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ABSTRACT: In this work we show how and why the well-known Gaussian even-
tempered basis spans the Hilbert space evenly. This basis is thought to be chosen based
mainly on empirical results. However as shown here it can also be deduced based on
rigorous numerical ground using a Gram-Schmidt orthogonalization procedure.
© 2009 Wiley Periodicals, Inc. Int J Quantum Chem 109: 2996–3002, 2009
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Introduction

S ince being proposed by Boys in 1950 [1],
Gaussian basis sets have been widely used in

electronic structure calculations. Gaussian basis sets
made ab-initio calculations feasible by allowing an-
alytical evaluations of certain integrals necessary
for the calculations. Still a many electron Self Con-
sistent field (SCF) computation scales as N4 where
N is the number of basis functions. This enforces a
strict limit on the number of basis functions that can
be used in the computation. The use of Gaussians as

basis functions can also lead to a (quasi-)linear de-
pendence between the different basis functions. The
linear dependence is a consequence of the use of a
nonorthogonal basis set. It is imperative that one
avoids such a situation in any calculation since it
makes the calculation numerically unstable.

The above two reasons led to a nonlinear expo-
nent optimization of the Gaussian functions. An
optimization procedure in which all the exponents
of the primitive functions are optimized is ex-
tremely time consuming and can be done in prac-
tice only to a limited number of primitive functions
at a time. To avoid full optimization many methods
where devised to fit some functional for the Gauss-
ian exponents that will give results close to fully
optimized basis while at the same time will have
much less optimization parameters. The first sug-
gested functional was named even-tempered [2, 3]
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with only two optimization parameters. Other
functionals with more optimization parameters
where proposed, among them are: well-tempered
sets [4], the Klobukowskis’ expansion of exponents
as a polynomial [5], and the Petersson and Zhong
expansion using Legendre polynomials [6]. All of
these methods try and match some functional form
to the exponents, hoping that given sufficient pa-
rameters one can get closer to the SCF limit while
avoiding the need to fully optimize all the expo-
nents. Despite the additional parameters of other
functionals, the even-tempered basis is still consid-
ered to be the one that spans the Hilbert space most
evenly.

The need to avoid exponent optimization for
each new problem has forwarded the use of con-
tracted basis functions which are formed from the
superposition of several optimized primitive gaus-
sian functions. The optimization of the primitive
function’s exponents is usually done to fit a certain
property of the studied problem, e.g., minimum
energy, asymptotic form of the wavefunction, etc..
The optimization is therefore problem dependent
and today one can find such contracted functions
for most atoms in the periodic table. However,
these contracted functions are mostly optimized
such that they minimize the ground state energy
and thus are usually good for describing localized
states. However, if one wishes to describe delocal-
ized states, in particular resonance states, one has to
add to the contracted basis functions additional
delocalized Gaussian functions. (see [7–12]). If one
wishes to avoid exponents optimization and to
avoid the need for information on the specific prob-
lem the even-tempered basis set will often be the
best choice.

Reeves and Harrison [3] were the first to suggest
the even-tempered Gaussian basis set based on in-
tuitive reasoning. Later this basis was proposed
again by Ruedenberg et al.[2] This time it was based
on the empirical observation that when full optimi-
zation is performed the optimized exponents ob-
tained follow an almost straight line on the loga-
rithmic scale. The exponents in the even-tempered
set also form such a straight line, reducing the
number of parameters to optimize to two. For ex-
ample, consider an even tempered set made of N
s-type Gaussian functions:

Gk�r� � �2�k

� �
3
4
e��kr2, (1)

where k � 1, 2, …..N and the exponents are chosen
as:

�k � �1�
k�1. (2)

Here the two parameters that should be optimized
are � and �1. The functional in Eq. (2) is applied also
for Gaussians of other angular momentum l � 0, 1,
2 (corresponding to s-, p-, d-orbitals). Recently, the
even-tempered Gaussian set has been shown to be
asymptotically complete [13] when taking �1 and �
to be functions of N as proposed by Schmidt and
Ruedenberg [14]. However, when � remains con-
stant it is possible to show that the even-tempered
basis is incomplete [15].

The overlap between two Gaussian functions
with the same angular momentum depends only on
the ratio between the exponents:

�Gk�Gk�� � � 2��k/�k�

1 � �k/�k�
�

2l�3
2

� cos�k,k�, (3)

where �k,k� is the angle between the functions. In
the even-tempered basis the ratio between two ad-
jacent exponents is the constant �. This property
was noted by Reeves and Harrison and made them
intuitively suggest that such constant overlap will
lead to even coverage of the Hilbert space. The
common explanation is that the overlap can be
considered as the cosine of the angle between the
functions. In the even-tempered basis this angle is
constant, i.e. cos�k,k�1 is independent of k. If one
would like to decrease the overlap between adja-
cent functions this would necessarily increase the
overlap with a different function. This point will be
elaborated later. Thus, the even tempered sequence
of Gaussian exponents gives the largest value for
the minimum angle between adjacent functions.
This results in an even coverage of the space. How-
ever in what sense the coverage is even or why the
last statements is true beside its intuitive nature,
has never been demonstrated.

In this work we show how and why the even-
tempered basis spans the Hilbert space evenly, tak-
ing the explanation given above one step further.
We begin with a general, problem independent
method of choosing a Gaussian set in a given inter-
val and then use the results to prove that the most
even representation of the space is obtained when
using the even-tempered basis. Our initial analysis
is problem independent and therefore we concen-
trate on the overlap of the functions. Afterwards we
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extend the method and examine also the question
of exponent selection for Gaussian basis sets for a
more general metric. This gives further insight into
the extensively used even-tempered basis set.

Suppose one wishes to construct a basis set com-
posed of N one-dimensional s-type Gaussian func-
tions: Gk�x� � �2�k/��1/4e��kx2, whose exponents are
to be chosen in the interval �k�3 � 	�1,�2
. For sim-
plicity, we shall restrict ourselves to s-type Gauss-
ian functions while the extension to p- and d-type
functions is straightforward. Since the overlap inte-
grals treated here are separable in cartesian coordi-
nates it is sufficient to carry out our analysis in the
one-dimensional case. In principle the value of �1
should be equal to zero in order to describe the long
range exponential decay, and �2 � � in order to
describe the cusp at the nuclei [16]. Of course in real
calculations in order to prevent the overlap matrix
from becoming singular due to the limited accuracy
of the numerical calculations, �1 should be a small
number (but not zero value) and �2 should get very
large value but not infinitely large. The questions
how small �1 and how large �2 should be are out of
the scope of the present study.

Let us start with the first nontrivial case in which
one wishes to use only three Gaussian functions,
i.e., N � 3. Two exponents are immediately chosen
to be �1 and �2, but what of the third exponent?
What is the best choice for the third exponent so
that the resulting Gaussian functions will best rep-
resent the space between [�1, �2]?

Here we propose to use the Gram-Schmidt or-
thogonalization (GSO) procedure to determine the
third exponent. The GSO tells us how to construct
three orthogonal functions from our three Gaussian
functions. Once the first two Gaussian functions
have been orthogonalized, the third orthogonal
function needs to be found. Let us denote the or-
thogonal set by �k, where k � 1,…..,N. The orthog-
onal functions can be found from the following
prescription

�1� x� � G1� x�

�k� x� � Gk� x� 	 �
p�1

k�1��p�Gk�

Np
�p� x�. (4)

Note that with exception to �1, the new orthog-
onal functions are not normalized and their norm is
given by:

Nk � ��k��k�. (5)

As can be seen from Eq. (4) the major benefit in
the GSO process is that it allows for a step by step
selection of the Gaussian basis functions and the
construction of the corresponding orthogonal basis
functions.

We choose the next exponent such that it maxi-
mizes the norm of the newly constructed orthogo-
nal function. This criterion allows the addition of
the function that is the least linearly dependent on
all the orthogonal functions and therefore also on
all the previously chosen Gaussian functions in the
set. This criterion is also equivalent to adding of a
function that contributes the most to describing a
missing part of the space, as will be explained be-
low. The resulting norm as a function of �3 is de-
picted in Figure 1(a). As can be seen in Figure 1(a),
the maximal norm occurs just in the middle of
the logarithmic � axis, i.e., at �3 � 10(log10�1�log10�2)/2

� ��2�1 hereby dividing the logarithmic � axis into
two.

One can now continue this process and add more
Gaussian functions into the nonorthogonal basis.
With each Gaussian added, the Gaussian’s expo-
nent is optimized by choosing the exponent which
gives the maximal norm of the newly constructed
orthogonal function.

The norm can be calculated from the previous
orthogonalized functions using the following for-
mula:

Nk � ��k��k� � 1 	 �
p�1

k�1 ���p�Gk��2

Np
. (6)

Or as proved in [17] it can also be calculated using:

Nk �
detSk

detSk�1
, (7)

where Sk is the overlap matrix of the k Gaussian
functions and Sk�1 is the overlap matrix of all Gaus-
sians except the one for which we calculate the
norm. This allows one to skip the actual orthogo-
nalization of the functions.

Figure 1 shows the results for the next few
Gaussian functions chosen using the maximal norm
criterion. Whenever there are several maxima with
the same height one is chosen arbitrarily while in all
other cases the global maximum is selected. Two
important features can be detected in Figure 1. First,
it is interesting that the � for which the maximal
norm is obtained seems to always divide the axis
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between two previous exponents into two on the
logarithmic scale. The second important feature is
that the maximal norm always appears in the larg-
est interval. Note that the value of the norm at the
maximum drops as more Gaussian functions are
chosen and the intervals between exponents be-
come smaller.

Figure 2 depicts the exponents chosen by the
GSO method described above for 14 Gaussian func-
tions in the interval: [�1 � 10�6, �2 � 10]. The
results clearly show that the maximal norm criteria
partitions the largest interval between two previ-
ously chosen exponents into equal segments on a
logarithmic scale.

The choice of maximal norm is equivalent to
adding the Gaussian that is least represented by the
existing orthogonal set, {�i}1

k�1, and therefore is the
least represented by the original Gaussian set,
{gi}1

k�1. We work in the overlap metric. The function

G̃k � �
p�1

k�1 ��p�Gk�

Np
�p (8)
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FIGURE 1. The norm–Nk, of the kth orthogonal (via Gram-Schmidt) basis function as a function of the Gaussian ex-
ponent �k lying in the interval [�1 � 10�6, �2 � 10]. The red dots represent exponents that are already in the basis
set. Note that the maximal norm appears in the centers of segments between existing exponents on the logarithmic
scale. Also the maximal value of the norm decreases significantly when the logarithmic segment becomes smaller.
[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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FIGURE 2. The optimal exponents chosen by the
maximal norm criteria in the order of their selection.
The results show that the maximal norm criteria parti-
tions the largest interval between two previously cho-
sen exponents into equal segments on a logarithmic
scale. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]
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is an approximation to the examined Gaussian, gk.
To evaluate the error of the approximation in the
overlap matric we look at [18, 19]

�k � �Gk�Gk� 	 �G̃k�G̃k� � �Gk 	 G̃k�Gk 	 G̃k� � Nk, (9)

as can be shown by simple substitution of Eq. (4).
Therefore our method searches for the Gaussian
that has the largest error in its representation using
the already existing functions in the set. The crite-
rion suggested above for selecting the k’th Gauss-
ian is therefore equivalent to looking for a Gaussian
that has a dominant contribution to the description
of the missing part of the space.

Keep in mind that the norm is inversely-propor-
tional to how well this function can be spanned by
the existing basis, and that the maximal norm value
is obtained for the exponent in the middle of the
largest segment on a logarithmic scale between two
existing exponents in the bases. We now use these
results to prove that the even-tempered basis spans
the Hilbert space evenly.

We now turn and examine an already existing
basis. We do not try to add functions to it but
simply to determine it’s properties using a norm
criterion. Eq. (7) is used in order to calculate the
norm.

Suppose one wishes to choose a basis of N func-
tions such that it will best represent any given
function. The exponents are allowed to be chosen
only in the range [�1, �2], however there are many
ways to choose exponents in this region. Which
basis of all those spans the space better? We ask if
we would have added another function to that
basis how much would it contribute. To answer this
we use the norm criterion. The higher the norm is
the less this function is represented. For a basis to
effectively span all Gaussians in this range we look
for the highest norm, as a function of the missing
exponent, to be as low as possible. Let us examine
the results presented in Figure 3. Two different
choices of four exponent Gaussian basis sets in the
region [�1 � 10�6, �2 � 10] have been selected. The
sets are represented by red dots. The even-tem-
pered with even intervals between exponents is
described in (a) and exponents selected using GSO
procedure are described in (b). In Figure 3 we show
the variation of the norm with an additional expo-
nent � � 	�1,�2
 that is not in the basis. Now we
address the question of which basis set spans the
Hilbert space better. It would be desirable to see in
which set there is a Gaussian that is poorly repre-

sented compered to the others. Such question can
be answered by looking at the norm of all functions
in the range [�1, �2]. Figure 3 shows that the max-
imal norm is smaller in the even-tempered case
than in the other set, rendering the representation
of the Hilbert space by the even-tempered basis
more even. This conclusion holds for any choice of
exponents in Figure 3(b).

In general for better representation of the space it
is advisable that the norm of a function that can be
added to the N base functions will be as small as
possible. Since the norm is proportional to the size
of the interval between existing exponents on the
logarithmic scale, it is best to avoid large segments.
The way to do so is to divide the logarithmic space
to even segments, meaning to use an even-tem-
pered basis set. Thus the even-tempered spans the
space evenly in the sense that there is no one par-
ticular Gaussian in the region that is extremely
poorly represented with respect to the other.

We now consider a generalization to our approach.
We started our discussion as a problem independent
analysis and as such it was done in the overlap metric
only. However, what would happen if we try to apply
it to a different metric? We can redefine the inner
product from �Gk�Gk�� to �Gk�Ô�Gk��, where Ô is a positive
definite operator. For example we examine here the
Coulombic metric which is of large interest in molec-
ular computations [18, 20]. We consider the three
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FIGURE 3. The norm of all Gaussians with exponents
in the range [�1 � 10�6, �2 � 10] for two different four
function basis sets. The exponents of the basis sets are
represented by red dots. (a) Even-tempered basis set
and (b) exponents selected using GSO procedure. The
even-tempered basis spans the space more evenly
since the maximal Nk of all possible missing Gaussians
is lower. Meaning there is no one particular Gaussian in
the range that is poorly represented with respect to
other. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]
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dimensional radial potential 1/r for s-type radial
Gaussian functions, however, the result are the same
for p-type and d-type as well. The inner product is
redefined as

�Gk�Gk�� � �Gk�1
r�Gk�� � 	

0

�

Gk

1
rGk�r2dr � 	

0

�

GkrGk�dr.

(10)

We repeat the same GSO process as before with
all Dirac brackets in Eqs. (4)–(6) replaced by round
brackets. In each step we wish to choose the Gauss-
ian that is least represented in the Coulombic metric
by the already existing functions in the basis. Hence
the criterion for selecting the exponents remains the
maximal norm, Nk. Note that the orthogonal func-
tions are still a linear combination of Gaussian func-
tions, however now the coefficients are different
than in the overlap metric case, giving different
weight to the Gaussian functions. Note also that �p,
�p� are orthogonal in the Coulombic metric, i.e.
��p�1/r��p�� � Np
p,p�.

The resulting norm as a function of the selected
exponent for the first few steps is depicted in
Figure 4. As can be seen in Figures 1 and 4, the
norm, Nk, as a function of the exponent, �, is not
the same when calculated using the Coulomb and
overlap metrics. Still two common features can be
identified. The maximal norm obtained partitions
the largest interval between two previously
chosen exponents into equal segments on a loga-
rithmic scale. Furthermore, just as with the norm
calculated in the overlap metric, the value of the
maximal norm decreases with the length of the
interval partitioned. These results indicate
that the basis that span the space most evenly in
the Coulombic metric is once more the well
known even-tempered basis. We further checked
the effect of different metrics of the form
�Gk�r��rm�Gk��r�� � 	0

�rmGkGk�dr. Up to m � 10 the
resulting norm retained the properties mentioned
above. This suggests that an even-tempered
selction of the exponents spans the space evenly
for any metric of the form �Gk�r��rm�Gk��r��.

To conclude, basis selection using Gram–
Schmidt sheds light on the behavior of the long
known even-tempered basis. It allows to prove that
indeed an even-tempered set spans the space
evenly and shows exactly the meaning of even ex-
pansion. Moreover we saw here that even-tem-
pered basis spans the space in the most even way

also in other metrics in particular in the Coulomb
metric. The fact that even-tempered Gaussian basis
spans reasonably well a variety of functions ex-
plains the empirical observation of Ruedenberg,
Raffennetti and Bardo that fully optimized expo-
nents for many different problems form almost
straight line on the logarithmic scale.
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