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Quantum versus classical dynamics in a periodically driven anharmonic oscillator
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Numerical studies of the classical and quantum dynamics of a periodically driven anharmonic oscilla-
tor show that the only quasienergy states that are exponentially localized in the field-free energy space
are those that are located in the regular region of classical phase space. All the quasienergy states locat-
ed in the bounded chaotic region in phase space are extended states and do not show the strong quantum
limitation of chaos due to the Anderson localization mechanism, which is characteristic of kicked sys-

tems.

PACS number(s): 05.45.+b, 03.65.—w, 72.15.Rn

Quantum localization, suppression, and limitation of
chaos [1] was obtained in many numerical studies of clas-
sical and quantum dynamics of periodically kicked sys-

tems such as a planar rotor [2-7], surface-state electrons

[8], and hydrogen atoms in' monochromatic fields [9,10].
In the kicked-rotor systems the strong quantum limita-
tion of chaos is reflected in the exponential localization of
the quasienergy states in the field-free energy space (or in
angular momentum space), when the system was off reso-
nance and the ratio between the rotor and the driving fre-
quency is irrational. This quantum effect was found to be
analogous to the Anderson model of localization in a
one-dimensional lattice. As an experimental test for this
mechanism the rotational excitation of PbTe or CsI mole-
cules by periodic microwave pulses was proposed [11].

Our numerical studies of the dynamics of a driven
anharmonic oscillator show a behavior that is markedly
different from the kicked systems. Chaos is definitely not
suppressed by the Anderson localization mechanism.
The possible weak quantum localization of chaos in the
driven anharmonic oscillator and its mechanism is
currently under study [12]. The Hamiltonian of our
model is a forced quartic oscillator
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Note that this is a special case of the classical Duffing
equation, which was shown to be chaotic (see, e.g., Ref.
[13]). It is also a special case of the linearly forced classi-
cal x 7 oscillator studied in Ref. [14]. Not all of the four
parameters appearing Eq. (1) are independent; in fact,
three of them can be removed by simple rescaling. We
present results for the parameter values m =1, b =1,
fo=4%, and o=1. The classical phase space at t =nT
(T =2 is the period of the driving force) represented in
Fig. 1 shows a large bounded chaotic zone with a seem-
ingly completely regular region embedded in it. As al-
ready discussed in Ref. [14], the transition between the
inner chaotic and the outer regular regime is extremely
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‘ sharp. This phenomenon is quite typical for all parame-

ter values (b >0), whereas the details of the stability re-
gions embedded in the chaotic sea vary with the parame-
ters. Although the energy of the field-free anharmonic
oscillator H; is not conserved in the presence of the
external field, we see clearly from Fig. 1 that completely
regular behavior is found when Hy > 4. ‘

Numerical integration provides a phase space of

p dx=2.25 of the inner regular island region. The to-
tal phase-space area of the chaotic region including the
embedded stability islands yields a value of QS p dx=10.1.

The quantum Hamiltonian has the form of Eq. (1) with
p and x replaced by operators  and X. In the numerical
computations we used a value of #=0.015. The quasien-
ergy states [15,16] are Floquet solutions of the time-
dependent Schridinger equation such that at times
t=nT,

FIG. 1. Synoptic Poincaré section of classical phase space at
=nT (n=0,1,2,...). All points in the chaotic region result
from a single classical trajectory.
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Polx,nT)=e "¢, (x
[,(x,n D) =]9,(x,0)],

with 6,=(1/#)e,T, where the g, are the quas1energ1es
The quasienergy states were obtamed by diagonalization
of the time evolution matrix for one optical cycle T =2.
The time evolution matrix U was obtained by solving the
following time-dependent matrix problem

dU(0,t)

HU(0,t)=i# i

, tE[O,T]V 4)

with initial condition U (0,0)=1 and

H;=

where E{® and {'®} are the 360 variational eigenvalues

and eigenvectors of the field-free Hamlltonlan H,. The
propagation of U(0,z) was carried out by the Adams-
Moulton predictor-corrector method [17]. The localized
states were labeled by « in increasing order of the corre-
sponding expectation value of H,. As shown in Fig. 2,
there are 113 states (with 6, values covering the interval

- [0,27] almost uniformly) that provide almost degenerate

states (i.e., (a|Hy|a)=1) as the field is suddenly turned
off. The other states, a> 113, provide expectation values
(a|Hyler) that are very close to the highly excited energy
spectrum of the free-field Hamiltonian H o- These
quasienergy states are associated with the outer regular
zone shown in Fig. 1. The quasienergy states ¢,(x,0)
were variationally obtained in the basis of the field-free
states ¢,(x,0)=3,C, . (x,0). The variational linear

parameters C, are eigenvectors of the time- cvolunon ma-

trix

U0, =T)C,=e '**C,. )

The C, are the overlap integrals of the quasienergy states
with the field-free states tﬁ(,,O)(x,O), and their behavior as
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FIG. 2. Expectatlon values of the field- free Hamiltonian,

{a|Hgla), where {[a)} are the variational quasienergy states
att=nT(n=0,1,2,...).
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function of N shows if they are localized or extended.
The corresponding quantum analogue to the classical
phase-space distribution can be obtained by calculating

-the Hu_simi distribution function

Tx0=[ o DY XD (x "Nk dx "

9

where @ is a #-width Gaussian centered at the point
{x,p) in phase space.” The density kernel y,(x’,x’) is in

‘the one-dimensional case simply given by

Valx',5)= T ChoCoghPx WS*(x7) . ®

I',(x,p) provides the probability density of finding the
quantum particle at phase space point (x,p).

In Fig. 3 we show some quasienergy states character-
ized by exponential localization in the field-free energy
space. These states can be counted by the number of
“nodes” in the |C,,| distribution, which also appear in
the corresponding plots of the Husimi phase-space densi-
ty. The key point is that 24 exponentially localized states
were found in the quantum calculations and all of them
are located in the regular island region in the classical
phase-space plot, Fig. 1. Note that a simple semiclassical
quantization condition derived recently by Breuer and
Holthaus [18] (compare also [19]),

QSqu=21rfz(n +1) (n=0,1,2,...), 9)

where the integral is taken over a closed invariant curve
in the Poincaré section (see Fig. 1) yields a maximum
number of 24 regular states within this regular island in
agreement with the quantum results. o

The nodal structure of the regular energy states, which
is visible in the field-free energy space and in the Husimi
distribution function, results from the fact that these
states provide almost the same expectation value of Hy.
The Husimi distribution of the 13 eigenfunction of H, is
predommantly concentrated in an annular phase-space

_region, which passes through the stable fixed point at the

center of the classical regular island. The nodeless regu-
lar quasienergy state is therefore expected to be
bu=7=1}). However, in order to locate ¢,—, only at
x >0 (see the regular island in Fig. 1), we should break
the x symmetry of the field-free eigenfunctions due to a
quantum interference of about three to five states. That
is,

2
T T T ey k_z sza¢§%)4»k =99, (10)

where the D,, are phase factors variationélly ob
tained. This explains the noncusp behavior of In|C,,|

" 'vs E{® in Fig. 3. Since the regular quasienergy so

lutions provide about the same value of (H,),
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FIG. 3. Some quasienergy states characterized by exponential localization in the field-free energy space and their corresponding

Husimi distribution functions show localization in the regular region of classical phase space. The numbers 2,3, ... on the contours
should read as I'(x,p)=1072, 1073, etc. In the hatched region the density is smaller than 107°,
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structure in Fig. 315 due to the decomposition of the reg-
ular quasienergy states as described above.

The other 80 out of the 113 almost-degenerate quasien-
ergy states (see Fig. 2) were all found to be extended
states, as shown, for example, for ¢, in Fig. 4. The
results presented there show that the extended quasiener-
gy states having zero (i.e., < 10~°) probability to be in the
regular region of phase space cover almost uniformly all

“the field-free energies up to E'°’ <4. Indeed, the classical

results presented in Fig. 1 show that for E® >4 the dy-
namics is regular. In addition, the regular classical fiux
_tubes in the outer regular region can again be quantized

semiclassically by Eq. (9), providing a quantum number
of n =106 for the lowest of these regular states. This is
again in reasonable agreement with the reappearance of
regular quasienergy states at a= 113 (see Fig. 2).

Varying #i, we found that the number of extended
quasienergy states is linearly dependent on the value of #.
For example, for #=0.15 only eight extended states were
obtained, and four in a calculation with #=0. 3.

*—~The Husimi distribution function of all the extended
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FIG. 4. A characteristic example of an extended quasienergy
state expanded in the basis of the field-free states ¢'*. The
Coo={#\24,) were variationally obtained. The Husimi distri-
bution function covers the chaotic region of classical phase
space and shows very weak quantum localization. The numbers
2,3,... on the contours should read as I'(x,p)=1072, 1073, etc.
In the hatched region the density is smaller than 107°.

Ya=g=( VV—Z_X‘Z@—A,“ (7%)4-A1)'
=(1/VIFH o — PR +TFus)s etc., where Ejz,,
O~EDFnA, and therefore (alHyla)~EY ~1.0.
This explains the significant contribution of 3 (associat-
ed with E” in Fig. 3) to the odd-a quasienergy states,
and the zero contribution to the even-a states. The nodal

states shows very weak localization in the classical phase
space (see, for example, the Husimi distribution function
presented in Fig. 4), but definitely does not show an ex-
ponential localization in the field-free energy space,
which is so characteristic of the strong quantum limita-
tion of chaos due to the Anderson localization mecha-
nism.

Additional numerical experiments showed that the sys-
tem studied here is a representative example for other
systems for which the chaotic phase space is bounded,
such as a periodically driven rigid rotator, which mimics

T Qimilarlv. b . the rotational excitation of diatomic molecules like Csl
Similarly, ¥,=9 ) ¢
—-———-—--under the influence of strong electromagnetic fields.
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