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The bound and resonance states for a family of piecewise linear potentials are obtained by the complex coordinate method. The 
complex spectra were found to be weakly affected by isochronous transformations of the potential, i.e. transformations which 
keep the classical periods of bound trajectories and the classical delay times of scattering trajectories invariant. 

1. Introduction 

Given a one-dimensional classical potential V(X) 
which supports oscillatory (“bound”) trajectories 
over some energy range E0 Q Ed E,, it is well known 
that a simple class of distortions of this potential ex- 
ists such that the period of oscillation T(E) remains 
unaffected over the entire range of energies specified 
above. In particular, assume that V(x) is continu- 
ous, monotonically decreasing for xd x0 and mono- 
tonically increasing for x>x,, and obtains its 
minimum at x0; V(x,) =E,. If U(x) is related to 
V(x) in such a way that x+(E)-x_(E), the dis- 
tance between the right and left classical turning 
points, remains invariant at all the energies in the 
range of the oscillatory trajectories, then these two 
potentials are isoperiodic. Two such potentials can 
be shown to support the same WRB spectrum. 

Two aspects of the quantum-mechanical proper- 
ties of classically isoperiodic potentials have recently 
been discussed. It was shown that the classical (h-0) 
limits of quanta1 isospectral potentials (specifically, 
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potentials satisfying the Korteweg-de Vries hier- 
archy of evolution equations) are classically isoper- 
iodic potentials [ 11. This result, as well as the fact 
that within the WRB approximation classically iso- 
periodic potentials are isospectral, suggest that these 
potentials will be approximately isospectral in quan- 
tum mechanics as well. This expectation is sup- 
ported by some numerical evidence [ 11. 

On the other hand, Submmanian and Bhagwat [ 21 
have recently shown that in a family of isoperiodic 
potentials the member with the lowest quantal ground 
state energy is the symmetric potential, satisfying 
V(x-x0)= V(x,-x). While the same statement 
does not hold for the excited states, the approach 
presented in ref. [ 31 to the variational treatment of 
excited state energies suggests that ZfxoEi, where E,, 
El, . . . . Ek are the ground and the k lowest excited 
states, is minimal for the symmetric potential. 

For classically non-binding potentials the notion 
of isoperiodic trajectories can be extended into the 
idea of equal time delay of scattering trajectories. 
Thus, the time delays, relative to free particle mo- 
tion, affected by two potentials V(x) and V(x) can 
be shown to be equal, at all energies Ea Emax if the 
two potentials are related to one another in the man- 
ner specified above for E. G E Q Ema,, and obtain the 
values E,,,ax either at two finite points (vanishing 
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thereafter) or asymptotically as x-+ f co. We shall 
refer to such potentials, which have the same periods 
for the bound trajectories and the same delay times 
for the scattering trajectories, as isochronous 
potentials. 

Yet another possibility is the case where the po- 
tential exhibits a finite barrier. Classically, such a 
potential is impenetrable by particles with energies 
below the top of the barrier. However, it can be shown 
by a slight modification of the argument presented 
in ref. [ 1 ] that two potentials which have equal non- 
classical widths at all energies below the barrier, pos- 
sess the same WKB tunneling probabilities. Both the 
classical delay time above the top of the barrier and 
the WKB tunneling probability below it are closely 
related to the properties of quanta1 resonance states. 

The purpose of the present study is to explore by 
means of a simple example the extent to which clas- 
sically isochronous potentials with finite barriers 
support similar resonance states. It will be interest- 
ing to observe the change in the resonance energy and 
width resulting from isochronous distortions, and the 
validity of the Subramanian and Bhagwat theorem 
[ 2 ] or its extension suggested above, concerning the 
minimal property of the energy for the symmetric 
potential, within a family of isochronous potentials. 

2. A piecewise linear isoehronous family of 
potentials 

The family of potentials (shown in fig. 1) given by 

V(x) =o 

forx<-C+U, (la) 

v(x) = (x+C- U) vo (B-A) 
U(B-A)/A(C-B) 

for -Ct Ucx< -B+ UB/A , 

V(x)=-v~[l++x/(A-U)] 

for -Bt UB/AcxcQ , 

V(x)=V,[x/(A+U)-l] 

for O<x<B+ UBIA , 

(lb) 

(ICI 

(IdI 

v(x)_ (x-C-WVo(B--4) 
- U(B-A)-A(C-B) 

Fig. 1. The piecewise linear potentials given in eq. ( 1) in the text. 
The symmetric potential is obtained for U=O and the most dis- 
torted potential studied is that for &0.8. 

V(x) =o 
forx>C+U, (lf) 

is a one-parameter family satisfying the following 
properties: 

(a) For a particular choice of the parameter U, 
U=O, the potential is even. 

(b ) The horizontal distances between any two 
classical turning points, at the whole range of ener- 
gies for which they exist, are independent of the pa- 
rameter U. 

(c) It follows from (b ) that alI integrals of the form 

b(E) 

I 
F(E- V(x)) dx (2) 

a(E) 

between two classical turning points at the same en- 
ergy E are independent of U(I). Here, F is an arbi- 
trary function of its argument. 

If a(E) and b(E) are two classical turning points 
across a well, the above integral is related to the clas- 
sical period of oscillation for one choice of F and to 
the WKB quantization condition for another. If a(E) 
and b(E) are classical turning points on two sides of 
a barrier, the above integral, for a particular choice 
of F, is related to the WKB tunneling probability. 

A comprehensive derivation of the semiclassical 
forB+UB/A<x<C+U, 
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expressions for the energies and widths of the reso- 
nance states in one-dimensional double-humped po- 
tentials was presented by Connor [ 41. Inspection of 
eqs. (2.2), (2.8), (3.3) and (3.4) in ref. [4] indi- 
cates that the resonance position and width depend 
on three integrals of the type presented in our eq. (2). 
It follows that within the semiclassical approxima- 
tion the bound state energies as well as the resonance 
energies and widths are independent of U. In the fol- 
lowing sections we examine this prediction by means 
of an accurate quantum-mechanical computation. 

The bound and resonance states for the potential 
presented in eq, ( 1) can be obtained by using free- 
particle and Airy functions in the appropriate ranges, 
matching the logarithmic derivative at each one of 
the five points of discontinuity. The system of tran- 
scendental equations obtained can only be solved 
numerically, requiring an accurate evaluation of the 
Airy function. The approach chosen in the present 
work, i.e. the complex coordinate method applying 
an appropriate basis set, has the advantage of being 
applicable to a wide class of potentials with only mi- 
nor modification to the formalism. 

3. Bound and resonance states of piecewise linear 
continuous potentials by the complex coordinate 
method 

The resonances of a physical system are associated 
with the complex eigenvalues E- iir of the Ham- 
iltonian H(x) . The probability of finding a particle 
in the element dx of configuration space is propor- 
tional to exp( -Wi) and decays with time. The ei- 
genfunctions, v(x), associated with complex 
eigenvalucs do not belong to the Hermitian domain 
of H and diverge as x4 00. Therefore, the number of 
particles in the coordinate space is not conserved at 
any given time [ 5 1. By complex scaling the internal 
coordinates of the Hamiltonian, i.e. x+x exp( ie), 
we “correct” the asymptotic behavior of the reso- 
nance eigenfunctions such that w(x exp (i(3) ) +O as 
x-, 00 if 8 becomes large enough [ 61. The complex 
coordinate method (CCM) enables one to isolate the 
resonance states from the other states in the contin- 
uum. The scattering states are rotated into the 
complex plane, 

E(continua) = IE-E,hreshordl exp( -2i0) , 

whereas the bound and resonance states are unaf- 
fected by 8> 0, (for bound states 0,= 0 and for 
resonances 

On the CCM and its application to different types of 
physical systems, see refs. [7-91 and references 
therein 

The spectrum of Z?(x) including its resonance life- 
times (i.e. inverse of the width r) can be obtained 
for piecewise continuous potentials by selecting a 
path in the complex coordinate plane which avoids 
the intrinsic non-analyticities of the potential. 
Simon’s extension of the scaling method provides 
such a path in the complex coordinate plane [ lo]. 
Another possibility is to expand v(x) to the desired 
degree of accuracy, w(x) = Cy= I Cik (x) where c is 
an eigenvector of the NX N Hamiltonian matrix ob- 
tained by carrying out analytical continuation of the 
Hamiltonian matrix element into the complex plane, 

=(~ii(Xl?)Ifi(X)I~ji(X/~)) 

=_f(tt) Irt=exp(iO) * (3) 

For example, this method (i.e. scale the basis set and 
not the Hamiltonian) has been used previously in 
the application of the CCM to molecular autoioni- 
zation resonances [ 7,111. For a more detailed dis- 
cussion of this method, see ref. [ 12 1. Recently, it has 
been shown that these two computational methods 
are only two out of many possible different types of 
similarity transformations which conserve probabil- 
ity for v(x) [ 13 1. In the case studied here we used 
particle-in-a-box functions as a basis set, &n(x)= 
J2/a sin[nx( (x+ fa)/a], where - haGx< Ja, The 
piecewise linear potential matrix elements for the 
potential 

L+I 

v(X)= C @(X-Xi-l) WXi-X)(~t+AX), (4) 
i=O 

where 

e(x)=1 , x20, 

=o, x<o, 

X-I=- 44 

Xi=yi, i=O ,..., L, 

XL+1 =ta, 
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can be analytically obtained as functions of a: 

Vn,m(a)= 1 h(~)(~o+~o~)~rn(~) ~ 
-la 

24 July 1988 

+ hl(X)(QL+BLX) #m(X) dx- I (5) 
YL 

By substituting a = 1 a 1 exp (if?) into eq. (4) a com- 
plex symmetric non-Hermitian Hamiltonian matrix 
is obtained. For a given basis set (fured 1 u 1 and N) 
the resonances are associated with the stationary so- 
lutions in the complex variational plane that are as- 
sociated with the cusps [ 141 in the f%rajectory 
calculations and satisfy the complex virial theorem 
[15-171. 

4. Results and discussion 

The bound and resonance states for the series of 
model potentials given in section 2 were obtained by 
using N= 70 particle-in-a-box basis functions where 
A=l, B=2, C=3, 1/,=3, Ial=15 and Uisvaried 
from zero (for the symmetric potential) to V=O.8. 
(The case where N= 150 and 1~1~25 was also 
studied. ) 

The spectrum of the complex rotated Hamiltonian 
matrix shows typical Balslev-Combes behavior. The 
results obtained for kO.15 varying I a I from 12 to 

Fig. 2. Complex eigenvalues of the Hamiltonian given in eq. ( 1) 
where A= 1, B= 2, C= 3, VO= 3 and U=O as the size of the “box” 
is increased from 12 to 24. The complex rotation angle is f?= 0.15. 
The bound state (E,=O) and the resonance states (E,#O) con- 
verge as a increases. The continuum is rotated into the complex 
plane by the angle 28. 

24 are shown in fig. 2. From fig. 2 one can see that 
- as is expected on the basis of Balslev-Combes 
theorem [6] - the continuum is rotated into the 
complex plane by the angle 28= 0.3. The bound state 
remains on the real axis (zero width) as Ial is var- 
ied whereas the resonances are stable in the complex 
energy plane. 

By carrying out &trajectory calculations station- 
ary solutions for which ilE,f dtk 0 and dEJ%= 0 were 
obtained. These stationary solutions are associated 
with the resonance states and $=E(position), 
- 2Ei =Q width) [ 141. The results presented in ta- 
ble 1 show clearly that the range of variation of the 

Table 1 
Complex eigenvalues of the Hamiltonian given in e.q. ( 1) as function of the symmetry-breaking parameter Cr. The semiclassical results, 
which are independent of CJ, were obtained (for states below the barrier) using Connor’s [4] expressions 

E=-fiT 

bound state 

first resonance 

second resonance 

third resonance 

u=o fko.2 

- 1.3182 - 1.3108 

0.846 0.830 
- 0.0078i -0.0072i 

2.295 2.308 
-0.126i -0.129i 

3.695 3.672 
- 0.626i -0.6221 

uco.4 

- 1.2870 

0.788 
- 0.0062i 

2.312 
-0.144i 

3.67 
-0.7Oi 

CJzO.6 

- 1.2421 

0.744 
- 0.006Oi 

2.30 
-0.136i 

3.763 
-0.7553 

U=O.8 

-1.1656 

0.714 
-0.0052i 

2.21 
-0.17i 

3.79 
-0.87i 

semi-classical 

-1.1781 

0.791 
-0.0044i 

2.320 
- 0.092i 
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positions and widths of the resonances as functions 
of u are narrow relative to the separation among 
these resonances in the complex energy plane. 

In view of the fact that the transformation was for- 
mulated on the basis of a classical argument, it is re- 
markable that even the resonance widths, which are 
“pure” quantum phenomena, are only mildly affected 
by varying U. 

As the energy of the system increases, the quan- 
tum and classical behavior should become more sim- 
ilar. Indeed, the resonance position and width of the 
third resonance in table 1, which is located above the 
potential barrier, are the most stable and are least 
affected by the distortion of the potential. The tend- 
ency for the ground state energy to be higher as U is 
increased making the potential less symmetrical, fol- 
lows from the theorem of Subramanian and Bhagwat 
[ 2 1. The dependence of the resonance position and 
width on the isochronous distortion of the potential 
is beyond the scope of the above theorem, but the 
regularity of the results suggests a possible extension, 
which has yet to be investigated. 

In conclusion, it is found that classically isochron- 
ous potentials give rise to almost invariant quantal 
complex spectra. 
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