRl~H0!uF&&, ~4.1!

where

bl~E!5E
0

Tmax
al~ t !e

iEtdt.

~Note that due to the fact that the argument ofbl is here
complex ~sinceen is! there will be a difficulty in applying
expressions18,20,21geared for the case thatTmax5`.!

Next we note that a formally equivalent way to rewri
Eq. ~3.4! is
, No. 17, 1 May 1997
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J5ReK K FU E
0

`

coswtei«ntUF~ t !L L dt
5ImS K K FU 1

«n1w2H0
UFL L

1K K FU 1

«n2w2H0
UFL L D . ~4.2!

In the derivation of Eq.~4.2! we assume that the integra
~3.4! converges with time, which is equivalent to requirin
that no resonance is narrower than«n . ~Physically, this is
due to the fact that even if we were to start the system
wide resonance, the magnitude of the coefficienta in Eq.
~3.3! would be larger than 1 due to transitions to narrow
resonances.!

Finally, we show how the peaks inJ(v) correspond to
transitions between different Floquet states. We note that
eigenstatesf m(x,t8) of H0, fulfilling

SH0~x,t8!2 i
]

]t8D f m5«mfm

and

f m~x,T!5 f m~x,0!,

are simply the periodic parts of the Floquet eigenstate
H0. ~Each Floquet state is associated with other Floq
states with frequencies equispaced byw052p/T; the num-
ber of such states depends on the grid-discretization oft8.!

The operatorH0 can be resolved in terms of thes
eigenstates, so the spectral representation of the Green’
erator is

1

«n1w2H0
5(

n
u f m&&

1

«n1w2«m
^^ f mu

and therefore the absorption probability becomes

J~w!5Re (
n

^^ f nulu f m&&2S 1

«n1w2«m

1
1

«n2w2«m
D , ~4.3!

showing that a peak inJ would result whenever
w56Re(«n2«m), as expected, with the peak magnitude p
portional to the overlap between the two states over the
ference in the resonance widths.

At this point we need to clarify the use of Floquet sta
in Eq. ~4.3!. Just like the usual time-dependent formu
~1.14! ~or the equivalent of Eq.~4.1!!, Eq. ~3.4! refers to
direct propagation in time, not using Floquet states. Th
Eqs. ~3.4! and ~4.1! can be used even in the case where
very large number of Floquet states exists for the system~so
that extraction of all these eigenstates would be impractic!.
The only Floquet state that needs to be an input to expres
~3.4! or ~4.1! is the initial state,f n , but this state is easily
extracted by repetitive application of exp(2iH0t) ~similarly,
J. Chem. Phys., Vol. 106
a

r

he

f
t

op-

-
f-

s

s,
a

l
on

in Eq. ~1.14! the initial f0(x) state needs to be given!. The
position of any other Floquet eigenvaluesneed not be deter-
mined here a priori.

V. APPLICATIONS

The formalism studied here can be applied in two wa
First, to obtain a physical measure of absorption from o
Floquet state to another~or, in the case of absorption prob
abilities, to all other Floquet states! due to the weak laser
This suggests naturally that such transitions can be stu
experimentally.

A second way in which the results of the paper are u
ful is numerical, in that they show that a single~t,t8! propa-
gation of F can lead to extraction of multiple time
dependent Floquet eigenstates, from a Fourier-transform
F ~or of the correlation function!.22

We illustrate here the two applications on a model pro
lem of a continuously driven harmonic oscillator, with line
polarization:

H05
J2

2I
1D cosVt cosu,

whereD is the product of the field strength and the dipo
moment.

The calculations are done in anm50 spherical basis:

u j &[uyj0~u,f!&.

For this study, we used the following model paramete
D55.466,I524,V51 ~all in a.u.! and a limited basis,
j50, . . . ,9, was employed.~The lower Floquet states ar
converged with this choice.! Thus, the zeroth-order Hamil
tonian we study is a 10310 time-dependent matrix

~H0! j , j 8~ t !5
j ~ j11!

2I
d j , j 81D cosVt^ j ucosuu j 8&,

For calculating the absorption cross-section in the pr
ence of the field we obtain first a Floquet eigenst
fn( j ,t) of H0 ~either by traditional approaches or by filterin
— see below for more details!. With a traditional floquet
state extraction, a total of 4096 grid points in time are used
minimize the error in the finalfn( j ,t). The initial wave
function for thet,t8 propagation is then obtained by storin
the Floquet state, atdifferent times, on thet8 grid

F~ j ,t8,t50!5ei«nt8^ j ucosufn~u,t !&

~where the exponential is used, as explained above, to ex
the periodic part of the Floquet state!.

We then simply propagateF under thet-independent
HamiltonianH0(5H02 i ]/]t8) on the j ,t8 grid at all times
t, and use it to construct

C~ t !5
1

T(j E F* ~ j ,t8,t50!F~ j ,t8,t !dt8

~with T52p/V). In computingF( j ,t8,t), we do not use all
4096 grid points int8. Instead, we only sample 32 points o
, No. 17, 1 May 1997
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of the 4096 points which are enough for convergence. Th
the (t,t8) calculation converges with a much larger tim
step.

From the correlation function we obtain the absorpti
spectrum using Eq.~3.4!. Specifically, a relatively large time
step was taken (dt51) and the (t,t8) wave function
uF(t)& was propagated with a Chebychev algorithm18a,18bus-
ing 70 terms for each time step. Here,J(v) would be a series
of isolated peaks since all Floquet eigenvalues are real~there
is no amplitude damping mechanism!. The content of the
spectrum is then both the strength of the peaks, and t
locations.

Two methods were then used to analyze the signal. F
a numerical construction ofJ(v) with a total time of up to
6000 a.u. A related approach would be to simply calcul
the regular half-Fourier spectrum ofC(t)

C~v!5ReE
0

`

eivtC~ t !dt. ~5.1!

Alternately, we use a short-time segment of the signa
extract the Floquet state by filter-diagonalization.23 This ap-
proach ‘‘circumvents’’ the Heisenberg principle by combi
ing a short-time filter ofC(t) at any desired spectral rang
which is then used to construct asmallmatrix whose eigen-
values are the desired energies at the desired range. Fo
tails of the method see Refs. 23.

The two approaches give, upon their convergence, id
tical results for the spectrum, as explicitly verified for th
model system. First, using either the explicit absorpt
spectrum formula~2.10! or the related~5.1!, Figure 1 shows
that upon starting with a Floquet eigenstate with the eig
value20.4056529~the initial state is labeled arbitrarily her
at e0; the energy levels do not reflect the order of the ze
field states! the most intense absorption is to two neighbori
states at energies20.210546 and2\V10.422976. Simi-
larly, the absorption spectrum peaks at the difference
tween these eigenvalues and the initial Floquet energy. T
is reminiscent of thej61 adsorption peaks for a usual rig
rotor ~without the strong field component!.

Next, we used filter-diagonalization to pick Floquet e
ergies from the Fourier spectrum~or the absorption spec
trum!. This approach requires a much shorter time and
solves all these states with little error~see Table I!, within a
short time~100–200 a.u. here, i.e., no more than 32 opti
cycles, and a factor of 30 smaller than the time~6000 a.u.!
required to extract the eigenfrequencies by filtering alone!.

VI. CONCLUSIONS

Heller’s expression for the absorption cross-section
the weak field limit is extended here~Eqs.~2.10!, ~3.4!, ~4.1!,
~4.2!! to cases where the total Hamiltonian contains a str
time-periodic component, supplemented by a weak fi
which is not in resonance with the strong original comp
nent. Like the situation for time-independent Hamiltonia
the system must initially be an eigenstate of the field –
cept that here the eigenstate is a Floquet state.
J. Chem. Phys., Vol. 106
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The derivation naturally separates the effects of a stro
time-dependent perturbation and the weak probing field. F
example, the strong time-dependent component can b
fluctuating field changing the vibrational environment of
molecule ~e.g., in a cage! but not inducing electronic-
transitions. Then, expressions~2.10! and ~3.4! show that, if
the system is in an initial ‘‘eigenstate-like’’ state~i.e., Flo-
quet state! then we can think of its evolution in time after
excitation as proceeding as a new wave packet~in time and
position! which evolves on the electronically excited stat
One other very useful case where the system is in a Floq
state is adiabatic evolution24 ~e.g., due to a slow time-
dependence of an external field!.

Other useful examples are pulsed-excitations, or mixi

FIG. 1. Shown are~a! the Fourier-transformed correlation function~Eq.
~5.1!! and~b! the absorption spectrum~Eq. ~2.10! or ~3.4!! for the model of
the continuously driven harmonic oscillator~driven withV51), started in a
specific Floquet state (en520.4056529), and probed by the weak laser, a
a function of the latter’s frequency (v). The peaks in~a! correspond to
neighboring eigenvalues~difference eigenvalues in~b!! that are strongly
absorbing, like aj61 absorption rule in the usual rigid rotor. Also note a
en2\V peak in~a!, and several small peaks associated with other Floqu
states. Finally, note that the energy labeling is arbitrary; we label the en
gies by their order in Table I. Thus, the peaks in the absorption spectrum
e02(e92\V) and e12e0 simply signals that the states(e9 and e1) are
close in energy, modulus\V ~Ref. 26!.
, No. 17, 1 May 1997
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6846 Pang, Neuhauser, and Moiseyev: Photoabsorption probability
of a strong-laser and weak laser pulses.5,6 Even for non-
periodic initial Hamiltonian, provided the duration of the l
ser pulse is sufficiently long to support more then'15 os-
cillations of the field, the approach can still be applie
Further, if the strong component is due to a laser-pulse
need not even have a ‘‘sin’’ structure but can be an arbitr
mixture of harmonics~e.g., a periodic chirp!. Thus, if the
system can be experimentally prepared in a specific Floq
state~or, if sufficient time is allowed, winds in the one wit
the smallest resonance width! then this Floquet state can b
‘‘probed’’ by excitations by a weak pulse – just like
bound-state can, and with the same paradigm of wave pa

TABLE I. Floquet states obtained fromC(t) by filter-diagonalization, as a
function of the length of the time segment used for the extraction. Sh
are the true eigenvalues~obtained by traditional approaches! and the eigen-
values obtained with segments of lengthT5100 a.u.~16 strong-field optical
cycles!, 200 a.u., and 600 a.u. Also shown are an internal error-measu
the filter-diagonalization approach and the absolute error~relative to the true
eigenvalues!.

True Floquet
eigenvalues with field

Filter-diagonalization

t5100.0 a.u. t5200.0 a.u. t5600.0 a.u.

0.422976 0.4229976 0.4229976 0.4229976
Intrinsic error 0.00 0.00 0.00
Absolute error 0.00 0.00 0.00

0.3251242 0.3250923 0.3251263 0.3251242
0.0000074 0.00 0.00
0.0000319 0.0000021 0.00

0.2170691 0.2168519 0.2170691 0.2170691
0.0000913 0.00 0.00
0.0002172 0.00 0.00

0.2152128 0.2152119 0.2152128 0.2152128
0.0000007 0.00 0.00
0.0000009 0.00 0.00

0.1444449 0.1444453 0.1444449 0.1444449
0.00 0.00 0.00

0.0000004 0.00 0.00

0.1407065 0.1407126 0.1407059 0.1407065
0.0000355 0.00 0.00
0.0000061 0.0000006 0.00

0.0606168 0.0606178 0.0606174 0.0606168
0.0000011 0.00 0.00
0.0000010 0.0000006 0.00

20.0349729 20.0349819 20.0349742 20.0349729
0.0000071 0.00 0.00
0.0000090 0.0000013 0.00

20.2105464 20.2105463 20.2105464 20.2105464
0.00 0.00 0.00

0.0000001 0.00 0.00

20.4056529 20.4056527 20.4056529 20.4056528
0.00 0.00 0.00

0.0000002 0.00 0.0000001
J. Chem. Phys., Vol. 106
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‘‘motion away from the excitation region,’’ as usually ass
ciated with time-independent Hamiltonian-evolution.
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APPENDIX A: PROOF THAT THE A2 TERM CAN BE
IGNORED

Here we prove that the contribution of theA2/t term to
Eq. ~1.12! vanishes for the ‘‘cos’’ potential~see Eq.~1.13!!,
also when the initial state is the time-periodic Floquet sta
f n(x,t8)5 f n(x,t81T). Specifically

A2

t
5
1

t S E0t^f~ t8!uV~ t8!uf~ t8!&dt8D 2
5
1

t S E0t^ f n~ t8!ul~x!cos~vt8!u f n~ t8!&dt8D 2
and the transformation

t8→t81mT; m50, . . . ,N21

is carried out then (0<t8<T)

A2

t
5S 1

ANT
E
0

T

^ f n~ t8!ul~x!

3 (
m50

N21

cosv~ t81mT!u f n~ t8!&dt8D 2.
However, forv Þ 2p/T, it is clear that

1

AN(
m50

N21

cosv~ t81mT!→0 as N→`,

and therefore

A2

t
→0

for large t. The proof is formally valid whenen is real, but
would also be useful when it has an imaginary part that is
too large.

APPENDIX B: MULTIPLE TIME-DEPENDENT WAVE
FUNCTIONS FROM A SINGLE t ,t 8 EVOLUTION

Usually, one picks an initiallyt8-independent functions
in the ~t,t ’ ! formalism, i.e.,F is taken to be constant int8 at
t50. Here however we note that there is no formal reason
choose only thet5t8 ray, and useful information can b
obtained from any rayt5t81const. Indeed, we see that fo
any constantr , the function

h r~x,t1r ![F~x,t1r ,t !

fulfills the original Schro¨dinger equation

n

of
, No. 17, 1 May 1997
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i
]h r

]t
5H~x,t1r !h r~x,t1r !.

Proof ~using Eq.~2.2!!:

i
]h r

]t
5 i

dF~x,t1r ,t !

dt

5 i
]F~x,t1r ,t !

]t
u t5t81r1 i

]F~x,t1r ,t !

]t
u t5t81r

5H~x,t1r !F~x,t1r ,t !5H~x,t1r !h r~x,t1r !.

This leads here naturally to a choice of an initial functi
F(x,t8,t50) which is t8-dependent.

The proof above implies that by a single propagation
F from 0 to t, we obtain a set of physical wave function
h r , each propagated from a timet to a later timet1r . The
true Hamiltonian underlying the propagation of each fun
tion h r is of course time-dependent: At the beginning of t
propagation it isH(x,r ), and with thet,t8 evolution of the
F function from 0 tot this physical Hamiltonian evolves~it
is H(x,t1r )).

APPENDIX C: PROOF OF (2.7)

Using Appendix B it is clear that

U0~ t1r←r !g~r !5@e2 iH0tF0# t85t1r

where the initial state for thet,t8 propagation is

F~x,t85r ,0!5g~x,r !.

The wave functionF(x,t8,t) is obtained first, and then th
set of ‘‘cuts’’ t85t1r is taken. Then

U0~ t1r←r !g~r !5F~x,t8,t !u t85t1r5F~x,t1r ,t !.

Let us substitute

r5t82t

and we get that

U0~ t8←t82t !g~ t82t !5F~x,t8,t !u t85t1r5F~x,t1r ,t !

as required.25
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