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Heller's expression for the absorption cross-section in the weak field limit is extended to cases
where the total Hamiltonian contains a strong time-dependent component, supplemented by a weak
field. A very similar expression to the original case then results wheft fti¢ formalism is used,;

one only needs to construct a correlation function for the system without the weak field, and use it
to extract the absorption probability for any value of the weak-field frequénrcpulse shape In
addition, a numerical approach for extracting Floquet states without full-matrix diagonalization is
demonstrated, by filterindor filter-diagonalizatioh a single wave functior(or the correlation
function) propagated under thét,t’) Hamiltonian. © 1997 American Institute of Physics.
[S0021-960607)04717-X

INTRODUCTION state>* After a sufficiently long time since the strong field is

) . o turned on, the system is trapped into the longest-lived reso-
In the time-dependent approach for photodissociation, a8ance state

championed by Hellet,the absorption cross-section is pro-

fho:'gn::iam tggtwszﬁ-f;elg#emZ,etoet:(jeeii)un:r-etrar;s(,:flc();n (;)II tem would find itself in the quasi-energy states rather than in
veriap W : P wave p the field-free eigenstates. A natural question is how and

field-free potential surface, and the same wave packet a o : )

. . . whether it is possible to observe these Floquet states. It is

t=0. In this article we extend this approach to cases where . )

Lo . . natural to suggest that by probing with a second weak laser

the total Hamiltonian contains a strong time-dependent com-ulse (V) one may measure the probabilities of the transi
ponent, supplemented by a weak field P Y P

tions from one quasi-energy state to another. So far such an
H=Ho(x,t)+V(x,1), experiment has not been carried out.
The fact that formally(or even physicallywe can view
wherex is the multi-dimensional coordinate, anlis the  the molecules as lying in discrete or continuous Floquet

As long as the strong time-dependent field is on the sys-

weak-field perturbation, states, which are analogous to bound-states, motivates ex-
amination of whether the same theoretical techniques used
V(x,t)=A(x)cogwt). for studying weak-field transitions in the absence of a strong-

This general case occurs, e.g., for molecules in condensé'wderly'ng f'e,"?' can be used to examine the yveak-flelq-
phase probed by weak light sources, or for molecules acteljduced transitions in Fhe presence of a strong .flelt.'j. In this
upon by two laser sources: a strong fixed one, and a probin©'k We show that with the appropriate modification, the
weak pulse(The classes of system which are subjected td!Su@! expressions — involving an integral over a correlation-
strong time-dependent Hamiltonians is not limited to mol-function which is evaluated independently of the probing
ecules in a monochromatic field, and includes also molecule¥€ak field, and then filtered at any desired weak-field fre-

in strong chirped-pulse fields, or subsystems of molecule§Uency — are also recovered héire a very compact form
interacting with a strong bony. We comment that there are studies in the literature of

An example of a possible experimental realization ofnumerical techniques and methodologies for studying mixed
such a weak-field—strong-field combination is as follows.Systems, typically for two color laset$.Our goal here is to
Recently very extensive studies of the non-linear dynamic§uggest an alternate approach which automatically extracts
in strong fields were carried out. Many studies are associatelie absorption cross-section spectrum for all weak-field fre-
with the above-threshold-ionization spectra and with thequencies from a single propagation — just like the time-
probability to get very high harmonics when the atom isdependent formula for the absorption cross-section comple-
exposed to strong electromagnetic fiélth that case when ments basis-set based approaches.
the strong field is turned on sufficiently slowly and supports  Briefly, the development here is as follows. We first as-
more than 16- 15 oscillations before the field is turned off, sume, as mentioned, thik, has a periodic dependence on
one may assume that the field is periodic. Then for higHime with periodT. (For some problemsT is naturally de-
fields (more than 1& W/cn?) there are indications that the fined — e.g., the periodicity of the strong source in a two-
system is prepared in a single resonance quasi-energylse problem.We then obtain a very simple expression for
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the absorption-probability per unit tim@&g. (1.28), refor-  pick |4(t=0)), an initial wave function, and defingb(t))
mulate this expression using thgt() approach, in which and|(t)), respectively, as the evolution pp(t=0)) under
time-dependent Hamiltonians are formally converted intothe periodic time-dependent fieldy(t) and the full Hamil-
time-independent ones, and get an express$io (2.14)  tonianH(t)
which generalizes the formula for a time-independépt dob dy

Our more detailed strategy is as follows. First we shalli —— = (t)¢, i——=H(t)y, ¥(t=0)=(t=0),
derive an expression for the survival probability in the pres- dt dt
ence of time-dependent perturbation. The initial state, how- 1D
ever, is not an eigenstate of the field-free Hamiltonian but and the zeroth-order Hamiltonian, while time-dependent, has
guasi-energy Floquet statd-or the initial derivation, we as- g periodicity T,
sume that the Floquet quasi-energy is real-valued, but at the
end of the paper we generalize our study, and account for the Ho(t)=Ho(t+T), 12

fact that under a strong-field the atomic/molecular systemyn important feature in the derivations below. In contrast to
has a finite lifetime due to the presence of the strong elecr¢t)) the wave function(t)), evolved under the influence
tromagnetic field. After some algebraic manipulations the of the total HamiltoniarH (including the weak fiely is not
expression for the absorption probability per unit time,yeriodic.
J(w), would be obtained. This expression is reminiscent of e now define the propagattt, associated witiH:
the Heller formula, except for an additional average over
time. In the second step of the derivation the final compact |#(1))=Uo(t—0)[#(t=0)), (1.3
expression for the photoabsorption probabiliggs. (2_'10; which, while not translationally invariant, is invariant under
and (3.4)) will be obtained by using thet(t’) formulation! shifts by T
By the (t,t’) formalism the time evolution operator for a
general time-dependent Hamiltonian has an exponential form  Ug(t+jT«t'+jT)=Ug(tt’), (1.9
similar to the time evolution operator when the Hamiltonian
is time independent. Thet,t') formalism is based on the
solution of differential equation wherg acts as additional
coordinate. A simple proof for it has been given by Peskin
and Moiseyev in Ref. Tsee our Appendix which emphasize would remain in its original time-dependent stag(t)), is
the fact that several time-dependent wave functions can b§’|mply |a(t)|2 where '
propagated simultaneously another older proof is of
Howland® In the (t,t’) formalism the generalization of the a(t)=(a(t)|y(t)). (1.5
definition of the Hillbert space as proposed by Howland is . . o
used. For a study of the properties of this generalized inne-Fhe absorption probability per unit time has the form
product see the work of Pfiefer and Levihe. o 1-Ja())?

In Section 4 we outline the usefulness of the expression. J= lim 1
We show how the absorption cross section can be obtained tlarge

by a repeated application of the generalized Hamiltonian¢As usual, the limit in Eq.(1.6) is really taken under the
without a need to determine any Floquet stdteyond the  condition that the weak field is so weak that, at timé has
initial state in which the system is plageérurther, we show not yet pumped appreciable magnitude away from the initial
how the result of the correlation-function integration yields state—so a perturbative treatment is justified. Below we also
(smeareyl peaks at frequencies associated with a differencessume, with no loss of generality, thas an integer prod-

in energies between the eigenstates. uct of T.) The absorption probability can then be calculated
In Section 5 we present numerical results for a modeby noting the following exact relation o(t):

continuously driven harmonic oscillator. The absorption
spectrum has then discrete peaks, and is dominated by a few ()= p(t)—i fIUO(R—t’)V(t')z,/f(t')dt’. 1.7
of those peaks. By either a long-time filtering or through 0

filter-diagonalization we extract all peaks, i.e., all Floquet
eigenvalues (without large-matrix diagonalization The
method is suitable for extracting similarly Floguet eigen-
states.

for all integers;.

We now turn to the definition of the absorption prob-
abilities. First, note that the survival probability, i.e., the
probability that under the action of the weak fieli(t)

(1.6

Indeed, this function fulfillsi(dy/dt)=H4. For our pur-
poses(evaluatinga(t)) a second-order perturbative iteration
of Eq. (1.7) is required, yielding

t t

Uo(t<—t’)V(t’)¢(t’)dt’—J'OUO(h—t’)

()= (1)~ J
I. PHOTOABSORPTION PROBABILITY WITH TIME- 0

DEPENDENT HAMILTONIANS

’ t' ft" ” ” r A+ 3
The first stage in our study is the derivation of an ex- XVt )Jo Uo(t" V() (1) dt'd "+ O(V5).

pression for the time-dependent absorption probability due to (1.9
the weak laser-light, in the presence of the underlying time- '
dependent zeroth-order Hamiltonian. For this purpose w&Vhen Eq.(1.8) is substituted into Eq(1.3), it follows that
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a(t)=((t)|g(1))=1-iA—B+0O(V3), (1.9

where

t
A=f (p(t)IV(t)]|e(t'))dt’,
0

(1.10
t (¢
B:f f <¢(t,)|V(t,)Uo(t,<—t”)V(t”)|(ﬁ(t”))dt'dt",
0JO
so that
la(t)|?=|(1-iA—B)|?=1+A?-2Re B—2A Im (B),

1.1y
where we ignored(V3) terms. Thus we arrive at
1-l|a(t)]>? —A%? 2ReB
T

_ U@Vt g(t))dt’)?
t

1t (v
+2Re onfo (d(t")|V(t")Ug(t' ")

X V(") (t"))dt’ dt". (1.12

We will treat first the 2 ReB/t term (the —A?/t term can be
generally ignored, as proved in Appendiy.fur treatment

would be based on the explicit form df for weak fields:
V(X,t) =N\ (x)coswt. (1.13

A. Initial Floquet states

For a time-independent zeroth-order Hamiltonldg, a
choice of a stationary initial statevith H¢p=e¢) yields
very directly the celebrated formula for the absorption pro

ability as a function of time,

JocJ (N p|e o\ p)e'tdt. (1.14

In the present case, where the Hamiltonian is time

We then assume that the initial wave function is a specific
Floquet stated(x,t=0) = f,(x,t=0). (For a justification of
this assumption, see belgwsing Eqs.(1.13—(1.15 in Eq.
(1.12), and the decomposition

2 coswt’ coswt”=cosw(t’'—t")+cosw(t’+t"),
(1.17
yields

2ReB 2 v, , - "
: :fRefodt fo dt"(g(t")|Uo(t' —t")|g(t"))

1 H " ’
X E(COSW(II—t”)‘f'COSW(t,+t”))e_|8“(t —t,

(1.18

where

g, ) =AX)fa(x,1).
We now further simplify the integral in Eq1.18). First, we
define the term in the integrand as a correlation function
(analogous td\ ¢|e MY\ ¢) for stationary stat@s

C(t',t")=(g(t")|Uo(t" —t")[g(t")), (1.19
and assume that it vanishes for large differences in time:

C(t',t")—0ast' —t"—wx, (1.20
(This assumption is similar to the assumption

(A g(t)[Ay(0))—0

in the usual derivation of the time-dependent photoabsorp-
tion formula, for a case in which the underlying Hamiltonian
Hy is time-independent.

At this stage, the derivation is almost complete, except

for t—oo

p-that we need to convert the double time-integral to a single-

integral. This is achieved here by employing the periodicity
of Hg, as outlined in the remainder of this subsection.

In Eq. (1.18 the 1t term guarantees that only global
contributions from large times need to be included. We can

therefore assumé > y (wherey=t’—1t") and, using prop-

dependent Kio(t)), we will employ in analogy the equiva- erty (1.20, extend the second integration fb..dt" (rather

lent of a stationary initial state, i.e., a Floquet eigensts¢e

than fgdt”). By changing variables tt’ andy, it follows

below for detail$. As explained below, this would lead to a that
formula which is reminiscent of the Heller—Lax formula
(and will be brought to an even more similar form in the next
sectiorn). First recall the basic properties of Floguet eigen-
states. A periodic HamiltoniaH possesses time-dependent
solutions¢,(x,t), which, while non-periodic, are made of a
time-dependent phase times a periodic piyt,

n(x,t)=F(x,t)e e,

Formally, one labelg, as quasi-energies, arfg as quasi-
stationary states, fulfilling

2ReB 1 t °° .
=—Refdt’f dy C(t',t' —y)e'enY
t t 0 0

x{coswy+cogw(2t’' —y)]}. (1.21

We now assuméas mentionedwith no loss of generality
thatt is an integer multiple off,

t=NT,

and replace the integration varialifeby m,r where

(1.22

J t'=7+mT, (1.23
(—iEJrHO(x,t) fa(X, )=, fr(X,1), (.19  with

wheref, is a periodic function, with the same periodicity of 0<7<T, (1.29
Ho and

fa(x,t+T)="1,(x,t). (1.1 m=0,... N—-1, (1.2
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so that using the periodicity properties|df, it follows that: J
i—=D(x,t',t)=7(x,t")P(x,t',1). 2.2
) ReE S PO D) =To(x, ) D(xt' 1) (2.2
NT As shown by Peskin and Moiseykit is easy to prove that
1t N the function(x,t) defined by
= NTJ, dTmZ:O fo dy(g(n)|Uo(T<=T—y)|g(r—y)) S, 1) =D(x,t' =1,t) 2.3
1 1 fulfills the Schralinger equation
X g'ény Ecoswy+ Ecos{w(ZT—er 2mT))|. (1.26

J
i— (X, 1) =H(X,t) p(Xx,1). 2.9
We now switch the order ofdy andX,,, and note that the at

second term in Eq(1.26 vanishes then in general for any thygs; the solution of the time-dependent wave function can

w# (i/2)wo (Wherewo=27/T andj is an integey be found using efficient methods suitable for time-
N-1 independent Hamiltonians, at the cost of the extra coordi-
N cog (27— y)w+2mwT) nate.
m=0 Usually, the initial condition o is taken to be con-
sin N7w , \ . stant int’:
“Nsin Tw OW(2TmY) HWND = Do(x,t',t=0)=h(x), 2.5
for Tw#mj asN—oo. (1.27  where ¢ is a desired initial function. This solution is suffi-

) o o cient when one is interested only in a single initial condition.
[Note that thew # jw,/2 condition has a physical interpreta- £ oyr purposes, however, the underlying Floguet function

tion: perturbation theory breaks down then since tvag) ( (in the presence ofi, alond is t' dependent. This is not a

photons Wi" mix two Floquet states of the unperturbed SyStifficulty, since any “ray” t’ =t-const. (not only the ray

tem] Equation(1.26 results then at t=t') corresponds to a solution of the Sctimger equation.
1 T o . For a proof, see Appendix B.

J= ?Refo deo dyC(7,7—y)coswye Y, (1.28 In our case we therefore chose as an initial functian
This simple expression for the absorption probability is remi- PLE=0)=g0Gt) =M 00 Tax, ). 2.6
niscent of the Heller—Lax formulae, except for an additionalNote that we include only the periodic part of the full Flo-
average over time (T} f{d7). We will now reformulate ex- quet wave function. We can formally write E®.2) as(see
pression(1.28 to look even more closely associated with the Appendix Q
former formula, by using thet(t’) formalism. DX 1 =gxt) = (Xt [e” 7| dg))

=(X|Ug(t’' —t'—1)|g(t’ —1)). 2.9

Note that the double-bracket in the left-hand side of this
equation refers to a generalizedt’ space (we define

The (t,t') formalism is a simple approach to reformulate {{***))=(LT)/gdt' fdx. . .) andthat the single bracket re-
time-dependent Hamiltonians to have a time-independenf€rs tox alone. By substituting Eq2.7) into Eq. (1.19) it
like form. It allows expansion of the powerful numerical follows that
algorithms employed in time-dependent formalisms for time-
dependent cases, at a price of introducing an extra degree of C(t’,t’ —t)=f g* (x,t")d(x,t",t)dx. (2.8
freedom, which is added to the spatial degrees of freexdlom
(Here, however, it turns out that an extra time-degree of freeThus, using Eq(1.28 (and replacing—t’,y—t) it follows
dom (y) is required even in the direct approach—see Eqthat the absorption rate equation becomes
(1.28 — so that no additional effort is required when we use 1 T .
the (t,t") formalism) o J=—Rej dt’J dteientcoswtf g(x,t")P(x,t’,t)dx

In our case, the generalization proceeds as follows. De- T Jo 0
fine an extra time-coordinaté (not directly associated with .

t’ in Section ) and define = Ref dt éentcoswt
0

Il. ABSORPTION PROBABILITY WITH THE (T,T’)
FORMALISM

d
To(xt ) =Ho(X,t') =i —. (2.1) 1 (T
ot X ?J Jd)*(x,t’,O)CD(x,t’,t)dx dt’
0

: (2.9

The spatial grid is then replaced by a grid for the generalized
coordinate k,t’), and the wavefunction is replaced by a gen-which, using the definition of the inner product in the gener-
eralized functiond(x,t’,t) such that™® alized Hilbert spacé® leads to
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and

(p(t=0)[#(t=0))=1. (3.2

This is the desired equation, which shows that to calculat@he introduction of¢" allows a generalized definition of an
the full absorption probability it is only necessary to propa-absorption amplitude, which is now
gated under the generalized space Hamiltoni&fy, calcu- L
late the generalized correlation functi¢fs (0)| P (t))), and a(t)=(¢-(V)]u(1)). (33
then filter it at any desired frequency. Even more importantly  In generala(t) measures the probability-amplitude for a
than the calculational prescription, the formula is conceptu{decaying # to still contain the(decaying ¢. (The states
ally attractive as it casts the absorption formula developediecay, but not necessarily their coefficiemts In the ab-
for time-independent Hamiltonians as a general approackence of the weak field, the survival probability defined in
valid also for time-dependent Hamiltonians. this way is still equal to Xin spite of the decay of(t)).
Therefore, the absorption probability per unit time, as de-
fined in Eq.(1.6), is equal to O(as it should in the absence
11l. PHOTOABSORPTION EOR DISSOCIATING of the external weak field, while with the weak field it is still
SYSTEMS equal to (1-|a,(t)|?)/t for larget. The remainder of the
proof goes as before, with particular care in the “bra”

~ So far our proof assumed that the Floquet quasiyermg!® |t thus follows that the final equation for the absorp-
eigenstate oH, that we start from is a true bound state, sojgn probability, Eq.(2.10, becomes here

that the associated Floquet eigenvadyeis a real quantity.
In practice, hovx{everg.n is most often complekgorres‘;‘)qnd— J(w)=Re| dt e*Tvtetienticos wt((D(0)|d (1)),

ing to leakage, i.e., dissociatiprand the associated “eigen- 0

state” is really a resonance state. For narrow resonances (3.9
(Im(e,)~0) Eg. (2.10 would still converge (since

J=Re fxdt e®ntcoswt((®(0)|d(t))). (2.10
0

. The exponential increase in the expressionJfaan be com-
((®(0)|®(t))) would be small long before the exponential yonsated by the inherent decayind @) (and further, as in

H ient
increase o&'). For broader resonances .10 needs t0 e (gl case, by the damping of the generalized correla-
be modified, but the extension is straightforward, as Show'?ion function.

below.

The tools generally used to incorporate the possibility ofl V. THE ABSORPTION CROSS SECTION
dissociation in a finite-basis calculations are either the com- In this section we derive several expressions for formal
plex scaling approacfsee, e.g., Refs. 10 and specifically for and numerical analysis of the frequency-dependent absorp-
guasi-energy complex-scaled states see, e.g., Ref.dtl tion probability, Eq.(3.4). These expressions are entirely
negative imaginary potentia(Ref. 19 (for resonance appli- analogous to well-known expressions derived wiig is
cations see, e.g., Ref. 13With either methotf almost all  time-independent.
eigenvaluegin the presence of the fielcare complex, and First, we note that a very efficient approach for propa-
the field-free bound-states become resonant states with corgating |®(t))) forward in time is through a polynomial ex-
plex eigenvaluese,=e,r—il,/2. The resonance quasi- pansion of the evolution operator,
energies, regardless of their lifetingiee., narrow, broad, or
overlapping resonancesare associated with square- e*i%ot|q>>>zz a (DR (7)| D)),
integrable quasi-energy solutions. !

The derivations done so far for rea), (bound-states where R, are polynomials in.7%, (e.g., Lancos?’
automatically extend to the complex, case(resonances  Chebyshe?® Newton!® Fauvre?® or modified Chebyshev
provided one uses the c-productee Ref. 15 for detailed polynomials?), anda, are associated numerical coefficients.
discussion rather than the conventional scalar product. In(For an application of Chebyshev polynomials with the’)
practice, this simply means here that we associate with thgyrmalism, see Ref. 18pDenoting byT .« a time for which

state(x,t) a left-bra stateg"(x,t), defined as the correlation function in E¢(3.4) vanishes, it follows that
d
g% = Hod" BD =2 (bi(e=wW)+b(entW)((PIR(F)|D)), (4.1
|

(Note that if Hy would have been time-independent, thenhere
HO would be ¢-=exp(+iHt)¢.)

Even though the Hamiltonian is now compléccount- b(E)= J'T"‘axa (t)eEdt
ing for dissociation, it still remains true that ' 0 ' '

L _ L _ (Note that due to the fact that the argumenthbpfis here
(¢ (t)|d’(t)):f ¢~ (XD (x,dx=1, complex (since e, is) there will be a difficulty in applying
expression$??1geared for the case th@if,,=.)

Next we note that a formally equivalent way to rewrite
dH(t=0)=(t=0) Eq. (3.9 is

where we assumed thatat 0, ¢ is taken to fulfill
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Re<<<DU coswteent
0

J

position of any other Floquet eigenvaluesed not be deter-

in Eq. (1.14) the initial ¢¢(x) state needs to be giverThe
d(t) ) )dt
mined here a priori.

1
“m{ (|l
1 V. APPLICATIONS
* < < @ en—W—.%, (I)>> (4.2 The formalism studied here can be applied in two ways.

o _ First, to obtain a physical measure of absorption from one
In the derivation of Eq(4.2) we assume that the integral Floquet state to anothéor, in the case of absorption prob-
(3.4 converges with time, which is equivalent to requiring apilities, to all other Floquet stateslue to the weak laser.

that no resonance is narrower thap. (Physically, this is  Thjs suggests naturally that such transitions can be studied
due to the fact that even if we were to start the system in @xperimentally.

wide resonance, the magnitude of the coefficianin Eq. A second way in which the results of the paper are use-
(3.3 would be larger than 1 due to transitions to narrowerfy| is numerical, in that they show that a singtet’) propa-
resonances. gation of ® can lead to extraction of multiple time-

Finally, we show how the peaks ii{w) correspond t0  dependent Floquet eigenstates, from a Fourier-transform of
transitions between different Floquet states. We note that th@ (or of the correlation function’?

eigenstates,(x,t") of 7, fulfilling We illustrate here the two applications on a model prob-
J lem of a continuously driven harmonic oscillator, with linear
(Ho(x,t’)—i &t_’) fmn=emfm polarization:
JZ
and Ho:§+D cost cos 6,
fm(X,T)=1m(x,0), whereD is the product of the field strength and the dipole

Pwoment.

are simply the periodic parts of the Floquet eigenstate o The calculations are done in an=0 spherical basis:

Ho. (Each Floquet state is associated with other Floquet

states with frequencies equispacedviy=2=/T; the num- [i)=1yj0(60.)).

ber ?LSUCh sta;tes;ependsbon theIg”g'(.j'siret'zat'?ﬁiﬁf For this study, we used the following model parameters:
© operalor.7zo can Le resolved In 1erms of ese n,_ g5 456 _240=1 (all in a.u) and a limited basis,

eigenstates, so the spectral representation of the Green’s OPéo 9, was employedThe lower Floquet states are

erator Is converged with this choiceThus, the zeroth-order Hamil-
1 1 tonian we study is a 1910 time-dependent matrix
8n+W—.7Ko=§n: |fm>>8n+W—8m<<fm| i(j+1)

(Ho)j’jr(t): Téj,j’+D COSQK”COSQ“ ’>,
and therefore the absorption probability becomes
For calculating the absorption cross-section in the pres-
ence of the field we obtain first a Floguet eigenstate

J(w)=Re ; <<fn|)\|fm>>2

entW—gp én(j,t) of Hy (either by traditional approaches or by filtering
— see below for more detajlsWith a traditional floquet
i 1 ) , (4.3 state extraction, a total of 4096 grid points in time are used to
En~W—é&p minimize the error in the finakp,(j,t). The initial wave

function for thet,t’ propagation is then obtained by storing

showing that a peak inJ would result whenever the Floquet state, atifferenttimes, on the’ grid

w=*Re,—&q), as expected, with the peak magnitude pro-
portional to the overlap between the two states over the dif- @ j ,t’,t:O):eisnt’“ |cos O¢n(6,1))
ference in the resonance widths. o )

At this point we need to clarify the use of Floguet states(Where _the_ exponential is used, as explained above, to extract
in Eq. (4.39. Just like the usual time-dependent formula the Periodic part of the Floguet state _
(1.14 (or the equivalent of Eq(4.1)), Eq. (3.4) refers to We then simply prppag:atd) under ,theF-mdeper)dent
direct propagation in time, not using Floguet states. ThusHamiltonian.7o(=Ho—id/dt’) on thej,t’ grid at all times
Egs. (3.4 and (4.1) can be used even in the case where a @nd use it to construct
very large number of Floquet states exists for the systm 1
that extraction of all these eigenstates would be impragtical ~ C(t)= fz f O*(j,t',t=0)®(j,t",t)dt’
The only Flogquet state that needs to be an input to expression :
(3.4) or (4.1 is the initial statef,, but this state is easily (with T=2#/Q). In computing®(j,t’,t), we do not use all
extracted by repetitive application of expi(7,t) (similarly, 4096 grid points irt’. Instead, we only sample 32 points out
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of the 4096 points which are enough for convergence. Thus, 4 . L !
the (t,t') calculation converges with a much larger time
step.

From the correlation function we obtain the absorption 600 -
spectrum using Eq3.4). Specifically, a relatively large time
step was taken dt=1) and the {,t') wave function 5
|®(t)) was propagated with a Chebychev algoritftrt®us- §§5 400-] -
ing 70 terms for each time step. Hedéw) would be a series ‘:7
of isolated peaks since all Floquet eigenvalues are(teate !
is no amplitude damping mechanisnThe content of the T 200 -
spectrum is then both the strength of the peaks, and their
locations.

Two methods were then used to analyze the signal. First, 0 T
a numerical construction af(w) with a total time of up to
6000 a.u. A related approach would be to simply calculate -2 -4 0 1 2
the regular half-Fourier spectrum 6f(t) (@

Fourier Spectrum

£, —HQ

= £,—hQ

PR
S
&
&
23

C(w):Ref:e‘w‘C(t)dt. (5.2

£ -&,

[Absorption Spectrum L

600

Alternately, we use a short-time segment of the signal to
extract the Floquet state by filter-diagonalizatfdrihis ap-
proach “circumvents” the Heisenberg principle by combin-
ing a short-time filter ofC(t) at any desired spectral range,
which is then used to constructsaall matrix whose eigen-
values are the desired energies at the desired range. For de-
tails of the method see Refs. 23.

The two approaches give, upon their convergence, iden- N
tical results for the spectrum, as explicitly verified for this
model system. First, using either the explicit absorption
spectrum formuld2.10 or the related5.1), Figure 1 shows ——— -
that upon starting with a Floquet eigenstate with the eigen- () e *? " " *0
value —0.4056529the initial state is labeled arbitrarily here
at €o; the energy levels do not reflect the order of the zerog. 1. shown area) the Fourier-transformed correlation functiéq.
field stategthe most intense absorption is to two neighboring(s.1)) and(b) the absorption spectrufigg. (2.10 or (3.4)) for the model of
states at energies 0.210546 and—7#+0.422976. Simi- the continuously driven harmonic oscillat@riven withQy=1), started in a

larl h rption rum k h ifferen specific Floguet stateef,= —0.4056529), and probed by the weak laser, as
arly, the abso ption spectrum peaks at the difference be.'a function of the latter's frequencyw(). The peaks in(@) correspond to

tween these eigenvalues and the initial Floquet energy. Th'|$eighboring eigenvaluedifference eigenvalues ifb)) that are strongly
is reminiscent of thé =1 adsorption peaks for a usual rigid absorbing, like g+ 1 absorption rule in the usual rigid rotor. Also note an
rotor (Without the strong field component e,— 1) peak in(a), and several small peaks associated with other Floquet
Next, we used filter-diagonalization to piCk Floquet en- states. Fine_ally, nott_e that the energy labeling is_ arbitrary; We_label the ener-
. . . gies by their order in Table I. Thus, the peaks in the absorption spectrum at
ergies frqm the Fourier spectru(nr the absorptl_on SPEC- (" (e;—%0) and e, e, simply signals that the states(and e;) are
trum). This approach requires a much shorter time and reciose in energy, modulusQ (Ref. 26.
solves all these states with little err@ee Table), within a
short time(100-200 a.u. here, i.e., no more than 32 optical
cycles, and a factor of 30 smaller than the tig6®00 a.u). The derivation naturally separates the effects of a strong
required to extract the eigenfrequencies by filtering alone time-dependent perturbation and the weak probing field. For
example, the strong time-dependent component can be a
fluctuating field changing the vibrational environment of a
VI. CONCLUSIONS molecule (e.g., in a cage but not inducing electronic-
transitions. Then, expressiof.10 and (3.4 show that, if
Heller's expression for the absorption cross-section irthe system is in an initial “eigenstate-like” stafee., Flo-
the weak field limit is extended hefEqgs.(2.10, (3.4, (4.1), quet statg then we can think of its evolution in time after
(4.2)) to cases where the total Hamiltonian contains a strongxcitation as proceeding as a new wave packetime and
time-periodic component, supplemented by a weak fiel¢position which evolves on the electronically excited state.
which is not in resonance with the strong original compo-One other very useful case where the system is in a Floquet
nent. Like the situation for time-independent Hamiltonians,state is adiabatic evolutiéh (e.g., due to a slow time-
the system must initially be an eigenstate of the field — exdependence of an external figld
cept that here the eigenstate is a Floquet state. Other useful examples are pulsed-excitations, or mixing

400

£ — (£, —hQ)

ReJC(t)e"" cos@r df

J(w)=

200 '
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TABLE I. Floquet states obtained fro@(t) by filter-diagonalization, as a “motion away from the excitation region,” as usually asso-

function of the length of the time segment used for the extraction. Showrbiated with time-independent Hamiltonian-evolution
are the true eigenvaluésbtained by traditional approachemnd the eigen- )

values obtained with segments of lengtk 100 a.u.(16 strong-field optical
cycleg, 200 a.u., and 600 a.u. Also shown are an internal error-measure AACKNOWLEDGMENTS
the filter-diagonalization approach and the absolute éretative to the true

eigenvalues We are grateful to Professor S.H. Patil, Michael R. Wall,
_ _ — and Dr. Jack C. Wells for useful discussions. This research
True Floguet Filter-diagonalization was supported by a NSF grant, an Early Career Award, and a

eigenvalues with field t=100.0 a.u. t=200.0au. t=6000au.  Sloan FellowshigD.N.), and a grant from the fund for pro-
motion of research at the Techni¢N.M.)

0.422976 0.4229976 0.4229976 0.4229976
Intrinsic error 0.00 0.00 0.00
Absolute error 0.00 0.00 0.00 APPENDIX A: PROOF THAT THE A2 TERM CAN BE
IGNORED
0.3251242 0.3250923 0.3251263 0.3251242 o
0.0000074 0.00 0.00 Here we prove that the contribution of ti&/t term to
0.0000319 0.0000021 0.00 Eq. (1.12 vanishes for the “cos” potentialsee Eq(1.13),
02170661 0.2168519 09170601 02170601 also when the initial state is the time-periodic Floquet state,
. . . . ry — ! 11
0.0000813 0.00 0.00 fa(x,t")=f,(x,t"+T). Specifically
0.0002172 0.00 0.00 A2 1/ rt 2
T ;( f <¢<t'>|V<t')|¢<t'>>dt')
0.2152128 0.2152119 0.2152128 0.2152128 0
0.0000007 0.00 0.00 1/ )
0.0000009 0.00 0.00
=1 f<fn(t’)|>\(X)Cos{wt’)|fn(t’)>dt’)
0
0.1444449 0.1444453 0.1444449 0.1444449
0.00 0.00 0.00 and the transformation
0.0000004 0.00 0.00
t'—t'+mT;, m=0,...N—-1
0.1407065 0.1407126 0.1407059 0.1407065 . . ,
0.0000355 0.00 0.00 is carried out then (&t'<T)
0.0000061 0.0000006 0.00 A2 1 (T
—=|—= (fp(t’ X
0.0606168 0.0606178 0.0606174 0.0606168 t NT J 0 (Fa(t)IN(X)
0.0000011 0.00 0.00
0.0000010 0.0000006 0.00 N-1 2
X cosw(t'+mT)|f(t"))dt’
—0.0349729 —0.0349819 —0.0349742 —0.0349729 mE:O ( DIfa(t)
0.0000071 0.00 0.00 o
0.0000090 0.0000013 0.00 However, forw # 2#/T, itis clear that
N-1
—0.2105464 —0.2105463 —0.2105464 —0.2105464 ,
0.00 0.00 0.00 _NmEZO cosw(t’+mT)—0 as N—x,
0.0000001 0.00 0.00
and therefore
—0.4056529 —0.4056527 —0.4056529 —0.4056528
0.00 0.00 0.00 A2
0.0000002 0.00 0.0000001 T—>0

for larget. The proof is formally valid wherg, is real, but
would also be useful when it has an imaginary part that is not
too large.

of a strong-laser and weak laser puld&sEven for non-
periodic initial Hamiltonian, provided the duration of the la-
ser pulse is sufficiently long to support more thei5 os-
cillations of the field, the approach can still be applied.  Usually, one picks an initially’-independent functions
Further, if the strong component is due to a laser-pulse, iin the (t,t") formalism, i.e.® is taken to be constant iri at
need not even have a "“sin” structure but can be an arbitrary=0. Here however we note that there is no formal reason to
mixture of harmonicqe.g., a periodic chifp Thus, if the choose only the=t’ ray, and useful information can be
system can be experimentally prepared in a specific Floqueibtained from any ray=t’ + const. Indeed, we see that for
state(or, if sufficient time is allowed, winds in the one with any constant, the function

the smallest resonance widltthen this Floquet state can be
“probed” by excitations by a weak pulse — just like a
bound-state can, and with the same paradigm of wave packéilfills the original Schrdinger equation

APPENDIX B: MULTIPLE TIME-DEPENDENT WAVE
FUNCTIONS FROM A SINGLE t,t" EVOLUTION

7 (X,t+r)=d(x,t+r,t)
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N
|W=H(x,t+r)7]r(x,t+r).

Proof (using Eq.(2.2)):
Oy, dO(x,t+r,t)
=

"ot dt
0D (x,t+r,t) 9D (X,t+r,1)
=1 T|t:t'+r+| T gt =t

=H(X,t+r)®(x,t+r,t)=H(X,t+r)n(X,t+r).
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