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Non-Hermitian scattering theory: Resonant tunneling probability amplitude in a quantum dot
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We suggest a mechanism for the sharp phase change in the transition-probability amplitude of electrons
scattered through a quantum dot. The proposed mechanism is a single electron phenomenon that involves
interference between the two-dimensional resonances of the quantum dot. The dimensionality of the problem
plays a key role in our mechanism.
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[. INTRODUCTION states associated with the double barrier potential in the adia-
batic 1D potential which does not exist in the 2D single-
Quantum dots play an important role in nanoscaled eleccrossbar cavity QD model Hamiltonian.
tronic devices. In order to fully understand the transport The phenomenon in which the phase drops sharplyrby
properties of quantum dots, phenomena such as tunneling éf transmission zeros has been associated with the fact that in
electrons must be characterized. quasi-1D systems the even and odd resonance levels do not
Phase measurements of an electron traversing a quantuagcessarily alternate in energylt is a common belief that
dot via a double-slit interference experiment were carried ouvhenever the transmission coefficient reaches zero, the phase
by Heiblum and co-workers? In their experiment, the quan- has a sharp drop by. As we will show here this is indeed a
tum dot (QD) was inserted into one slit, in a manner that necessarily condition but not a sufficient one.
enabled them to control the potential of the electrons trapped In our work we study single electron transport for a real-
in it (by varying the plunger potentia¥/,). The second slit space 2D model Hamiltonian. The potential we introduce is a
served as a reference. The measured transition probabilitgD one-electron effective QD model Hamiltonian that simu-
|t|?, oscillated as a function of the plunger potentid],. lates the QD in Heiblum’'s experiment. Unlike the single-
When the scattered electron passed through a resonangessbar cavity used before, our 2D potential is an analytical
state, the transition probability exhibited a Lorentzian-shapedunction. In our model the transition of the electron from the
peak, and the phase of the transition-probability amplitudeentrance channel to the exit one through the QD is hindered
changed byr, as expected by the Breit-Wigner model for by two potential barriers that do not appear in the single-
resonant tunneling. Surprisingly, the phase does not accum@grossbar cavity model.
late but oscillates: although in each resonance the phase We obtained that for the adiabatic 1D double barrier po-
changes byr, between resonances it drops sharplysyin tential, the transition probability amplitude behaves in a
spite of intense work on this problét! to the best of our ~ Similar way when varying the scattered electron eneEgwpr
knowledge there is no satisfactory explanation of this phethe depth of the well between the two barri¢ria the varia-
nomenon. Most of the calculations which have been carrie@ion of V). Since the numerical calculations are simpler for
out are either for particle space model Hamiltonians or forthe variation of the scattered electron energy rather than the
general mathematical models based on the Friedel sum rukgriation ofV,,, we address ourselves here to the following
combined with time-reversal symmetry. The conclusion fromguestion: how does the transition-probability amplitude
these studies is that in true one-dimensididl) systems the change as a function of the energy of the scattered electron,
sharp phase drops by in the tail of the resonant peak that E, whenV, is held fixed?
never occurs. Such a phenomenon is obtained, however, for In order to answer this question we have used the com-
single electron transport for quasi-1D systems. This resulplex adiabatic approacfi. First the complex resonance
was obtained also in simulation calculations for a real-spac@otential-energy surfaces were calculated as a function of the
model Hamiltonian with a 2D box potentiéingle-crossbar slow coordinate(which is perpendicular to the propagation
cavity).® The discontinuity in the phase evolution of electron coordinate. Then, assuming that the electron scattering pro-
transport in the single-crossbar cavity is associated with théeeds via a single potential-energy surfadegs, the
interference between two different transmission channels bdransition-probability amplitude,(E), was calculated.
longing to a localized state in the 2D potential and a continu-
ous state of the transm?ssion channel. An open q_ues_tion W€ || 2D ONE-ELECTRON EFFECTIVE QD MODEL
would like to address is whether the discontinuity in the HAMILTONIAN
phase evolution would happen also for analytical 2D poten-
tial surfaces. Another question we would like to answer is We propose an effective one-electron two-dimensional
whether the discontinuity in the phase evolution can happemodel potential of the QD, which preserves the main char-
due to another mechanism. As we will show here for analyti-acteristics of the QD in the Heiblum experiment. That(is,
cal 2D potentials a sharp drojmot a discontinuity by =  the entrance channel, entrance barrier, potential well, exit
happens due to the interference between adjacent resonaruarrier, and exit channel are clearly definsde Fig. J; (ii)
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FIG. 1. The two-dimensional QD potential-energy surface, -2 220 -10 0 10 20

V(x,y), defined in Eq.(2). Note the entrance and exit channels,
entrance and exit barriers, and the QD embedded between the bar-

riers. Parametersue=1; Vo=0.5; a=1.6; y=0.1; V,=0; A FIG. 2. The 1D potential in the direction, V(x;y=0), when
=0.75; w.=1; a=0.76 215;b=0.32802;c=0.08 871. The pa- v =1. The bound and isolated narrow resonance complex-scaled
rametersa,b, andc were calculated according to the geometry of \yave functiongreal par} are plotted forg=0.13.

the QD in Heiblum’s experimenk was chosen to allow the control
on the depth of the QD well by a single parametég,, without
changing the height of the barriers.

X (a.u.)

barriers. These 1D potentials support at least one bound state
and a few isolated resonance statese Fig. 2

there are similar geometrical proportior{§i) the potential

surface SupportS at least one bound state inside the potenthh TRANSITION-PROBABILITY AMPLITUDES IN THE

well, and supports isolated resonance stdtes, I';<|E; 2D QD MODEL HAMILTONIAN

—E;.1|); and (iv) the depth of the potential well is con- - N _ _

trolled by a single parameter, the plunger potential parameter The transition-probability amplitudet(V,), in the 1D

V,,, which has a minor effect on the geometry of the QD. Bycase, has been calculated using non-Hermitian scattering
increasingvp, the number of bound states in the open QD istheory. It shows a series of resonance pefsee Fig. 8a)].

increased. The phase ot(V,) changes byr in resonances and accu-
The two-dimensional QD model Hamiltonian, wherés ~ mulates between resonangese Fig. 8)]. The sharp phase
the propagation coordinate, is given by drop is not observed. Our calculations show that this phase
drop cannot be explained by 1D one-electron calculations,
R p2 |5§ even when interference between different pdttifferenty
H(X,Y):ZMGJr 2M6+V(X,Y), (1) cuts is taken into consideration. Therefore, it is clear that

two dimensions are needed to obtain the sharp phase drop
wherepu, is the effective electron mass and the PES is giverphenomenon when using an effective one-electron model.
by As was mentioned above, the 1D transition-probability
amplitude, t(E), which is obtained whe, is held fixed
_ He 2 2 and the energy of the incoming electrds, is varied, be-
VOGY)=Vo+ 2 y (), @ haves similarly to the 1D transition-probability amplitude
t(Vp). Regardless of the dimensionality of the studied prob-
lem, the computational effort needed to calcultte,) is
V(X)=Vo(x2— a)e” 7x2_Vpef>\x2, much larger tha_n the one needed to cglcut{a&). This is
because the major numerical effort lies in the construction of
the spectral representation of the Green operator, which re-
quires the diagonalization of the Hamiltonian for evéty.
w., 1S the frequency of the harmonic motion of the free elec-Therefore, we will concentrate difE) in the 2D case.
tron in the confined directiony(coordinaté in the entrance/ We have used non-Hermitian scattering theory to calcu-
exit channels. late the transition-probability amplitude, within the frame-
The potential parameters used in our calculations arevork of the complex adiabatic approach. It should be
given in the caption of Fig. 1. A one-dimensional cut throughstressed that non-Hermitian quantum mechanics allows us to
the PES defined above at a constgngives a potential, use complex adiabatic potential-energy surfaces in cases
V(x;y), which has a well between two separated potentialvhere one has to go beyond the adiabatic approximation in

where

w(X)=w,+a(x2—b)e .
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FIG. 3. Transition probability for the 1D co¢(x;y=0) as a
function of V,, when the scattering energy is held fixdgh=1.2
a.u.(this energy is below the barrier height for any valué/gj. (a) ob—r Ll— L L L 1
The transition probability/t|?, exhibits a series of peaks which
corresponds to the resonancéb) The phase of the transition- y (a.u.)
probability amplitude, ardj, jumps by in each resonance and
accumulates a¥,, is varied. FIG. 4. The 1D effective complex resonance PES inytd@ec-
tion, for resonance 3, whel,=0. The first seven eigenstates,
|)(n(y)|2 are plotted with normal/dashed lines, according to the
symmetry of the eigenstate.

Hermitian quantum mechani¢@M).!*°In the adiabatic ap-
proximation, we assume that the motion in thdirection is
much slower than in the direction. This assumption is _
based on the geometry of the two-dimensional potential sur- j —Ei() = el () o

face (see Fig. 1 Ver(Y)=E(y)=e(y) = 5T (y). 5

Using the adiabatic approximation, the Hamiltonian in the _ _ o
x direction, for a givery, is given by For thejth resonance surface, the effective Hamiltonian

in they direction is given by

. h? §? A 2 2
H(X*y)__z_ﬂeﬁ*\’(x'y)' €) Heﬁ(y)——ﬂ ay2+v1ﬁ(y). (6)
. . ) By solving the eigenvalue problem,
We use complex scaling, i.ex—xe'’, to calculate the
solutions of the complex-scaled ScHiager equation. The i
use of complex scaling.e., non-Hermitian QM enables us Her(Y)XL(Y)=€lx(y), el=é, 5 =7, (7)
to associate a resonance state with a single eigenstate of the
Hamiltonian, while in Hermitian QM a resonance state isthe complex resonance eigenstates and eigenergies were cal-
associated with a wave packethich is not an eigenstate of ¢yjated. The complex e|generg|e.t$1 provide the energy
the Hermitian Hamiltonian Therefore by complex scaling positions, e}, and widths,y}, (which correspond to the in-
we get verse of the lifetimes of the resonance statfsthe tempo-
rarily trapped electron in the QD.
A(xe%y)lx;y) =El(y) ph(xy). (4) In Fig. 4 we sho_vv an effective cpmplex resonance PES
and the corresponding resonance eigenstates. The transition-
probability amplitude is calculated using the Lippmann-

Th lex ei iel(y), which d to th , ,
e complex eigenenergies!(y), which correspond to the Schwinger equation

resonance states afeéndependent, provided is sufficiently
large. The resonance stateg,(x;y), are square integrable t_((E)=(W,|V+ VGV, ®)
(see Fig. 2 and 6 dependent.

Within the framework of the non-Hermitian adiabatic ap- whereW; and¥; are the initial and final wave functions of
proximation, separate complex resonance potential-energye scattered electron. Under the adiabatic approximation
surfaces are defined by WV, s can be presented as
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where0 is the wave function of the scattered electron in the
x direction:

—
W

arg ((E)) /7

and ¢; ¢ are the asymptotic wave functions of the scattered
electron in they direction(in our case, this is eigenstates of
a harmonic oscillator with the frequeney.,).

Assuming tunneling is assisted by thth effective reso-
nance potential surface, for the case where the quantum sta
of the scattered electron remains unchan@ed, i =f), the
transition-probability amplitude is given by

g S Lo NI AWM N (W) lei(y)]
i T & E—e'—el : 04 02 0

(11) Re ((E))
For derivation of this equation see Ref. 12. The notation - ¢ Transition-probability amplitude, o(E), assisted by

(.. | . .) stands _f(_)r the generalized inner product which ISthe third effective complex resonance potential-energy surfage.
used in non-Hermitian QM, wherd|g)=(f*|g). Note that  ppase(b) absolute value, antt) trajectory. The phase changes by
the eigenenergies,, and eigenstatesg;,(y), are complex 7 in resonances. The phase drops7ypetween resonances, when
due to the complex effective resonance potential. This fort(E) intersects the origin. The position of resonance states is plotted
mula can be generalized for any initial and final states bywith squares(open squares—symmetric resonance states, full
replacingyT'!(y), which was defined in Eq5), by the par- squares—antisymmetric resonance statdote that due to the
tial width amplitude of thgth resonance state. This approachsymmetry properties of the problem, transition is not assisted by
should also be used if one wants to take into account tunnegntisymmetric resonances.

ing assisted by more than one resonance complex PES. ‘

The calculated transition-probability amplitudg, ., is  sical turning points of R&/L4(y)] asn is increasedsee Fig.
shown in Fig. 5. The transition probability shows a series of4). Due to the shape of the PESee Fig. ], the temporarily
Lorentzian resonance peaks. Those appear when the energgpped electron in the QD tunnels out along thdirection
of the incoming electron in the direction,E—€]", is close ~ mostly around/=0. For higher values df/| the tunneling is

to the real part of the resonance enepd_y_' Due to the sym- hindered by the potential barriers. Therefore, the lifetime of
metry of the pr0b|em’ tunne”ng is allowed 0n|y through the resonance states increases axreases, and the corre-

even resonance states. sponding widths decrease. Note that the width of the reso-

Two distinct phenomena can be observed in Figp)5 hance peak in the transition-probability graph can be associ-
which shows the absolute value of the transition-probabilityated with the inverse of the lifetime of the resonance state
amplitude, as a function of the incoming electron enefgy, ©only if the resonances are isolated, otherwise interference
First, the width of the resonance peaks decrease® s ~ Phenomena between overlapping resonance states may
creases. Second, the height of the resonance peaks decread@ange the Lorentzian shape of the resonance peaks.
asE increases. Concerning the height of the resonance peaks, (E2).

The explanation for both phenomena is based on théhows that the height is proportional to the probability of
Breit-Wigner model for resonant tunneling. In the vicinity of Populating thenth resonance state. This probability is given
a narrow isolated resonancé.e., y,<|e,—en.q|), the Dby the overlapCh=|[@o(y)[VI'(y)|xh(¥)1I%, whereeq(y)
transition-probability amplitude is given by the leading termis the initial state andl!(y) is given by the imaginary part of
of t(E) in Eq. (11): the resonance surfa¢see Eq(11)]. As described above, the
maximal amplitude ofy!, changes fromy=0 for the first

011(Xy) = \J ek 03 -

RIS e aE 1 )
k1= \2ud E— €71 En(y)], a0 G ]
s U

10 12 14

Im (¢(E))

ez [goi(y)|\/FJ(y)X£1(y)]‘2_ cl 2 resonance state to the classical turning points oMg(/))
T(E)=|t(B)[*= E—e"—el ‘ = ? asnis increasedl™!(y) is localized aroung=0, andeg(y),
| n n

which is the ground state of a harmonic oscillator with the
frequencyw.., gets a maximum aroung=0. ThereforeC/,
Regarding the width of the resonance peaks, the width islecreases asa is increased. The height of the resonance
associated with the inverse of the lifetime of the resonanc@eaks is also inversely proportional to the width of the reso-
states. The maximum of the amplitude gf is aty=0 for ~ nance statey),, which decreases asincreases. Despite this
the first resonance state£0) and moves toward the clas- dependence, the transition probability in resonance is domi-
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nated by the overlap and decreasesas increased. Note phase drop byr at the tail of the resonant peak but it is not
that we discuss here only the resonance contribution to tha sufficient one. This abrupt phase change happens at zero
transition-probability amplitude and ignore the direct-transmissions if and only ifit(E)/d E|EO¢0.

scattering process which dominates the high-energy regime. Figure 5c) shows the trajectory of(E). At each one of
The phase of the transition-probability amplitude, the intersection energies the imaginary axis is tanget(p

ard t(E)], changes byr when |t(E)| exhibits a maximum 4t the origin. Therefore, the first derivative ¢E) is almost

[see Fig. %a)]. This well-known phenomenon can be ex- a pure imaginary number, an¢Eq+ &)= +i5. Since in our

plained by the Breit-Wigner model for resonant tunneling. nymerical calculations(E) does not intersect the origin but
The phase drops abruptly by between resonance peaks, passes very close to it & is varied, the phase changes

when the complex transition-probability amplitud€g), in- smoothly from— /2 to =/2 instead of jumping.

tersects the _origin, i.et(E)=0+1i0. This rgsult is s?milar to The Taylor expansion of(E) shows that the transition

the assomatlonlﬁof the sharp phase droprbip the tail of the  propability doesnot jump by = when t(E) intersects the

resonant peak:® Note, however, that we obtained the sharporigin whenever two conditions are satisfied simultaneously:

phase drop as a result of interference between two neighboyy) t(g,) =0: (i) dt(E)/dE|g. =0. In the 2D case discussed
ing 2D resonance states which decay through the two poterg 0

This interference which leads to the sharp phase drai) (13)], it is impossible to satisfy simultaneously both condi-

cannot occur in 1D double barvier potentials as we wil ®Xtions. Therefore, whenever this approximation is valid the

plain below. ; . . R
The energy where zero transmission is obtained is giver'1ntersecuon Oft(E) with the origin implies a sudden change

approximately by the position of the intersection of two of the phase of(E) by . Our calculations for a 1D model

neighboring Lorentzian peaksfi+1). The position of the Hamiltoniart® have shown that in 1D problems one cannot
integrsectior? is determinF()a d by the 6 ulati%n of the corre-negleCt the interference of the resonances with the scattering
y Pop background. Therefore, in a 1D problem it is possible to

sponding resonance states and by their widths. On the bass'%tisfy both conditions and the phaset¢g) does not jump
of the analysis given above, the intersection is at an energ

S My 7 whent(E) intersects the origin. This is another expla-
closer to then+1 resonance peakwhich is narrower .and nation for the fact that the phase drop hyat the tail of the
less populgted that thath 099- The ene_rgyEo at W.h'Ch. resonant peakannotbe obtained in single electron transport
t(Epg)=0+10 can be approximately obtained by taking into

account the interference between two adjacent resonanégrough a double barrier 1D potential.
states, IV. CONCLUSIONS

C'ﬁ Cjﬁ+1 The electron-scattering transition-probability amplitude
It 5 =0 (13)  through an open QIX(E), has been studied for a real-space
Eo—e —e, Eo—€ —én g 2D model Hamiltonian. A sharp change of the phas&(Bj)

Our calculations show that this approximation holds in thePY 7 occurs whert(E) intersects the origin. It implies that
case presented in Fig. 5, though there is a slight deviatioffvo conditions should be satisfied in order to observe a sharp
due to interference effects with other resonance states. ~ drop of the phase byr in the tail of the resonant peak. One
Why does the phase ofE) change abruptly byr when condition is t(Eg)=0, whereas the segond condmon. is
t(E) intersects the origin? Expanding the transition-dt(E)/dE[g,#0. We have shown that this phase drop is a
probability amplitude in a Taylor series around an intersecfesonance interference phenomenon that happens even
tion energy,Eq, gives within the framework of a one-electron effective QD poten-
tial. The fact that the QD has at least two dimensions is a

dt(E) 1 dt(E) crucial point in the mechanism we have presented here. Our
t(Eg*xe)=t(Eg)+—=| (&)t (xe)? explanation of a sharp phase change is based on the destruc-
dE 2 dg2 A . A
E Eo tive interference between neighboring resonances and thus
differs from the mechanism based on the Fano resonance
T (14 (see, for example, Refs. 5 and)11

In this work we solved the Schdinger equation and cal-
culated the resonance wave functions for the 2D potential
using the complex-scaling method. The advantage of this
method is that it enables one to calculate the complex poles

_ (15) of the scattering matrix using computational methods that
Eo have been originally developed for bound-state problems.

Complex scaling enabled the calculations of resonance states

This equality implies that in a very short energy range thenot only for 3D problems but also for many-body problems
phase changes by. This is proof that it is not necessarily such as resonances of electronically excitégl and the
true that whenever the transmission coefficient reaches zerghort-lived resonance of the negative hydrogen molecular
the phase has a sharp drop by The zero transmission ion. The use of the complex-scaling adiabatic appro@ch
coefficient,t(Eg) =0, is a necessary condition for the sharpfirst for the QD problem, to the best of our knowleggamn-

When t(Ep)=0 and when ¢ is small enough, if
dt(E)/dE]| g, 70 as in our case, we get

dt(E)

t(EoiS):iS dE
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plifies the numerical calculations. Using the complex-scalinggroup experiments, it is not within the scope of the present
adiabatic approach we believe that the resonances of the 3@aper to provide a full numerical simulation. Such simula-
manyelectron QD problem can be calculated even when thé¢ions are under current study. We summarize by saying that
electron correlation effect is taken into consideration. we have suggested a one-electron effective two-dimensional

Another point that should be emphasized is that in oumodel which exhibits the phase-drop phenomenon in the
calculations we have concentrated on the contributions of &ansition-probability amplitude and we provide the condi-
resonance PES to the transition-probability amplitudes antlons which should be fulfilled in order to make it happen.
ignored the direct-scattering process. As shown before, in a
1D problem the direct scattering can be neglected only at the
resonance energiédHowever, this is not the case in the 2D
scattering experiment, where the relevant interfering reso- This work was supported in part by the US-Israel Bina-
nances are associated with the confined motion perpendiculional Science Foundation, by the Basic Research Founda-
to the scattering direction. This is the key point of the phasetion administered by the Israeli Academy of Sciences and
drop mechanism described in this work. Although theHumanities, and by the Fund for the Promotion of Research
mechanism we have presented is relevant to the Heiblurat the Technion.
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