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New bounds to the autoionization and predissociation resonance position and width (which are as-
sociated with a complex-coordinate eigenvalue) are derived. An illustrative numerical example is

presented.

The complex-coordinate method! enables us to isolate
the resonance state from the other states in the continuum
and to calculate the autoionization and predissociation
resonances by techniques which were developed for bound
states. The complex-coordinate method has been success-
fully employed to atomic, molecular, van der Waals, and
gas-surface scattering resonances by a Rayleigh-Ritz—like
variational procedure, based on square-integrable basis
functions.! However, the complex analog of the varia-
tional theorem? is a stationary condition rather than a true
variational one which would provide upper bounds to the
exact eigenvalues of the Schrddinger equation. The pur-
pose of this paper is to prove that if ¢ describes well
enough the exact eigenfunction ¥ then,

|E—E|<|o.| <ou|{s|)/{s* |42, (1)
where E is the exact corr;plex resonance eigenvalue

E=(¢*|H(4)/{6"|¢), @)

I?:ﬁ(nr) , n=|n{exp(if), (3)

and o, and oy are, respectively, the complex and
Hilbert-space variances given by

2={[(H—E)1* |(H-E))/(¢* ), @
ok =H-E) |(B-E)p)/{¢|) . )

Note that if ¢ is a complex normalized function
(¢*[¢)=1, then (¢|¢)>1 and it may happen that
| E—E| will be greater than oy. _Therefore, the previ-
ously published inequality,® | E —E | <oy, for specific

- choices of ¢, is not always valid as pointed out before by

Siedentop.* Our strategy will be as follows. First, we
shall prove inequality (1) and explain the requirement that
“¢ describe well enough the exact eigenfunction W.”
Then, we shall illustrate the application of the new bounds
derived here by studying a simple one-dimensional model
Hamiltonian.

Proof |E—E|<|o.| <og|{(d|d)/(¢*|s) |2
Within the finite matrix approximation the proof is
straightforward and results from the application of
Gerschgorin’s theorem to the tridiagonal matrix obtained
by Lanczos’s method. From Lanczos’s method’® we
know that it is possible to construct a matrix § such that
the result of the similarity transformation, S—1H S,is a
tridiagonal matrix T such that

33

T,=¢ H¢z=E,
T =[(HT—1E)$; 1 (H—1E)pr =02,

and Ty;;=0 for j>2. The square (possibly non-
Hermitian) matrix H and T have the same eigenvalues. If
E is any eigenvalue of H (or I') due to Gerschgorin’s
theorem, | E—T,,| < |Ty,| if the first component of
the eigenvector of T has the largest modulus.*® There-
fore, we get that, under this requirement, the desired re-
sult |[E—E| < |o,| is obtained with ¢, = %. For the
sake of clarity we shall present here a more detailed proof
for the case where H is an operator,

Let H be any Hamiltonian (possibly non-Hermitian)
such that

H|W)=E W), ©)
(Y |B=(¥, |E, (¥, |¥)=1. @

(For example, in the complex-coordinate method
(W | =(¥x|) ¥ |[¢g) and (¢, | are approximations
to |Wg) and (¥, | such that

<¢LI¢R>=1 ) ‘ (8)
then

E={¢; |H|¢r) )

is an approximation to the exact energy E. (Note that in
the complex-coordinate method E={¢*|H|¢) and
(¢*|$>=1 since if |dg)=]|¢) then we choose
(¢. | =(¢*|.) Now let us construct a bi-orthogonal
basis set,

X | @) =58y . (10)

If
[RY=(B—E)|¢z), (S|=(or |(H—E) (1)

then two basis functions of the bi;orthogonal set are given
by

o0 =1dr), Xu]={or | 12
and
- _IR) ___ (s
|#2) (S| RM2 x| «s rypz - 1Y

We do not need to specify here how to derive the other
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basis functions | @) and {Xy | for k >2, but we assume
that it is possible to obtain a complete set of basis fumc-
tions which satisfy the bi-orthogonality condition given in
Eq. (10). Generally it is known (in order to avoid defec-
tive functions, {X; | ;) =0) that bi-orthonormalization is
possible only when there exists an orthonormal basis suffi-
ciently close to the non-orthonormal basis one wishes to
consider. The exact wave function can be expanded in the
complete set such that

|¥R)=Cjlo;) (14)
: J
where
Cy={(X;|¥r) . - (15)
By substituting Eq. (14) in Eq; (6) we get that
S C(A—E)|g;)=0. (16)
J

By multiplying from the left-hand side of Eq. (16) by
{X; |, the following secular equations are obtained:

where
Hy={X|H|p)=E, |
Hip=(0 1B | @) = | B—E | ) =(S | R)'2,
Hy=X1 |8 | @)= X1 | H-E | ox)
=(S | @) =Xz | @i ){S |R)Y2=0 fork>2.
(18)

Therefore,

E (S|RY? 0 --- 0]|C1 ¢
C, |=E|Cy|. (19

The first row of Eq. (19) reads
EC;+(S [R)/*C,=EC; . (20)
If C;0 then

_ o
|E—E|=|{(S|R)"| C—f (21)

In the case that | ¢z ) is a good enough approximation to
the exact wave function | Wg ) then

|Gl <{Ch ‘ (22
and the bounds for E are obtained,
|[E—E| < |{S|R)*] . (23)

By using the Schwarz inequality we get that,

|E—E|<|{(S|R?*| <(S|SHR|RN. (@4

As a matter of fact the requirement of [C;|> |C; | is
not a strong one since it is expected that the overlap of the
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TABLE 1. The resonance complex-coordinate eigenvalues E
and the corresponding deviation from the exact value E as func-
tion of N, the number of the even-parity harmonic-oscillator
basis functions. ‘

N E ‘ |E—E|

5 2.130049 1—-0.020 965 6i 6.2 102
10 2.1269668—0.0153370i 2.5%10~*
15 2.1272254—0.015416 8i 4.1x10-3
20 2.127 196 7—0.015 460 8i 1.3%x 103
25 2.1271962—0.015419 5 5.5%10¢
30 2.1271971—0.015449 7 2.4x10~¢
35 2.1271975—0.015446 3 1.1 10~¢
45 2.1271973—0.015447 3i ~0

exact wave function with {X;| will be much greater than
the overlap with the “residual’” function (X, |.

If H is the complex-coordinate Hamiltonian H(re'®)
then®

([(H—E)p]* | (H—E)¢)
(¢* | ¢)

[(S|R)|=

=lo.|?, (25)

(S|S)=(R|R)
= | ((H-E)p|(H—-E)$)/{* )|

=% (]} /{e*| )|~ (26)

and therefore from Egs. (24)—(26) we get that if
E={(¢*|H |¢)/{¢*|¢) is obtained by the complex-
coordinate method then :

NE—E|<|oc| <o |{s|d)/(¢*6)|'*. (@D

It has been shown on the basis of the Hermitian represen-
tation of the complex-coordinate method’ that

| E —E | >min(oy) (28)
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FIG. 1. The bounds |o.| (denoted by @) of the resonance
complex-coordinate eigenvalue and | E —E | (denoted by A) for
the model Hamiltonian given in Eq. (30), as function of 1/N,
the reciprocal of the number of basis functions.
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FIG. 2. Bounds of the estimate complex-coordinate reso-
nance eigenvalue E, obtained for N even-parity harmonicoscil-
lator basis functions. E are indicated by the signs ¢ -+ ** and the
exact value E by a dot. The dashed areas give an optimal esti-
mate of the resonance location.

where ‘min(oy) implies 80y /8¢=0 for fixed E [ie.,
min(oy) is the lowest eigenvalue of (H—E Y*(H—E)]
We can summarize it by the following inequality:

min(og)< |E—E| <|o.|
<og|{s|8)/(d*|)|%. (29

An illustrative numerical example.
model Hamiltonian

A=

The following

2
Ll d L (1x2—0.8)exp(~0.1x1)+0.8, (30)
2 dx

which exhibits predissociation resonances has been used
previously to illustrate the variational calculations by the
complex-coordinate method? and by the Hermitian repre-
sentation of the complex-coordinate method.”® As a
basis set we used even-parity harmonic-oscillator wave
functions. The potential matrix elements were obtained
by using the Harris, Harrington, Luintz and Gwinn
method® which was adverted by Dickinson and Certain to
be equivalent to Gaussian quadratures.” The matrix ele-
ments of B 2=H1H and B *A=H *1H were obtained by
using the approximate resolution of the identity
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FIG. 3. |C,/Cy| vs number of basis functions. | C,/C, | is
defined in the text in Eq. (15).

~ ! '
i~ S [k)K| 31)
k=0

and [ is large enough such that the [o,]|, oy, and
min(oy ) are obtained to 6 digits of accuracy.

In the first step of the calculations, a resonance position
E, and width I', which are associated with the complex-
coordinate eigenvalue E =E, —i/2I" and the correspond-
ing eigenfunction ¢, were obtained at a fixed rotation an-
gle 8=0.275 rad (optimal for N =S5) as a function of the
number N of basis functions. From the results which are
presented in Table I one can see that for 10 basis func-
tions, for example, a good estimate of the resonance posi-
tion and width are obtained. However, as one can see
from the results presented in Fig. 1, the bound |o,| ob-
tained for the same 10 even-parity basis functions is quite
poor (in Fig. 1, o5 | (¢ |¢)/{s* | $) | !/? values coincide
with [0, |). This result could be expected since (in the
case of Hermitian Hamiltonian), the usual experience is
that good lower bounds are obtained only for relatively
large basis sets. As shown in Fig. 2, the bound
A=min(oy), together with the lower bounds which are
presented in this paper for non-Hermitian Hamiltonians
yield an improvement of the error estimate for the reso-
nance position and width. Finally, the condition given in
Eq. (22) which should be satisfied if the new bounds are
used are easy to fulfill as it is shown in Fig. 3. (Note that
| C3/Cy | <1 for any value of N > 1.)
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