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By adding a negative imaginary potential of variable strength � to the Hamiltonian, the resonance
state of a system can be found as complex energy stabilized points in the �-trajectories of the
eigenvalues. One problem that arises in practical calculations is the appearance of nonphysical
complex energy stabilized points. A new method for separating the physical from the nonphysical
complex energy stabilized points is proposed. The method is best illustrated with strongly correlated
two-electron systems. © 2009 American Institute of Physics. �doi:10.1063/1.3271350�

I. INTRODUCTION

Electronic resonances are frequently encountered in the
study of autoionization, photodissociation, and electron-
molecule scattering processes.1–3 From the computational
point of view, there are several techniques to describe the
electronic resonance states of atomic and molecular systems.
Instead of extracting resonance energies and widths from the
energy dependent scattering cross section calculations, they
can be described as discrete eigenvalues of the Schrödinger
equation satisfying purely outgoing boundary conditions.
These eigenstates, which are called Siegert states, have com-
plex eigenvalues, E=Eres− i� /2, where Eres gives the posi-
tion of resonance and � gives the width of resonance. The
complex energy E is referred to as Siegert energy.2 In con-
trast to the bound states, because of the outgoing boundary
conditions, the Siegert eigenfunction diverges asymptoti-
cally, and this makes it difficult to use the bound state ab
initio methods for calculating the complex electronic ener-
gies. Nonetheless, over the past 30 years or so, several tech-
niques have been developed that enable one to calculate the
complex electronic energy solutions within the framework of
ab initio bound state methods. These methods are surveyed,
for example, in Refs. 2 and 4–14. Particularly powerful are
those approaches that utilize the concept of analytical con-
tinuation methods.8–10 The Siegert energy is the eigenvalue
of an analytically continued �non-Hermitian� Hamiltonian,
and the associated eigenfunctions are square integrable. Ana-
lytical continuation can be achieved, for example, by com-
plex scaling method.15,16 Though conceptually simple, com-
plex scaling is rather cumbersome to implement for
molecular electronic resonance states. Alternatively, analyti-
cal continuation is possible by using absorbing potential
methods.17,18 Several authors have addressed the problem of
how to construct an optimal absorbing potential for calculat-
ing the electronic resonance states.19–24 In general, they can

be divided into two general categories: the absorbing poten-
tials based on the artificial negative imaginary potentials
�NIPs�17,18,20 and the absorbing potentials derived from the
complex scaling based theories.22 Of relevance to the work
here is the NIP formalism.

Described so often as complex absorbing potential
�CAP� methods, the NIP methods are now considered to be
very reliable as well as an efficient method for calculating
molecular electronic resonance states.12,20 The popularity of
the NIPs stems mainly from the ease with which they are
implemented in the ab initio molecular electronic structure

codes: a negative imaginary one-electron potential, −i�Ŵ,
with the property of being zero in the interaction region is

simply added to the Hamiltonian, Ĥ, and the spectrum of the
non-Hermitian operator,

Ĥ��� = Ĥ − i�Ŵ , �1�

is determined as a function of the non-negative parameter �,

the so called NIP/CAP-strength. Ŵ is a local positive

semidefinite one-particle potential. A useful choice of Ŵ for
the ab initio calculation is described in Refs. 12 and 20. In a
complete basis set, analytical continuation is achieved by
letting � tend to 0+.20 However, for a finite basis set calcu-
lation � has to be optimized in order to obtain the best ap-
proximation to the Siegert energy of interest. The resonance
states are then identified as stabilized complex energy points
�slowing down of points� in the �-trajectories, i.e., a graphi-
cal search method for the stabilizations points is employed in
which the complex eigenvalues are plotted as a function of �
��-trajectories�.

Although the NIP method has produced accurate reso-
nance energies and widths for real systems, it can produce, in
practice, errors of two basic types: associated respectively
with the reflection of the outgoing wave from the absorbing
region25,26 and the nonphysical artificial stabilization points
in the �-trajectories. The first type of error has been studied
extensively and requires no further explanation. One method
to minimize this error is possible by smoothly turning on the
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potential at the asymptotic region. The second type of error,
which is associated with nonphysical stabilization points, has
not been widely discussed in the literature and can be more
subtle than the first. In a finite basis set calculation this error
can be understood as follows: resonance states can be viewed
as a bound state coupled to the continuum states. Adding a

NIP, −i�Ŵ, to the physical Hamiltonian, H, damps the out-
going part of the continuum wave functions contributing to
the resonance phenomena, which are thereby converted into
a bound eigenstate �resonance state� and continuum states of

Ĥ���, i.e., a resonance state is now associated with a single

square-integrable eigenfunction of Ĥ���. These states can
now be identified from a graphical search for the stabilized
points in the �-trajectories. However, in a finite square-
integrable basis set, nonphysical stabilization points may be
introduced in the �-trajectories corresponding to the poorly

approximated discretized continuum states of Ĥ���. This
problem will become even more troublesome in complicated
molecular systems when accurate resonance energies and
widths are not reported in the literature. Identifying the
physical resonance stabilization points is therefore a major
concern whenever NIPs are employed in the ab initio calcu-
lation. Toward this end, the purpose of this letter is to present
a method, which we found best for this purpose. It is also
worth to note here that the nonphysical stabilization points
associated with the poorly described Rydberg wave
functions27 are not mistaken for the physical resonance states
as the Rydberg states are placed energetically below the
threshold. On the other hand the physical resonance states
and the nonphysical stabilization points corresponding to the
discretized continuum states appear above the threshold.

II. CONTINUUM REMOVER-CAP

The basic physical idea underlying our approach is that

in the interaction region of the physical Hamiltonian, Ĥ, the
resonance wave function resembles a bound state, although
the outer part does not vanish asymptotically. The wave
function in the interaction region is kept unaffected by the
imaginary potential of the analytically continued Hamil-

tonian, Ĥ���, while the asymptotic exponential growing is

completely damped, i.e., due to an optimal NIP, �optŴ, the
resonance state is completely isolated from the rest of the
continuum spectra, and it behaves as a bound state wave

function in the interaction region of Ĥ���. In contrast, states

associated with the rest of the continuum spectra of Ĥ���
possess large amplitudes in the absorbing region, i.e., the
amplitude of the nonresonance eigenfunctions are not small
where the NIP is large. As a consequence, if one adds an
additional artificial real valued potential to the absorbing re-

gion of the Hamiltonian Ĥ− i�optŴ, the new asymptotically
damped �“bound”� resonance wave function will be insensi-
tive to such a potential when compared to the rest of the
continuum spectra. On the other hand, the nonphysical arti-
ficial stabilization points, which appear in the continuum

spectra of Ĥ���, will be significantly affected by the new real
valued potential. This should be visible in the graphical

search for the resonances and is the basis of the technique we
study. We refer to the real valued artificial potential enhanced
NIP as a continuum remover-CAP or CR-CAP.

To make the CR-CAP attractive it must be formulated in
a computational feasible way, and the transition from the NIP
to the CR-CAP should be smooth and straightforward. In
order to achieve these goals we define a CR-CAP Hamil-
tonian,

Ĥ��,�� = Ĥ + �� − i��Ŵ , �2�

where � can be zero, positive, or negative. The real part of

this potential, �Ŵ, also shares the property of the NIP, −i�Ŵ,
that it leaves the interaction region untouched and only

“turns on” asymptotically with the NIP. The potential Ŵ used
in the real part can be, in general, different from that used for
the NIP. However, the form of CR-CAP selected in Eq. �2�
brings computational advantages in the numerical calcula-
tions.

A few points need to be made regarding the computa-
tional procedure for optimizing the CR-CAP parameters
�“turn on” points and �� in a finite basis set calculation for
resonance energies and widths. The turn on points and �
parameters of the CR-CAP are optimized essentially in the
same way as that of NIP.11 One must start the procedure with
the �-trajectory spectra generation using the NIP method,
whereupon one can identify stabilized eigenvalues, which
may safely be omitted using subsequent generation of
�-trajectory spectrum from CR-CAP method for a few se-
lected values of �. It is also important to note that the real
part of the CR-CAP is added only to identify the resonance
stabilization points, and there is usually no need to optimize
the potential strength � during the procedure.

One should also note that we are not the first to add an
artificial real valued potential to a CAP. In Refs. 28 and 29
this has been done, however, with a completely different in-
tention. �1�The role of our real valued CR potential is to
remove the nonphysical stabilization points and identify the
“correct” resonance stabilization points, whereas Refs. 28
and 29 used an accelerating potential in order to make an
efficient absorption of the outgoing particle. �2� Our potential
can take negative or positive valued strength parameter �see,
for example, Figs. 1 and 2�, whereas Refs. 28 and 29 use a
negative real part to accelerate the outgoing electron. The
negative real part used in Ref. 28 serves to decrease the de
Broglie wavelength, and therefore the width of the required
absorbing region.

A. Numerical tests

To demonstrate that the proposed CR-CAP works and is
efficient, in the following, we present the numerical calcula-
tion for the lowest doubly excited 1S resonance states of
helium �He� and the lowest doubly excited 1�g

+ resonance
state of molecular hydrogen �H2�. On the theoretical side, the
study of these strongly correlated two-electron excited au-
toionizing states has a long history.14,30–32 The increasing
computing power together with well adapted basis sets for
the two-electron systems permits the use of highest level of
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ab initio theory; exact diagonalization �full configuration in-
teraction �FCI�� method.

We would like to use the CR-CAP procedure in the same
way as one commonly uses the NIP procedure in ab initio
calculation of molecular resonances: we have chosen to use a
box-shaped CR-CAP and also a graphical search to identify
the resonance trajectories. The potential used in this study is
of the very often used box-shaped potential of the form11

W�x� = �
i=1

3

Wi�xi� , �3�

Wi�xi� = ��xi + Ci�2, xi � − Ci

0, xi � Ci

�xi − Ci�2, xi � Ci,
� �4�

where C is the ‘turn on’ point of the potential. The CR-CAP
boxes for He and H2 are set up by Cx=Cy =Cz=C and Cx

=Cy = �Cz−R /2�=C, respectively, where H2 is placed along
the z axis and R is the internuclear distance selected �which
is 1.4 a.u.� for H2. We now briefly outline the procedure for
computing the complex eigenvalues of the non-Hermitian

Hamiltonian, Ĥ�� ,��, for a particular value of �, �, C, and R
values. The complex eigenvalues for He and H2 are calcu-
lated using exact diagonalization of a complex symmetric
matrix �FCI method� over a two-electron determinant basis

set. The two-electron determinant basis set has been gener-
ated using the effective one-electron orbital solutions from
Hartree–Fock calculations. An atom centered one-electron
aug-cc-PVQZ basis set has been employed for the Hartree–
Fock calculation. In the case of He, the aug-cc-PVQZ basis
set is further augmented with a set of even-tempered Gauss-
ian basis functions. The exponents of the even-tempered ba-
sis functions are calculated using

�i
s/p/d = �	s/p/d��1/Ns/p/d��i−1

s/p/d, �5�

where �1
s/p/d is the exponent of the most diffused function in

the aug-cc-PVQZ basis, Ns=16, Np=6, Nd=4 m 	s=0.001,
	p=0.005, and 	d=0.01 are used.

A comparative study of the complex eigenvalue
spectrum, which is obtained using the NIP and the CR-CAP,
for He and H2 molecule are shown in Figs. 1 and 2,
respectively. The resonance energy parameters for He
�Eres=−0.7772 a.u. and �=0.0034 a.u.� and H2 �Eres

=−0.1050 a.u. and �=0.0178 a.u.� are in good agreement
with the previous theoretical works.14,31

Let us now discuss the results obtained from the
CR-CAP method. For separating the resonance stabilization
points from a set of nonphysical stabilization points, the ba-
sic idea behind the CR-CAP is crucial: the resonance stabi-
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FIG. 1. �-trajectories corresponding to the totally symmetric singlet states
of He. The results are obtained by exact diagonalization of the CR-CAP
perturbed atomic Hamiltonian �see Eq. �2��. An optimized box parameter
C=7.5 a.u. is used in the calculation. The resonance energy of interest is
marked by a red arrow. A few examples of nonphysical stabilization points
are marked by blue arrows. The nonphysical stabilization points gradually
disappear as −� grows. The small box shows a zoomed view of the reso-
nance �-trajectories. Although each resonance trajectories has its own char-
acteristics, all trajectories stabilize visibly at the same complex energy. The
results clearly indicate that the resonance stabilization points are little influ-

enced by the real part of the CR-CAP potential �Ŵ.
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FIG. 2. �-trajectories corresponding to 1�g states of �H2� molecule. The
results are obtained by exact diagonalization of the CR-CAP perturbed mo-
lecular Hamiltonian for a fixed internuclear separation, which is taken as 1.4
a.u. in our calculation. An optimized box parameter C=6.0 a.u. is used in
the calculation. The resonance energy of interest is marked by a red arrow.
A few examples of nonphysical stabilization points are marked by blue
arrows. The nonphysical stabilization points gradually disappear as ���
grows. The small box shows a zoomed view of the resonance �-trajectories.
Although each resonance trajectories has its own characteristics, all trajec-
tories stabilize at the same complex energy. The results clearly indicate that
the resonance stabilization points are insensitive to the real part of the CR-

CAP potential �Ŵ. The resonance �-trajectory of the pure imaginary case
�NIP� shows an additional nonphysical stabilization point.
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lization points from the NIP method are less influenced by
the addition of a real valued CR potential. For the sake of
simplicity, we now focus only on lowest resonance
�-trajectory and the continuum �-trajectories below the low-
est resonance states. As one can see from Figs. 1 and 2 that
there are many nonphysical stabilization points in the NIP
calculation for the continuum region below and even more so
above the lowest resonance state. A few examples of non-
physical stabilization points are marked in Figs. 1 and 2. As
we go from the NIP to the CR-CAP and increase ���, these
nonphysical stabilization points start moving away from their
original position while keeping the resonance trajectories un-
affected. Physical stabilization points that appear in the reso-
nance � trajectories show similar convergence behavior for a
wide range of �, ranging from positive to negative values.
The resonance trajectories shown in the small boxes in Figs.
1 and 2 show the characteristic behavior of resonance
�-trajectories for various CR potential strengths �. Compar-
ing the NIP and the CR-CAP results, it is now apparent that
the trajectories differ significantly in the region where � is
smaller than the optimal � values. As soon as the NIP
strength � becomes equal or stronger than the optimal val-
ues, the NIP trajectories and the CR-CAP trajectories follow
the same behavior. From this result we can infer that by
adding a pure imaginary CAP with the optimal CAP strength
to the Hamiltonian, one perfectly damps the amplitude of the
resonance wave function over the absorbing region, and
hence the real part of the CR-CAP does not influence the
�-trajectories for the � values, which are larger than the �opt.
On the other hand, the wave functions contributing to the
nonphysical stabilization points are not completely damped
by the NIP potential, and they are very sensitive to the real
part of the CR potential. We end this section with the obser-
vation that the CR-CAP helps to find the physical stabiliza-
tion points in the complex energy plane.

III. CONCLUDING REMARKS

The popular L2 way to determine resonance position and
widths requires adding a NIP to the Hamiltonian and com-
puting eigenvalues of the complex symmetric matrix as a
function of the NIP strength parameter. This entails doing a
graphical search for the complex energy stabilized points. In
this method, there is a serious problem of separating the
physical stabilization points from the large number of non-
physical stabilization points that also occur. Instead of using
a general NIP procedure, we used a CR-CAP procedure that
we found useful to deal with such difficulties. The real val-
ued potential added to the NIP for this purpose shares the
property of the NIP that it leaves the interaction region un-
touched and only turns on asymptotically with the NIP. This
property also helps us to explore a route where minimal extra

computational effort is being utilized to achieve our goal.

Those eigenvales of Ĥ− i�Ŵ that correspond to the bound

and resonance states of the physical Hamiltonian, Ĥ, are in-
sensitive to the real valued potential added to the absorbing

region of Ĥ− i�Ŵ, whereas those corresponding to the scat-

tering states of Ĥ− i�Ŵ change significantly. Our results es-
tablish that once the �-trajectories has been generated, the
CR-CAP procedure is capable of identifying the physical
resonances of complex systems.

ACKNOWLEDGMENTS

One of the authors �Y.S.� thanks the Alexander von
Humboldt-Stiftung for financial support. Financial support
by the DFG is acknowledged. N.M. acknowledges the ISF,
under Grant No. 96/07, for a partial financial support.
The authors are grateful for discussions with Professor
H.-D. Meyer.

1 Resonances in Electron-Molecule Scattering, Van der Waals Complexes
and Reactive Chemical Dynamics, Symposium Series No. 263, edited by
D. G. Truhlar �American Chemical Society, Washington, D.C., 1984�.

2 V. I. Kukulin, V. M. Krasnopol’sky, and J. Horácěk, Theory of Reso-
nances �Kluwer Academic, Dordrecht, 1989�.

3 T. P. Grozdanov, L. Andric, and R. McCarroll, J. Chem. Phys. 124,
094303 �2006�.

4 A. U. Hazi and H. S. Taylor, Phys. Rev. A 1, 1109 �1970�.
5 C. H. Maier, L. S. Cederbaum, and W. Domcke, J. Phys. B 13, L119
�1980�.

6 J. Simons, J. Chem. Phys. 75, 2465 �1981�.
7 C. W. McCurdy and J. F. McNutt, Chem. Phys. Lett. 94, 306 �1983�.
8 W. P. Reinhardt, Annu. Rev. Phys. Chem. 33, 223 �1982�.
9 N. Moiseyev, Phys. Rep. 302, 212 �1998�.

10 R. Santra and L. Cederbaum, Phys. Rep. 368, 1 �2002�.
11 R. Santra, H.-D. Meyer, and L. Cederbaum, Chem. Phys. Lett. 303, 413

�1999�.
12 R. Santra and L. Cederbaum, J. Chem. Phys. 115, 6853 �2001�.
13 Y. Sajeev, R. Santra, and S. Pal, J. Chem. Phys. 123, 204110 �2005�.
14 Y. Sajeev and N. Moiseyev, J. Chem. Phys. 127, 034105 �2007�.
15 J. Aguilar and J. M. Combes, Commun. Math. Phys. 22, 269 �1971�.
16 E. Balslev and J. M. Combes, Commun. Math. Phys. 22, 280 �1971�.
17 G. Jolicard and E. J. Austin, Chem. Phys. Lett. 121, 106 �1985�.
18 G. Jolicard and J. Humbert, Chem. Phys. 118, 397 �1987�.
19 D. Neuhauser and M. Baer, J. Chem. Phys. 91, 4651 �1989�.
20 U. V. Riss and H.-D. Meyer, J. Phys. B 26, 4503 �1993�.
21 U. V. Riss and H.-D. Meyer, J. Phys. B 31, 2279 �1998�.
22 N. Moiseyev, J. Phys. B 31, 1431 �1998�.
23 D. E. Manolopoulos, J. Chem. Phys. 117, 9552 �2002�.
24 B. Poirier and T. Carrtington, J. Chem. Phys. 118, 17 �2003�.
25 Á. Vibók and G. G. Balint-Kurti, J. Chem. Phys. 96, 7615 �1992�.
26 U. V. Riss and H.-D. Meyer, J. Chem. Phys. 105, 1409 �1996�.
27 I. B. Müller, R. Santra, and L. S. Cederbaum, Int. J. Quantum Chem. 94,

75 �2003�.
28 J.-Y. Ge and J. Z. H. Zhang, J. Chem. Phys. 108, 1429 �1998�.
29 O. Shemer, D. Brisker, and N. Moiseyev, Phys. Rev. A 71, 032716

�2005�.
30 A. K. Bhatia and A. Temkin, Phys. Rev. A 11, 2018 �1975�.
31 Y. Sajeev, M. Sindelka, and N. Moiseyev, Chem. Phys. 329, 307 �2006�.
32 J. Tennyson and C. J. Noble, J. Phys. B 18, 155 �1985�.

211102-4 Sajeev et al. J. Chem. Phys. 131, 211102 �2009�

Downloaded 07 Dec 2009 to 129.206.21.140. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp

http://dx.doi.org/10.1063/1.2174014
http://dx.doi.org/10.1103/PhysRevA.1.1109
http://dx.doi.org/10.1088/0022-3700/13/4/001
http://dx.doi.org/10.1063/1.442271
http://dx.doi.org/10.1016/0009-2614(83)87093-6
http://dx.doi.org/10.1146/annurev.pc.33.100182.001255
http://dx.doi.org/10.1016/S0370-1573(98)00002-7
http://dx.doi.org/10.1016/S0370-1573(02)00143-6
http://dx.doi.org/10.1016/S0009-2614(99)00226-2
http://dx.doi.org/10.1063/1.1405117
http://dx.doi.org/10.1063/1.2130338
http://dx.doi.org/10.1063/1.2753485
http://dx.doi.org/10.1007/BF01877510
http://dx.doi.org/10.1007/BF01877511
http://dx.doi.org/10.1016/0009-2614(85)87164-5
http://dx.doi.org/10.1016/0301-0104(87)85072-3
http://dx.doi.org/10.1063/1.456755
http://dx.doi.org/10.1088/0953-4075/26/23/021
http://dx.doi.org/10.1088/0953-4075/31/10/016
http://dx.doi.org/10.1088/0953-4075/31/7/009
http://dx.doi.org/10.1063/1.1517042
http://dx.doi.org/10.1063/1.1524624
http://dx.doi.org/10.1063/1.462414
http://dx.doi.org/10.1063/1.472003
http://dx.doi.org/10.1002/qua.10598
http://dx.doi.org/10.1063/1.475514
http://dx.doi.org/10.1103/PhysRevA.71.032716
http://dx.doi.org/10.1103/PhysRevA.11.2018
http://dx.doi.org/10.1016/j.chemphys.2006.08.008
http://dx.doi.org/10.1088/0022-3700/18/1/018

