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Non-homogeneity of adsorption sites is shown, by a model calculation, to account for a non- 
monotonic temperature dependence of the isotope separation factor a in adsorption of a monoatomic 
gas on a solid adsorbent. Such a non-monotonic dependence was experimentally observed by Purer, 
Kaplan and Smith. 

The model calculation shows that a non-monotonic temperature dependence of a arises when 
there are two types of adsorption site, one for which the energy of interaction with the adsorbed atom 
is characterized by a shallow but narrow potential well and the other for which the well is deeper and 
wider. It is also shown that wide holes or planar sections in the solid adsorbent and narrow holes 
correspond, respectively, to these two types of adsorption site which exist when the adsorbent is a 
porous glass. 

1. INTRODUCTION 

The statistical mechanical theory of isotope effects in condensed phases has success- 
fully explained the process of evaporation from pure liquids and dilute 
Use of this theory yields satisfactory calculated isotope separation factors for chemical 
exchange processes, distillation, exchange distillation and adsorption. The isotopic 
effect in the methanelwet glass system is well described by the statistical modeL4 

In these cases and many others, the inverse isotopic effect (i.e. the vapour pressure 
of the heavy isotope in the condensed phase exceeds that of the lighter one) and the 
non-monotonic temperature dependence of the isotope effect was ascribed to the 
difference in the internal vibrations of the molecule in the gas and in the condensed 
phases. However, since there are no internal vibrations in the case of adsorption of 
atoms one should expect only a monotonically decreasing dependence of the isotope 
effect on temperature. 

For adsorption of an atom that performs three harmonic vibrations, we can write : 
3 

ext 
a = K’/K = n(u/u’)exp[(u‘ - u),,/2] x [ 1 - exp(uLd)J/[ I - exp( - uaJ] (1) 

where K and K‘ are the respective equilibrium constants of the heavy and light isotopes : 
condensed phase + gas phase reactions. The value of u is given by : u hvjkT. 
The prime refers to the light isotope. 

For low temperatures hv/kT + 1 (as in our case) and the following approximations 
can be made : 

(a) that the excitation term in eqn (1) can be omitted since : 
El -exp(-u’,,)ll[l -exp(-Uad)l 25 1 ; 
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Israel. 

1830 

D
ow

nl
oa

de
d 

by
 T

ec
hn

io
n 

- 
Is

ra
el

 I
ns

tit
ut

e 
of

 T
ec

hn
ol

og
y 

on
 2

8 
M

ar
ch

 2
01

1
Pu

bl
is

he
d 

on
 0

1 
Ja

nu
ar

y 
19

75
 o

n 
ht

tp
://

pu
bs

.r
sc

.o
rg

 | 
do

i:1
0.

10
39

/F
19

75
71

01
83

0
View Online

http://dx.doi.org/10.1039/f19757101830


N. MOISEYEV 

(b) that the variations are harmonic. Recalling that 
the reduced mass p is equal to the atom mass m, we can 

1 -  
v = - J f / m  

2n: 
where v is the frequency andfis the force constant. 
Rewriting eqn (1) we obtain : 

1831 

for atom/surface interaction 
write : 

We observe from eqn (2) that a is a monotonically decreasing function of the tempera- 
ture. Inclusion of the excitation term does not affect the nature of a against z. 
Consequently, the experimental results of Purer, Kaplan and Smith are quite un- 
expected. They observed a non-monotonic temperature dependence of the isotope 
separation factor in neon [see fig. 2 of ref. (7) ; reproduced as " full curve '' in fig. 11. 
Since the low temperature results shown on the curve are not directly measureable,' 
the maximum must be viewed with reserve, the isotope effect curve in the experimentally 
accessible high-temperature region is clearly concave downward. 

In the next section it is shown that the observed temperature dependence does not 
contradict Bigeleisen's isotope effect theory, provided more than one type of adsorption 
site is considered. 

In section 3 it is shown that the mathematical properties of the potentials which 
emerge from the analysis are consistent with the porous surface structure of the glass 
adsorbent. 

2. ISOTOPE EFFECT IN ADSORPTION OF ATOMS ON NON-HOMOGENEOUS 
ADSORPTION SITES 

In gas chromatography, the isotopic separation factor a is experimentally deter- 

(3) 
mined from the relation : 

where z and z' are the net retention times of the isotopes in the adsorbed phase. 
Suppose we have M different types of adsorption sites, type i being characterized by 
specific retention times ti and ti. Then, if Ni is the number of sites of type i in the 
column, we can write : 

01 = zfJz = K'JK 

M M _ _  ._ 

z = Niti and z' = Nit: 
i =  1 i =  1 

Substituting into eqn (3) : 
M I M  

a = c Niti/  c Nit;. 
i =  1 i =  1 

(4) 

a can become a non-monotonic function of the temperature for the simplified case 
where M = 2. 
With M = 2 we have from eqn (4) : 

N l t l  +Nzt2 
N, t ;  +&ti' a =  ( 5 )  

Define 
S ,  = t J t ;  and S2 = t 2 / t i  
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1832 ISOTOPE EFFECT ON PHYSICAL ADSORPTION 

as the isotopic separation factors on sites 1 and 2 respectively. Also define 

Substituting into eqn (5) we obtain : 
R N2/NI. 

s,(t;lt>> +RS2 
( t i l t 2  + R 

a =  

(7) 

Let Tand TZk be two temperatures, so that T > 7'* and let us examine the variation 
of a* against a. 
Substituting into eqn (8) we have : 

which, upon rearrangement, yields 

where : 
AR2 + BR + C against 0 

A = (Sg - SJ 
B = (t;/t;)*(SF -S2)-(t;lt>)(S, - Sz)  
c = (t;/t;)(z;/t$)*(sT- S,) .  

(9) 

S1, Sr, S, and S,* may be explicitly expressed by use of eqn (2), which involves three 
modes of vibrations on the adsorption site. However, the complexity of the problem 
is reduced if we consider only vibration vertical to the surface. 

Thus : 

Arbitrarily assuming that fl > f 2  we can write the inequalities : 
S1 > S2 and ST > S,*. 

Since S itself is a monotonically decreasing function of the temperature [eqn (lo), 
(1 l)], we can write : 

From these inequalities : 

Hence, the coefficients A and C in expression (9) are positive. If B is positive too, 
then AR2 + BR + C > 0 and a is a monotonically decreasing function of T. However, 
if B is negative then AR2 +BR+ C may be negative. In this case 01 increases when 
the temperature is raised from T* to T ;  over a sufficiently wide temperature range, 
a will exhibit a non-monotonic temperature dependence. 

Sf > S1 and S,* > S2. (12) 

(13) sT- s2 > s1- s;. 

Inequality (1 3) implies that B may become negative if 
(W9* < (tilti). 

Our efforts will therefore be devoted to examining the conditions under which the 
function (t i  It;) is an increasing function of the temperature. 

ANALYSIS OF THE F U N C T I O N  (t i l t;)  
It is assumed that on every type of adsorption site i, there occurs the reaction 

(ads), + (gas) 
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N. MOISEYEV 1833 

with equilibrium constants Kl for the heavier isotope, and K ;  for the lighter isotope. 
Let t ,  be the retention time of an inert gas in the column, Vg the volume of cavities 
in the column, and VSI the volume (or area, depending on the units of Ki) of an 
adsorption site of type i. 

Ki  =-- '' t g  and 
Ki ti 

The functions ( t i l t ; )  and ( t l / t z )  can then be written as follows : 

The ratio of equilibrium constants for the lighter isotope on the two types of sites 
is given by : 

where Uol and U,, are the depths of the potential wells for the adsorption on sites 1 
and 2, respectively. An arbitrary choice, fl > f2, implies that ui --uh > 0. From 
eqn (15) we can distinguish between two cases : 

In the first, since Uo < 0, we have : 

When IAU,l > (Ui-ui)kT then K i  > K; increases with T and ( t i l t ; )  decreases 
[eqn (14)]. When AUo > 0, Ki/Ki decreases with T, and ( t i l t ; )  increases. We 
can draw the following conclusions. 

(a) If the interaction of an atom with a site of type 1 is characterized by a narrow 
and deep potential energy well, and the interaction with a site of type 2, by a wide 
and shallow well, a will be a monotonically decreasing function of the temperature. 

(b) If the interaction on a site of type 1 is characterized by a narrow but shallow 
potential well and that on site of type 2 by a wide but deep one, a may become a 
non-monotonic function of T. This conclusion can be substantiated by a calculation 
of a as a function of T. 

IUOll > IUOZl and IUOll < I U O Z l .  

AUo 3 Uo1-Uoz < 0. 

By substituting eqn (6), (7), (14), into (8) we write : 

where r is a weighted ratio of the site sizes : 

Eqn (16) expresses a as the isotopic separation factor for type 1 sites corrected for 
the presence of type 2 sites, i.e., corrected for the effect of non-homogeneity of the 
adsorption sites. Introducing eqn (10) and (15) into (16) yields a as a function of 
temperature, and of the parametersf,, f2, Avo and P. 

From the resulting function and the experimental observation that 

(g) = o  
T=19.4K 
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1834 ISOTOPE EFFECT ON PHYSICAL ADSORPTION 

we can express r in eqn (16) in terms of AUo, fl and f-. Since S1 and the ratios of 
equilibrium constants in eqn (16) can be expressed in terms of the same parameters 
[eqn (lo), (15)], the temperature dependence of a can be obtained in terms of AUo, 
f .  andfz. 

An estimated value of AUo, in the range of 0-4 kcal mo1-I was obtained from data 
on physical adsorption of atoms.8 Estimated values of force constants ( N 1.8 x lo3 
erg ern-') were derived from fitting eqn (2) to isotope effect data for the vapour 
pressure of liquid 

l . o o T - - ' - -  - - - -  ------_- '..... 
l . . l . . I . .  

9.0 15.0 21.0 27.0 33.0 

T/K 
FXG. 1.-Separation factor for neon isotopes plotted against T; non-monotonic full curve, experi- 
mental.' Monotonic full curve, calculated from eqn (2) :fi = 5.38 lo3 erg cm-2. The dashed curves, 
dculated from eqn (16), with : - - -, fi = 1.534 lo3 erg cm-2, f2 = 0.072 lo3 erg cm-2, Auo = 3.74 
kcal mole-' ; - -, f1 = 0.752 lo3 erg cm-2, f2 = 0.023 lo3 erg cm-2 Auo = 3.86 kcal mole-1 ; - . . -, 
f r  = 0.507 lo3 erg em-', f3 = 0.016 lo3 erg Auo = 3.94 kcal mole-l ; . . . . , fl = 0.195 lo3 erg 

cm-', f2 = 0.015 lo3 erg cm-2, Auo = 3.93 kcal mole-I. D
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N. MOISEYEV 1835 

a is most sensitive to the 
values of these parameters at temperatures below 15 K. However, in the temperature 
range where experiments were carried out,' various combinations of fi, fi and A U, 
practically converge to the same values of a. In the next section it is shown that 
holes in the adsorbing solid can furnish the two types of sites required for a non- 
monotonic dependence of a on T. 

Fig. 1 shows four calculated curves of CI against T. 

3. INFLUENCE OF SURFACE STRUCTURE ON THE INTERACTION 
BETWEEN THE ADSORBED ATOM A N D  THE SURFACE 

Assume that the adsorbing surface has " gaussian holes " of various dimensions 
(see fig. 2) .  The cross-section through the symmetry axis of a hole is described by 

where H is the depth of the hole and J1/B is a measure of its width. 
Let u(p) be the potential energy of interaction between a neon atom and a molecule 

in the adsorbing solid, at a distance p from each other. The potential energy of 
interaction between a neon atom on the symmetry axis of the hole, at a height 2 from 
the bottom, and a planar section of the adsorbent, of thickness dZ' and at a height 2' 
from the bottom of the hole, is then given by : 

Z = H(l -e-flx2) 

where, 

I' a = [--ln(l-Z',H)], 1 6 b = [(z-Z')2--ln(l-Zf/H) 1 
P P 

and n is the density of molecules in the adsorbent. 
Let u(p) be expressed as a Lennard-Jones potential : 

2&p"6 
d P )  = -6 + p'2 * 

P 
Substituting eqn (1 8) into (17) and integrating : 

&p*%n dZ' &p*12nn dZ' 
V ( Z - 2 ' )  = - + [ ( Z  - 2')' -(l/P) ln(1- Z'/H)J2 5[(Z - Z')2 - (l/P) ln(1- Z'/H)I5* 
The total energy of interaction between the neon atom and the adsorbent is finally 

given by 

where the second term on the right hand side expresses the energy of interaction with 
the mass of adsorbent below the bottom of the hole 

Eqn (19) and its second derivative, with respect to 2, were evaluated numerically 
for parameters e,  n and p* corresponding to a condensed neon adsorbent.l* Fig. 3 
shows the minimum value of U(2) denoted by U,, and half the second derivative at 
the minimum, which is the force constant for a vibration along 2 for 10 deep holes 
of varying widths W [defined as the diameter of the hole at half its depth; W -= 

An infinitely wide pore (W = 00) is, of course, a planar surface. As the pore 
width is decreased from infinity, the interaction energy increases. For a narrow hole 

(41~3)*1. 
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1836 ISOTOPE EFFECT ON P H Y S I C A L  A D S O R P T I O N  

the vertical motion in the hole is associated with small changes in the energy, so that 
the force constant for such vertical vibration is low in spite of the strong interaction. 
As the hole becomes comparable in width with the collision diameter of the adsorbed 
atom the position of minimum energy is shifted upwards. This shift upwards starts 
at a hole width of - 10 A, as at this width the radius of curvature at the bottom of 
the hole (1/2PH = W2/(8Hln2) 21 3 A) is small enough to appreciably push the atom 
upwards. As the pore width shrinks to zero the adsorbed atom finds itself on the 
planar surface of the adsorbent, in an infinitely wide pore. The minimum is located 
at a distance H+Zo from the bottom of the reduced pore, where Zo is the location 
of the minimum for the infinitely wide pore, because the planar surface of the bulk 
adsorbent is located at 2 = H in the coordinate system chosen, in which the planar 
surface of an infinitely wide pore is at 2 = 0. 

WlA 
FIG. 3.-Variation off', uo and Zmjn as functions of hole width W(for a 108, deep hole). 

This analysis is in agreement with the numerical results presented in fig. 3. 
(a) Zmin, varies from 2.38 A to H f 2 . 3 8  A. 
(b) For a narrow enough pore 

fhole < fplane since I UOlholc > I UOlplane. 
Consequently, a planar surface of the adsorbent or a wide pore, and a narrow pore 
(which are consistent with the porous surface structure of the adsorbent") represent 
respectively, the adsorption sites 1 and 2 that have been shown in the previous section 
to give rise to a non-monotonic temperature dependence of a (fig. 1). 

It is a pleasure to thank Dr A. Litan and to Prof. E. A. Halevi for their encourage- 
ment and helpful discussions. 
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