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Generation and control of high-order harmonics by the interaction of an infrared laser
with a thin graphite layer
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We demonstrate the possibility to control the generation of high-order harmonics by a thin layer of graphite
upon varying the polarization and intensity of the laser field. While for monochromatic linearly polarized laser
fields all odd-order harmonics are emitted, we find that even for very large deviations from exact circular
polarization (the elliptical polarization angle is #=45°), the dynamical symmetry based selection rules ()
=(6m*1)w, m=123 ..., where w and Q are the fundamental and harmonic frequencies [Phys. Rev. Lett
80, 3743, 1998], are valid. Our results show that the generation and control of high-order harmonics in thin
layers of graphite by varying the polarization and intensity of an infrared laser field is feasible and should be

observed in experiments.
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I. INTRODUCTION

High-order harmonic generation (HHG) in atomic gases
has been extensively studied both experimentally and theo-
retically in the past 20 years (see, e.g., Ref. 1 and references
therein). Nowadays, such a table-top source of coherent
short-wavelength radiation has found various (scientific) ap-
plications as a probing and diagnostic tool in studying ul-
trafast physical processes (see, e.g., Refs. 2—-5). A common
characteristic of HHG-based radiation sources is their multi-
chromaticity. To be specific, irradiating gases by monochro-
matic linearly/elliptically-polarized laser fields leads to the
emission of all, and only, odd harmonics up to a certain
cutoff. This selection rule (SR), as is well known, is easily
explained by the combined spherical symmetry of atoms and
the monochromaticity of the laser field, both within (see,
e.g., Ref. 6) and beyond’ perturbation theory. Of course, it
would become very practical to have an almost monochro-
matic, HHG-based, source of coherent short-wavelength ra-
diation.

Recently, it has been shown that discrete spatial symme-
tries, e.g., rotations in molecules® 12 (and in thin crystalss)
and screw axes in nanotubes,13 when combined with circu-
larly polarized (monochromatic) laser fields, can lead to
high-order dynamical symmetries (DSs) and, as a result, to a
much more selective HHG by such target systems. Specifi-
cally, given a discrete symmetry of order N and a (mono-
chromatic) circularly-polarized field, the corresponding SR’s
for the HHG spectra (HHGS) are given by the relation IN
*1,/=1,2,3,.... Notwithstanding, a central point in the
prediction of these unusual SRs is the requirement that the
target-system should be aligned in the (circularly polarized)
laser field.3!?

To achieve a better-than-random degree of orientation in
the gas phase, one possibility is to try and prealign mol-
ecules, say of benzene (six fold rotational symmetry), using a
first laser pulse, and, meanwhile, applying a second—much
shorter—pulse to generate the selective high-order harmon-
ics (see Ref. 14 in this context). This solution is quite com-
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plicated technically, since it is hard to align the molecules to
an angle with an accuracy which is smaller than =5°. The
difficulties arising when one wishes to align molecules in the
gas phase are avoided if one employs a solid surface, and in
particular a crystalline (spatially periodic) target. As men-
tioned above, it has been shown that aligned single-walled
carbon nanotubes are excellent candidates for the selective
and efficient generation of HOHs.'> However, the present
technology of carbon-nanotube manufacturing cannot yet
achieve a well-aligned sample of uniform chirality, a prereq-
uisite for the selective generation of HOHs by such a target
system.'® In view of thus, a thin crystalline layer seems to be
a good and practical candidate for the first experimental
demonstration of HHG governed by the DS-based SRs put
forward in Ref. 8.

HHG from solid metallic surfaces has been demonstrated
by several groups (see, e.g., Refs. 15—18). However, in such
a type of experiments all even and odd harmonics up to a
certain cutoff are observed since there is no SR for HHG
processes at surfaces for a general incident angle. Moreover,
the usage of higher laser intensities (I,>10'%) and longer
pulse durations (of the order of picoseconds) creates a
plasma at the surface (where the HOHs are generated), i.e., a
severe and nonreversible damage accompanies such experi-
ments. The approach we follow in this work (also see Refs.
19 and 20) is to employ moderate field intensities that, upon
passing through a thin crystalline film and taking advantage
of the crystal’s bulk spatially periodic potential, induce a
reversible nonlinear optical response leading to HHG pro-
cesses. In other words, the experiment we propose is a gen-
eralization to the nonperturbative regime of the common
methods of producing second and third harmonics through
the interaction of a monochromatic laser field with crystals.
In this context, the recent experiments of fourth-harmonic
generation at crystalline surfaces, that moreover was used to
resolve their symmetry at peak intensity as low as 2-5
X 10" W/ecm? (Ref. 21) and the measurements of third-
harmonic generation in multiwalled carbon nanotubes, re-
vealing an unusual non-perturbative behavior already for
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Io~10'" W/cm? (Ref. 22) are good examples of such revers-
ible (i.e., nondestructive) nonlinear dynamics. In view of the
above, in the present work we have selected a crystalline
target system possessing the highest-possible (sixfold) dis-
crete symmetry, graphite to be specific, to design a practical
experiment aiming at demonstrating the DS-based SRs for
the HHGS put forward in Ref. 8. As is well known, the
(unbuckled) structure of bulk graphite possesses 65 screw
and S¢ rotation-reflection axes; a thin film of (unbuckled)
graphite possesses the S¢ rotation-reflection axes (for an
even number of graphene layers); and graphene [the two-
dimensional (2D) monolayer of graphite] possesses the Cg
rotation axes. In order to simplify the calculations, we re-
strict ourselves to studying the non-linear response of
graphene, assuming that for thin graphite films the much
weaker interlayer interaction would not change significantly
the HHGS obtained by the monolayer.

The limitations on the intensity of the incident radiation
and the width of the graphite films are dictated as follows.
Recently, Lenzner er al.” observed that multiphoton ioniza-
tion rates for silica are substantially lower than those pre-
dicted by the Keldysh theory for sub-10-fs laser pulses and
intensities in excess of 10'* W/cm?, slightly below damage
threshold. By doing so, the authors of Ref. 23 suggested “‘to
explore an entirely new—nonperturbative—regime of re-
versible nonlinear optics in solids” (in excess of
10" W/cmz). Also, recent theoretical studies® for the ul-
trafast laser ablation of a graphite film with a 20-fs laser
pulse of 620-nm wavelength have revealed two damage
mechanisms, evolving on a time scale of a few tens of fem-
toseconds, starting at thresholds (for the above parameters)
of about 1,~8.5X 10> W/cm? and I,~1.45X10"* W/cm?.
Combining the above data and focusing on short infrared
(IR) laser pulses we, thus, take a damage threshold of about
103 W/em? for a thin graphite film. Of course, the target
should be sufficiently thin to allow for the fundamental and
harmonics to propagate through and exit the crystal. Accord-
ingly (also see Ref. 20), we consider thin graphite films, the
thickness of which is of the order of 10 nm, i.e., thin films
composed of a few tens of graphene monolayers.

There have been several approaches to describe and com-
pute HHGS from solids and spatially-periodic structures
(crystals or superlattices), see, e.g., Refs. 19,20 and 25-29.
For crystals, one should take into account the delocalization
of the electrons, being extended in Bloch-type orbitals rather
than localized in atomic-or molecular-type orbitals. Accord-
ingly, we employ a nonrelativistic quantum-mechanical mi-
croscopic theory of HHG from spatially periodic structures
which describes the modified energy bands (EBs) [so called
quasienergy bands (QEBs)] of the crystalline sample.?%
The bare monolayer of graphene is described within the tight
binding (TB) method with four orbitals (2s,2p,,2p, and
2p,) per carbon.*® Accordingly, to describe the interaction of
graphene with the time-periodic laser field and the resulting
generation of HOHs, we develop a Floquet TB (FTB) ap-
proach that generalize the method applied to compute HHGS
from 1D superlattices’?® and single-walled carbon
nanotubes.'®> The methodology in our FTB approach is that
the TB-based interaction term is represented in the momen-
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tum gauge of the electro(magnetic) field and is constructed
from basis functions (orbitals) in real space. In this way the
TB-based time-dependent Hamiltonian preserves the lattice
translational symmetry, and QEBs could be defined and cal-
culated. As is demonstrated and detailed below, we find that
selective HHGSs should be observed while irradiating a thin
graphite film with infrared IR monochromatic circularly po-
larized fields well below its (first) damage threshold.

The structure of the paper goes as follows. In Sec. II we
present the methodology of the theory and calculations,
namely, the choice of symmetry-adapted basis set, and the
calculation of the HHGS resulting from electrons driven in a
spatially periodic material. In Sec. III we present and discuss
our results. A brief summary is given in Sec. IV. Finally, the
Floquet Hamiltonian matrix elements and numerical values
of relevant integrals are respectively depicted in Appendixes
A and B.

II. FORMULATION AND METHODOLOGY
A. Symmetry adapted unit cell of graphene

Graphene has a Cg4 rotation axis and there are different
possibilities to define the primitive unit cell. However, aim-
ing at studying the DS-based effects resulting while the solid
surface interacts with a laser field, we do not chose the small-
est possible two-atom unit cell of graphene.’® Rather, we
chose the symmetry-adapted six-atom unit cell shown in Fig.
1(a) which is the smallest unit cell possessing the Cy sym-
metry, having in mind the employment of the TB approach.
Accordingly, the smaller first Brillouin zone (BZ) is obtained
[see Fig. 1(b)]. a,=[(33/2)b,2b] and a,=[(33/2)b,
—3b] are the corresponding unit vectors, where b is the
bond length between two adjacent carbon atoms. Note that
the unit vectors are \/§ times longer than the conventional
ones, and hence the unit-cell area is three times larger than
that of the conventional two-atom one.’® The first BZ is the

area bounded by the thick hexagon [see Fig. 1(b)]. b,

=(2m/3\3b,27/3b) and by=(2m/3y/3b,—2m/3b) are the
corresponding unit vectors in the reciprocal lattice. Note that
the unit vectors in reciprocal space are ﬁ times shorter than
the conventional ones, and hence the area of the first BZ is
1/3 than that of the conventional two-atom one.° Of course,
the choice of the larger symmetry-adapted unit cell does not
change the physics of the problem.

B. High-order harmonic generation obtained
from the calculation of an independent-electron
Floquet-Hamiltonian eigenstate

To treat the time-periodicity symmetry of the Hamil-
tonian, we employ the Floquet theorem and method.?!? It
implies that for time periodic Hamiltonians, the solution of
the time dependent Schrodinger equation can be written as
exp(—i€?Ct/h) (), where (1) is time periodic. €2f and
are the corresponding eigenvalue [quasienergy (QE)] and
eigenfunction (Floquet state) of the single-electron Floquet
Hamiltonian,
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(a) Direct lattice with unit vectors

(b) Reciprocal lattice with
unit vectors.

v
g

FIG. 1. (a) The symmetry-adapted unit cell of graphene is
marked by the thick hexagon. This is not the most basic unit cell.
However it is the smallest unit cell which possesses the C¢ symme-
try when the TB approach is employed. 51 =[(3 \/§/Z)b,%b], and
52:[(3 \/5/2)17, - %b] are the corresponding unit vectors, where b
is the bond length between two adjacent carbon atoms. a 1, and 52
are /3 times longer than the conventional ones and therefore the
unit-cell area is three times larger than the conventional two-atom
unit cell. (b) The first BZ is the area bounded by the thick hexagon.
b,=p(2m/3\3b),27/3b], and b,=[(2/3+3b),—2mw/3b] are the
corresponding unit vectors in the reciprocal lattice. b 1 ,52 are
\/§ -time shorter than the conventional ones and therefore the area of
the first BZ is 1/3 than that of the two-atom primitive unit cell.

A1) =% (1), 8]
which is given by

o

. ho . e.
Hf([)zl—,—"rH—EA(l)' . ()

at

Here, H =(132/2m)+\7(r) is the field-free Hamiltonian, e
and m are the charge and mass of the electron, respectively,

P is the momentum operator, and V(r) reflects the spatial
symmetry of the target. For convenience, the graphene

monolayer is placed in the x-y plane. A(1) is the vector
potential,

A(t)= \/EAO[cos( 0)cos(wt),sin( §)sin( wt),0],  (3)

propagating in the z direction. For §=0,7r/4 and /2 the field
represented by A (t) is linearly polarized in the x direction,
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and circularly polarized and linearly polarized in the y direc-
tion, respectively. For other values of 6, i.e., whenever 0

<6<w2, A (1) represents elliptically polarized light. The
prefactor \/E is chosen such that circular polarization is given
by ff(t)=A0[cos(wt),sin(wt),0]. Note that the dynamics of
driven electrons in the x-y plane [i.e., neglecting the spatial z
dependence of field (3)] is justified for thin targets and the
medium-ranged laser intensities employed below, namely,
I,<6X 10" W/ecm? (also see Refs. 19,20 and 29).

The HHGS (/") is obtained from the Fourier transform
of the time-dependent acceleration

2

: 4)

Mo f e inl(1)dt

0

where the time-dependent dipole moment c?(t) is conven-
tionally defined as

d(t)={(g(r,0)|erly(r,0), (5)

and no is the emitted harmonic frequency. In the following
subsections we explain how the calculations are carried out
for our specific (symmetry-adapted) problem.

C. Calculation of the quasienergy bands of graphene exposed
to strong laser field

It is convenient to chose our basis functions as eigenfunc-
tions of the symmetry operators commuting with the Floquet
Hamiltonian (2). Since graphene possesses translation sym-

metries and the vector potential A (t) is homogeneous in the
x-y plane, our starting point is the Bloch theorem

Tow(F)=k(r+a)=e™x(F). (6)

Here, T'; is the translation operator, a =n15 1+n252 where
a; and a, are the unit vectors of the symmetry-adapted lat-

tice [see Fig. 1(a)], and k is the wave vector in the first BZ of
the reciprocal lattice [see Fig. 1(b)].

Within the TB approach,*® « ja 18 written in terms of
atomic orbitals of carbon, such that

1 s s
= E elk.Ra’nl’"Z\I,ja(r_Ra,nl,n2)~ (7)

1T UN i

Here, ¥;, stand for the 2s(j=1), 2p.(j=2), 2p,(j=3)
and 2p,(j=4) type atomic orbitals and a=1,...,6 denotes
the carbon atom in the symmetry-adapted unit cell [see Fig.
1(a)]. N is the total number of hexagonal unit-cells in the 2D
cluster and it enters into Eq. (7) as the normalization prefac-
tor of x;,. The sum in Eq. (7), denoted by {n,n,}, runs
over all unit cells. The coordinates of atom « in the
(ny,ny)th unit cell are related to the coordinates of the «
atom in the reference unit cell by the simple relation

Ra,ill,nzzRa,O,0+n1'al+n2'a2- (8)
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The eigenfunctions of T, (i.e., {;,}) form the basis set that
is used for the construction of the time-dependent Floquet
wavefunctions.

The time-dependent Hamiltonian matrix representing the
interaction of graphene with circularly-polarized laser field
(the polarization plane is x-y) with the frequency @ and
vector potential amplitude A is given by

HO (1) =HP + A PP cos( wr) + AP Psin(wr),  (9)

where k is the wave vector in the reciprocal lattice. The

matrices H®, P)(Ck) , and P;k) are presented in Appendix A.
In our calculation we use the eigenfunctions of the field-
free Hamiltonian matrix of graphene as basis functions, i.e.,

HOC® - O COE(k) =0, (10)

where E(lg) is a diagonal eigenvalue matrix which provides
the field-free EB structure of the model Hamiltonian for

graphene, and S is the overlap matrix of the basis func-
tions «;, [see Eq. (7)]. Equation (10) is then transformed to
the equivalent orthogonal eigenvalue problem

AOTH-TPE(®K) =0, (11)
where the transformed eigenvector matrix C(’;) is given by
ChO=(shny2ck)

and the Hamiltonian matrix is given by
O = (S(IE)) - ”ZH(’E)(S”;)) -1

The Floquet-Bloch QE states are obtained by solving the
eigenvalue problem

d . - - -
—ih —+E(k) +AoP,Pcos(wt) +A,P,Psin(wr) | DO

=DDg(k), (12)

where P,*) and P y(k) are the transformed momentum ma-
trices given by

ph —(chn=1(gh)-1. P(k) .ch,

(xy

The QEBs are uniquely determined only in the interval of,
say, 0 to hw. Therefore, they cannot be used to identify the
filled states. Thus, we order them according to the expecta-
tion value of the time-dependent Hamiltonian with respect to
the Floquet(-Bloch) states (see, e.g., Ref. 33),

N 1 (T Lo
Sl(k): ?J'O d[(Dl(k))-;< _lh )D (k)
1(r . - R .
=7 f dt(D;®) [E(k)+AyP, P cos(wt)
0

+AoP,Psin(wr) 10,0, (13)
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a single-value mean-energy criterion utilized by Faisal and
Kaminski®® and Martinez et al.** to order QEBs. Equation
(13) has been derived from the definition of the mean

energy for the time dependent Hamiltonian, H(1),

as ((WO[HD](0)))= ()| = ih(3lan)| (1)) where
{(- - - )( stands for the integral over time (i.e., 1/T [{dt ...),
where T is the period of the oscillating electronic field, and

over space (i.e., fﬁ;d;. ).

Now it is possible to quantify the effect of the field on the
electronic band structure of graphene by comparing the field-
free EBs to the single-valued mean QEBs. On top of that, we
can fill in the QEBs with electrons,'*** analogously to occu-
pying the EB’s with electrons in the field-free case.

The QEBs (i.e., the field-distorted EBs) (k) are calcu-
lated by the (r,t') method as developed in Ref. 35.
The (#,#') method enables one to express the time evolu-
u(1,0) in an u(,0)
=exp(—iﬁf(t’)t)|,r:,. The numerical advantage of using the
(t,t") method is that only a small number of Fourier basis
functions exp(iwnt") is needed to construct the Floquet ma-
trix and still get accurate results, even for very strong laser
fields. For field intensities when direct diagonalization re-
quires the use of hundreds or even thousands of exp(iwnt’)
basis functions, using the (¢,#') method we need only up to
25 Fourier basis function. For details see Refs. 35 and 36.

tion operator analytical form,

D. Calculation of the high-order harmonic generation spectra

The probability to emit the nth harmonic is proportional
to the Fourier component of the acceleration of the electron,
see Eq. (4). Hence, within the independent-electron picture
(equivalent to the Hartree approximation as employed in
Refs. 8,13,19 and 20), the probability to get the nth harmonic
is given by

IMoen?2X X ((yk,r,n)| Bre ™™ gk, r,0))))|?

filled QEB’s

+n?2x 2 (k) Py M gk )|

filled QEB’s '

- T . - g g - g 2
=n?2 X dk f dte~"'(D,®)ip OO
filled QEB's 0

+n22x > dkf dte !

filled QEB's 0

2

X(ﬁ,(k))TP),(k)ﬁl(k) (14)

where P and P , are the momentum operators in the x and y
directions, respectively. The triple bra-ket notation stands for
integration over time (t), space (r) and crystal quasimomen-
tum (12) within the first BZ. The summation is over filled
(single-valued) mean QEBs where multiplication by two ac-
counts for the electron spin. The P, (k) P, ® and D® ma-
trices are as defined in Eq. (12). The ratlonale behind Eq.
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ky o kx

FIG. 2. (Color on-line) The lowest (o-type) EB of graphene
obtained by using the field-free TB Hamiltonian matrix and solving
the eigenvalue problem (10). The Cy¢, symmetry, inherited from the
real-space unit-cell symmetry, is clearly seen.

(14) that has been used also in Refs. 13 and 20 is based on
classical arguments. Accelerated charged particles emit a
high frequency radiation )} with a probability amplitude
which is proportional to the Fourier transform of the accel-
eration. In quantum mechanics, the square of the Fourier
transform of the first derivative of the expectation value of
the momentum operators provides the probability 1 to emit
coherent radiation with the frequency Q=nw.

For the integration over the quasimomentum k we divide
the hexagonal-shaped BZ into 12 equivalent parts, because
the QEBs also possess a Cg, symmetry’’ (also see below).
All quasimomentum vectors within the first BZ are picked up
using random number generator within one of the parts.
Equal number of vectors are generated within other parts by

ky o0 e kx

FIG. 3. (Color on-line): The lowest single-valued (mean) QEB
of graphene [see Eq. (13)] exposed to circularly polarized field for
the field intensity of I,=5.70X10" W/cm? and wavelength \
=800 nm. The C¢, symmetry of the ground EB (see Fig. 4) is
preserved. However, any other resemblance to the lowest EB is
destroyed for such a strong intensity.
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10° ¢ = ¢ Basis set
e 7 Basis set
' . | ] | ] :
L] [ ]
[ ] - .
L ]
10° | " 1
—_ [ ]
7
2
= °
3 []
g
= -10 .
o 10 + 8
&
<
[ ]
-
10-15 | ]
-
L]
10_20 1 1

1I1 21 :;1 41 51
Harmonic Order (n)

FIG. 4. The HGS for circularly polarized light using a o-type
basis set (which consists of carbon 2s, 2p, and 2p, orbitals) and
a-type basis set (which consists of carbon 2p . orbitals). The length
of the plateau in the case of the 7-type basis set is a about half than
that for the o-type basis set. Hence, the HHG from graphene is
dominated by the bound-bound transitions between o-type orbitals.
The laser frequency and intensity are, respectively, A =800 nm and
I,=5.70X 10" W/cm?.

60° rotations and reflections. Hence, the correct symmetry is
maintained throughout the calculations.

III. RESULTS AND DISCUSSION

To begin with, we would like to get a grasp at the effect of
the laser field on the electronic structure of graphene. The

ground EB of graphene, E®(k), is shown in Fig. 2. As
known from the theory of space (plane) groups (see, e.g.,
Ref. 38), it possesses in reciprocal space the Cg, symmetry
of the real-space unit cell. The lower single-valued mean
QEB [see Eq. (13)] for graphene exposed to a high-intensity
circularly polarized laser field (A=800 nm and [,=5.70
X 10" W/cm?) is depicted, for comparison, in Fig. 3. As is
expected on the basis of the DS-based properties of the FB
Hamiltonian,®” the EB symmetry Ce, is preserved in the
(mean) QEB. The “smooth landscape” of the field-free EB,
on the other hand, is completely distorted at this field inten-
sity, similar to the behavior obtained by Faisal and Kaminski
for the 1D Kronig-Penney-type models.?

We next proceed to the calculations of the HHGS for
various intensities and polarizations. For comparison pur-
poses, the calculations are done for two cases: In one case we
use 2s,2p,, and 2p, (o-type) orbitals as the atomic orbital
basis set and in another case 2p, (w-type) orbitals are used.

1651XX-5
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e A=800nm ,

-20 ! ! n n

10 t t t t
o I,=1.42X10"W/em® |

) L/ .
g 10° ° ° .o A=800nm
[ ]
b 10 *
S 1
0 [ ]
5
-~ n-15
: 10 .
107 - - - -
10° 1 2 |
*e e, e o, ® 1,=5.70X10"*W/cm
107 ® e A=800nm
[ ]
10-10 | [ ]
107" ¢
[ ]
107 : -
1 11 41 51

21 . 3
Harmonic order (n)

FIG. 5. The effect of variation of the intensity of the circularly
polarized light on the HHGS for A =800 nm. (Top panel) For I,
=3.56X10'> W/cm? the m=2 harmonic pair is clearly found
within the plateau, that is, the 11th and 13th harmonics can be
measured. (Middle panel) Starting from I,=10'> W/ecm?, the m
=4 harmonics, that is the 23rd and 25th harmonics, can be mea-
sured. (Bottom panel) Similarly, for 7,=>5.70X 10'> W/cm? the pla-
teau extends to the 29th and 31st harmonics.

As stated above, these two basis sets do not couple within
the chosen irradiation geometry. Figure 4 presents a compari-
son between the o- and m-type basis sets for A =800 nm and
I,=5.70X10"* W/cm?. The main difference is that the HHG
cutoff is much shorter for the 2p, electrons (7-basis set),
i.e., the HOHs are generated by electrons occupying the
o-type orbitals, what corroborates the inequality |P, .
<|P, 4| that the dipole matrix elements satisfy (see Table III
in Appendix B). When circularly polarized light is applied,
the HHGS is obtained due to transitions between bound
states (so-called bound-bound transitions).”'> In the TB
model these bound-bound transitions are governed by the
magnitude of the electron dipole matrix elements. Since the
m-type dipole matrix parameters are smaller than the o-type
ones, it is expected that the electrons in the m-type orbitals
do not involve in the generation of HOHs as much as the o
electrons do. This explains the results presented in Fig. 4.
Hereafter, when it is not specifically mentioned, the results
presented are for the o-type orbitals only.

Next, the effect of the laser intensity (and frequency) is
studied for A=800 and 1250 nm. In the case of the “three-
step model” associated with atomic targets, where the HOHs
are generated by a linearly-polarized light due to the bound-
continuum transitions,” the HHG cutoff Reyropf INCTEASES
linearly with respect to the intensity of the field, i.e.,
hiwn o *ly/ w”.% However, in our studied case where cir-
cularly polarized light is applied, the HOHs are generated by
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FIG. 6. The effect of variation of the intensity of the circularly
polarized light on the HHGS for A =1250 nm. (Top panel) For I,
=1.65%10'> W/cm? the m=2 harmonic pair is clearly found
within the plateau, that is the 11th and 13th harmonics can be mea-
sured. (Middle panel) Starting from I,=3.85X 10'> W/cm?, the m
=3 harmonics, that is the 17th and 19th harmonics, can be mea-
sured. (Bottom panel) However, at the intensity of 5.70
% 10" W/cm? the plateau extends to the 59th and 61st harmonics
(not shown in the plot).

another mechanism, namely due to bound-bound transitions.’

In this case (see Refs. 9 and 12), n,,,s increases linearly
with respect to the field amplitude Ey=wAg, i.€., Neyopf
xEq/wx \/E/ w, rather than with respect to the pondermo-
tive potential as mentioned above for the atomic case.*® In-
terestingly, Pronin er al.”’ found a similar cutoff dependence
(reflecting a bound-bound transition mechanism) for HHG
by a 1D model of a superlattice in a linearly polarized field.
Indeed, our numerical results for graphene (a crystalline
monolayer) confirm these expectations. In Figs. 5 and 6 we
present, respectively, the HHGS for three different intensities
when A =800 and 1250 nm. The minimum intensities which
produce a plateau (with the m=2 harmonic pair) in the
HHGS are, respectively, [,=3.56X10'? and 1.65
X 10" W/cm? for =800 and 1250 nm. A simple extension
of the plateau, following the above-mentioned scaling low, is
obtained for I,=1.42x10" W/cm®> and A=800 nm at
Meyrors=23-25 (m=4) and, for a nearly four-times lower
intensity of I,=3.85X10'> W/cm? and A=1250 nm at
ncu,0{£= 17-19 (m=3). For higher intensity of /,=5.70
X 10" W/ecm®, the HHG cutoff is at n.,.,,=29-31 (m
=5) when A =800 nm whereas it is at n1.,,,7,=59-61 (m
=10; not shown in the plot) when A\ =1250 nm. Therefore,
to observe a longer plateau it is preferable to carry out the
experiments using a high intensity laser with a wavelength of
1250 nm rather than with an 800-nm one. This result cor-
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A=800nm, 1;=5.70X10"°W/cm’

o™

0 10 20 30 40 50 60 70 80 90
O[degree]

FIG. 7. The ratio of the third and fifth harmonics vs the ellip-
ticity parameter 6 [see Eq. (3)] for I,=5.70x 10" W/ecm? and
wavelength A =800 nm. For linearly polarized light, §=0, this ra-
tio is about 0.15. For 40° < §<<50°, the ratio is less than 0.015 and
for 44° << 9<<46°, the ratio is almost equal to zero. Hence, the SRs
in circularly polarized fields are quite robust to imperfect circular
polarization.

roborates the analytical proof based on the assumption that
the photo-induced ionization is small and assuming Huckel
molecular orbital energies,9 as well as the results of recent
calculations of HHG from oriented benzene.'? The physical
explanation for this effect, as detailed in Ref. 9 for circularly-
polarized fields (also see Ref. 40 for a similar bound-bound
dynamics of dissociating molecular ions in a linearly-
polarized field), goes as follows. When bound-bound transi-
tions govern the HHG process, the interaction energy with
the field (charge X dipole strength X field amplitude) is
transformed to HOHs. The interaction energy does not de-
pend on the fundamental frequency. Therefore, the length of
the plateau n,,,, s (Which is equal to the maximal variation
of the interaction energy, divided by the fundamental photon
energy) increases with N Following the discussion at the
Introduction and Refs. 23 and 24, one should expect that the
HHG from thin graphite films can be induced with sub-20-fs
IR laser pulses with intensities not exceeding I
=10" W/cm? before qualitative damage and structural
changes occur. Since for intensities above 10" W/cm? the
graphite film could be destroyed, to obtain a continuous gen-
eration of HOHs at these intensities the laser focus should
translate along the sample.

The stability of the SRs to imperfect circular polarization
is studied next. In Fig. 7 the ratio of the third and fifth har-
monic intensities for A=800nm and [y=5.70

PHYSICAL REVIEW B 68, 1651XX (2003)
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FIG. 8. (Top panel) The HHGS of graphene and benzenelike
molecule (one unit cell of graphene) for light linearly polarized in
the x direction (#=0). (Middle panel) Circularly polarized in the x
directions light (6= 7/4). (Bottom panel) Light linearly polarized
in the y direction (#=/2). The cutoffs in the three HHGS are
about the same for both systems for the different polarizations of
the light. Within the framework of the FTB method, the length of
the plateau for ““benzene” is shorter than that of graphene.

X 10" W/cm? is displayed as a function of the ellipticity
parameter 6 [see Eq. (3)]. For linearly polarized light,
=0, this ratio is about 0.15. This is an interesting result
which indicates the strong non-linearity of the photoinduced
dynamics when the strong laser field is applied, regardless of
the polarization of the laser. A microscopic explanation of
this result requires further investigations which are beyond
the scope of the present work. Notwithstanding, such a phe-
nomena have been observed in recent experiments.*' Inter-
estingly, already for 40° < #<<50° this ratio is less than 0.015
and for 44°<#<<46° it is almost equal to zero. Since the
degree of circular polarization can be easily controlled to
within A#<<1°, the conclusion is clear; The SRs are very
stable when changing the ellipticity in the vicinity of the
perfect circular polarization (#=45°) and, thus, are expected
to be observed in experiments.

To estimate the effect of employing extended periodic
systems (i.e., thin graphite films) on the HHGS we per-
formed, for comparison, the calculation for a benzenelike
molecule (benzene without hydrogen atoms). Figure 8 shows
the HHGSs for graphene and for a benzene like system in-
teracting with circularly polarized light and with light lin-
early polarized in the x and y directions. The difference in
HHGSs obtained for light linearly polarized in x and y direc-
tions results from the different orientations with respect to
the polarization vectors of the unit cell in the x-y plane. In
order to maximize the polarization effect on the HHGS (for
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Y
X6
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X2
Ys* x4 Y3
X3

A

(b) Local coordinates (a) Global coordinates
Yop
xaB

(c) Bond—dependent coordinates
(here a=1, B=2)

FIG. 9. Three types of coordinate systems discussed in Appen-
dix A are illustrated: (a) Global coordinates (x,y). (b) Atom-
position-dependent local coordinates (x,,y,), where y,, is directed
towards the center of the unit cell and x, is perpendicular to it. (c)
Bond-dependent coordinates (x,- g,y o), Where y,_ g is perpen-
dicular to the bond connecting atoms « with 8, and x,_ 4 is along
the bond.

illustrative purpose) we represent the results for 7,=15.70
X 10'* W/cm?. We observe that the harmonic generation of
the benzene like structure dies off relatively faster than that
of graphene for circularly-polarized light as well as for light
linearly polarized in the x and y directions. Therefore, em-
ploying an extended periodic structure for the generation of
HOHs would result in extended plateaus in comparison to a
molecular system.

IV. SUMMARY

A FTB approach has been developed for the calculation
and study of HHGSs from spatially periodic targets. Our
calculations show that the HHGSs obtained for graphene in-
teracting with nonperturbative circularly polarized IR light
(A=2800 and 1250 nm) admit several attractive properties. In
particular, the DS-based SRs for C,, symmetry and circularly
polarized fields are found to be valid for this laser-target
system. For graphene (n=6) the calculation clearly shows
the emitted frequencies are () (emitted)=(6n*1)w, n
=1,2,3.... The HHGS is rather stable to the variation of
the elliptical angle of the polarization §=45°=*+5°. Note that
in a typical experiment the ellipticity 6 can be easily con-
trolled with an accuracy of A#<1°. The DS-based SRs for
the HHGS are found to be pronounced, i.e., a clear extended
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NG) p.(B)

/”uﬁ p,(B)
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(s@IP, [s@)=P [(s@|P, [pB) =Py, [(s@[P, [p,B))=0

(s@®[P, [s@)=0  |[(s@|P, [pB))=0 [(s@|P, [p,®))=P,,
op op op ap o

PP

(P® [ Hlp, () =1, |(p @)|H|p,)=H, [(P.BIH[p,0)=0

P

x
o

py&a)) =0

~
D
Ix
o

(p.BP, [p.(@) =P, | (0, B[P, [p, ) =P, [(PLP)

(p.BIP, [p.@)=0 |(p,®IP, [p@)=0 [(pBIP, p@)-P,

FIG. 10. The matrix elements for atomic orbitals, when the or-
bitals are described in bond-dependent coordinates. In our problem,
we choose to describe the atomic orbitals in local-dependent coor-
dinates. Hence, we need to project the atomic orbitals expressed in
local-dependent coordinates into orbitals expressed in bond-
dependent coordinates.

plateau in HHGS is predicted for the studied field intensities
of 1.65X 102 <1,<5.70x 10'* W/cm? for a A =1250 nm la-
ser, and 1.42X10%<1,<5.70x 10" W/cm?> for a \
=800 nm laser.

The generation of HOHs results mainly from the electrons
occupying the o-type orbitals. The fact that the contribution
to the generation of HOHs from the electrons occupying the
r-type orbitals is much smaller implies that one can expect
that the DS-based SRs for the HHGSs (i.e., the ability to
control the ratio between two successive—symmetry al-
lowed and forbidden—odd harmonics) should not be
strongly affected by the onset of ionization from the 7-type
orbitals.

It has been found that the HHGS has about the same
cutoff regardless of the polarization direction. In other
words, the use of circularly polarized light rather than a lin-
early polarized one acts like a filter and not as an amplifier.
However, using graphene rather than a benzene like mol-
ecule, besides avoiding the need for and the complications
associated with aligning molecules, also provides larger cut-
offs in the HHGS, namely graphene (graphite) with respect
to “benzene” acts like an amplifier. Consequently, it makes
the control and generation of HOHs from thin graphite films
to be experimentally attractive and feasible.
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APPENDIX A: CONSTRUCTION OF THE FLOQUET
HAMILTONIAN MATRIX ELEMENTS
FOR LASER-DRIVEN GRAPHENE WITHIN THE
FLOQUET-TIGHT-BINDING APPROACH

To calculate the matrix elements («;,|O|k;: ), where O
represents the momentum ISX s 13y , the unit I and the field-

free Hamiltonian A operators, we use three types of coordi-
nate systems as depicted in Fig. 9: (a) Global coordinates
(x,y). (b) Atom-position-dependent local coordinates
(x4,Y4), Where y, is directed toward the center of the unit
cell and x, is perpendicular to it. (c) Bond-dependent coor-
dinates (x,-g,Yo-p), Where y,_g is perpendicular to the
bond connecting atoms « with 8 and x,_g is along the
bond. The z coordinate is always in the global frame [coor-
dinate system (a)] for the 2D graphene lattice.

To simplify the calculation of the matrix elements, we
choose to describe the atomic orbitals in the {x,,y,} coor-
dinates (i.e., local coordinates), namely,

|2sa>:q}la(;_ﬁa,nl ,n2)

- 1 1/22 2o, 3/2 | Zog
4w 2a, 2"

<25
exp( — 71’) ,

(A1)

|2pxa> = \IIZa(;_R)a,nl ’"2)

1\ 2, V%22 Z

|| (22 |2 _

—(477) (200 a0 X exp Tk (A2)
and similar expressions for |2 p),a) and |2p,,) where y and z
replace the x coordinate in Eq. (A2). Here, r= |;7—I$a‘n1 ’,12|
and (x,y,z) are the Cartesian component of (;_Ea,nl ’”2)'
The effective nuclear charges, z,,= /5.72 for 2s-type carbon
orbitals and z,,=+3.16 for 2p-type orbitals, take into ac-
count the screening effect of the electrons.*> We employ the

TB approach where only nearest-neighbor interactions are
considered, i.e.,

<q,ja(r_Ra,n1,112)|I:1|‘Pj’ﬁ(r_R,B,n; ,n£)>

=0 if j,j' are notneighbors, (A3)
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where neighbors are carbon atoms which are connected
bond. The fact that <\I’ja(;

> > - ->
“Ran, i) IPIWjrai2(r=Raion, n)) is smaller in some

by a chemical

cases even by one order of magnitude than (W ja(;
“Ran, ) IPIWjrai1(r—=Royia, 0y)) justifies our use of
the TB model Hamiltonian, where only nearest neighbor in-
teractions are considered. In Fig. 10 we schematically show
the matrix elements of the field-free Hamiltonian and mo-
mentum operators for the o-type orbitals (2s,2p,,2p,).

In the local coordinate (x,,y,) representation (b), the
matrix elements are invariant under the cyclic permutation of
a and B=a+ 1. As an illustrative example, the matrix ele-
ments between two atomic orbitals centered at «=2 and 8
=3 carbons are given in the end of this appendix. It is clear
that all other matrix elements of non-neighboring atoms
within the same unit cell (n,=n] and n,=n,) vanish iden-
tically. For instance, (W ,|H|¥;/;)=0. However, there are
nonvanishing matrix elements due to the chemical bonding
between two carbon atoms that belong to adjacent unit cells.
The calculation of such matrix elements is straightforward.

Having evaluated the atomic-orbital-based matrix ele-
ments (see Fig. 10), we proceed to calculate the matrix ele-
ments for our basis functions:

k A
OE‘a),j'ﬁ:<Kja|0|Kj’B>

1 - -
— ik-R A
_N<n12,nz e Rany s W, (r=Ron, )10|

! ’
ny,n,

X 2 eik'RB"l;‘néq,j/ﬁ’(;_ﬁﬂ,ni ’”£)> s (A4)

where O stands for the Hamiltonian # or P,, P, and .
From Fig. 1 one can see that the non-vanishing matrix ele-
ments can be divided into three different categories detailed
below. Note that in order to simplify our calculation, we use
local coordinates rather than global ones. Hence the momen-
tum matrix element in the local coordinates has to be con-
verted to momentum matrix element in global one using the
simple rotation transformation

sin(e) ) Pros (AS)

cos(¢)/\ P ’

ya,ﬁ

_( cos(¢)
| —sin(e)

where ¢ is the angle between the bond connecting the o and
B carbons (i.e., bond-dependent coordinates) and the global-
coordinate x axis. For the same reason, the Hamiltonian ma-
trix elements associated with categories (ii) and (iii) below
are different.
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(i) The interacting orbitals are associated with the same
carbon atom, i.e., «= B. In this case n,=n| and n,=n, [see
Eq. (A4)] since carbon « in one unit cell cannot have a
chemical bond with the corresponding carbon « in another
unit cell. Thus, the Hamiltonian matrix elements are given by

k
H) a=— > (Wialr =R bR o(F=Ron 1)

"1 ()

:]v 2 <‘P1a(r RaOO)|H|q, V Ra00)>
sy
:<\I,j|[:1|q,j’> 615”” (Aé)

where €, =€, and €,= €;= €,= €,,, . The orbital energies in
atomic units (a.u.) are €;,=—0.326 and €,,=0. 3% The cor-
responding nonzero matrix elements for momentum matrix

elements [i.e., H is replaced by P, or Py, in Eq. (A6)] are

(see also Fig. 10).

(an)l,zz (Pya)m:l%

where local atom («) coordinates are used. We still can use
Eq. (A5) for converting the matrix elements to global coor-
dinates with ¢ =(a— 1) /3. The transition moment in a.u. is
p=(2s|P,|2p,)=(2s|P,|2p,)=0.145i. The others are
equal to zero due to the symmetry properties of the atomic
orbitals.

(ii) The interacting carbon atoms are « and B such that
B=a+1—6n, where n is an integer number such that 1
< =<6. Following the same arguments as in case (i), the
only nonzero elements are obtained when n;=n| and n,
=n, (i.e., the two carbons are in the same unit cell). There-
fore,

(k) _ lk(Rnn
Jajﬁ’ Nze g

ny.ny

an] n7)

><<‘~I,juz(’-:_1_é |H|q,j’ﬁ(;_§ﬁ,n;,n£)>

a,n; ’”2)

1 o
= _ E ek (Rgoo=Ra00)
N ny,ny

X<‘Fja(;_Ea,o,o)|H|q’j'ﬁ(’j_ﬁg,o,o)>

— ei/:'(135_0,0_1301,0.0)<\Pj|f{|‘I’jr>
— ei;'(ﬁﬁ,o,o‘éa,o,o)hjj, , (A7)

where h;;+ are given in Table I of Appendix B
Correspondmg momentum matrix elements ( p(x,y)a_ﬁ) it
are given in Table IV of Appendix B (also see Fig. 10). The
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angle ¢ required to convert the matrix elements to the global
coordinates is given by ¢=7/6+ (a—1)m/3.

(iii) The two interacting carbons satisfy the condition 8
=a+3—6n, ie., they are in different (neighboring) unit
cells. For clarity, in Fig. 1 we denote by superscripts the
carbons in adjacent cells that have a bond with carbons in the
reference unit cell (n;=n,=0). In this case we find

k ik-(R 1—R -2 A
H) =™ R "R(W ) (r—R )| AW

a’(;_ﬁa’)>

_ ik (Ry—R
=t R =Rapy ., (A8)

ﬁa is the position vector of the carbon « in the reference unit

cell whereas ﬁa/ is the position vector of the carbon 8 in the
neighboring cell that has a chemical bond with carbon « in
the reference cell [see Eq. (8)]. /;;, are given in Table IT of
Appendix B. Corresponding momentum matrix elements
(p(x’y)a*ﬁ)jj' are given in Table V of Appendix B. The angle

¢ needed to convert the matrix elements from bond-
dependent to global coordinates is given by ¢=7/2+(«a
—1)m/3.

The values of the Hamiltonian- and overlap-integrals
given in Table III of Appendix B, are taken from Ref. 30.
The momentum matrix elements an_B and Pya_B are calcu-

lated by carrying out analytical differentiation of the orbitals
[see Egs. (A1) and (A2)] and the integrations over coordinate
space are carried out numerically.

For the irradiation geometry chosen (this is also reflected
by the data in Tables I, II, IV, and V of Appendix B), there
are two independent blocks—o and m—as is the case for the
time-independent Hamiltonian.*® The o block couples the
2s,2p,, and 2py orbitals whereas the 7 block comprises of
the 2p orbitals only. Since these two blocks do not mix, we
separate accordingly the calculation for the HHGS. Conse-
quently, the computational effort is, of course, reduced.

As an illustrative example, let us calculate the matrix el-
ements between two atomic orbitals centered at «=2 and
B=3 carbons (see Fig. 1). First, we resolve the orbitals in
terms of bond-dependent coordinates x, _3,y,_3 (see Fig. 9);
Then, using Fig. 10, we can calculate the matrix elements for
the atomic orbitals; i.e., the Hamiltonian matrix element

(W3l H|W 3) is given by

<‘I’32|I:1|‘1'13>E<2Py2|ﬁ|233>

3sin(71'/3)|lfl|s3>

= < _px2,3COS( 77/3) +py2,

H,cos(m/3). (A9)

In a very similar way, the other matrix elements presented in
Tables I, II, IV, and V of Appendix B are evaluated.
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APPENDIX B: MATRIX ELEMENTS FOR THE
FLOQUET HAMILTONIAN

TABLE 1. The matrix elements ;;, (as enter into Eq. (A7)) required for the calculations of the Hamil-
tonian matrix elements when the two interacting carbon atoms are neighbors and are in the same unit cell.

The values of the matrix elements (Hg, . ..

,H ) are given in Table III

hjjo j'=1 Jj'=2 j'=3 j =4
Jj=1 Hg, —H,,cos(§) —H,,cos(3) 0
j=2 H,cos(%) —H ,cos’(%)—H,sin*(F) — H ;cos(g)cos(3)+H sin(g)sin(F) 0
Jj=3 —H,,cos(3)  Hcos(§)cos(F)—H sin(g)sin(F) H cos (§)+H sin*(%) 0
j=4 0 0 0 H.

TABLE II. The matrix elements /;;, [as enter into Eq. (A8)] required for the calculations of the Hamil-
tonian matrix elements when the two interacting carbon atoms are neighbors but in different unit cells. The

values of the matrix elements (H,,, ...

,H ) are given in Table III.

hjj ji=1 j'=2 j'=3 j'=4
j=1 H,, 0 H,, 0
j=2 0 —-H, 0 0
j=3 H,, 0 H, 0
j=4 0 0 0 H,

TABLE III. Values of the matrix elements for graphene in atomic unit as defined in Fig. 10. The matrix

elements associated with A and S are taken from Ref. 30. The other matrix elements are calculated numeri-

cally as described in the text at the end of Appendix A.

A

P

A A

19} A S P.li Pyli
0,, —0.24886 0.212 —0.133 0
0,, —0.2051 0.102 —0.0866 —0.178
0, —0.18518 0.146 —0.368 0
0. —0.1115 0.129 —0.206 —0.206
0 -0.1115 0.129 -0.206 0

o~

TABLE IV. The matrix elements of the anf and IA’yaf momentum operators in the bond-dependent
coordinates [as enter into Eq. (A7), when the Hamiltonian is replaced by the momentum operators] required
for the calculations of the Hamiltonian matrix elements when the two interacting carbon atoms are neighbors

in the same unit cell.

(P, it Jj'=1 J'=2 j'=3 j'=4
i=1 Prss 15pCOS(8) —P,,,cos(%)

j=2 P, ,,cos(d) P, ,c0s%(§) P, sin’(§) (P, o+ P, )cos(3)cos(q)

Jj=3 — P, ,cos(3) —(Py o+ P, cos(P)cos(3) — P, ,cos()+P, sin* (%) 0
j=4 0 0 0 P,
(pyaiﬁ)jj’ Jj'=1 j'=2 j'=3 jr=4
j=1 0 P, ,sin(g) —P, ,sin() 0
j=2 Py,sin(%) 0 Pyn 0
j=3 P, ,sin(%) ¥, 0 0
j=4 0 0 0
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TABLE V. The matrix elements of the P . and }A’yk momentum operators in the bond-dependent

coordinates [as enter into Eq. (A8), when the Hamiltonian is replaced by the momentum operators] required
for the calculations of the Hamiltonian matrix elements when the two interacting carbon atoms are neighbors

but in adjacent unit cells.

(Px,kﬁ)jj' j'=1 J'=2 Jj'=3 j'=4
j=1 P, 0 Py 0
j=2 0 Py 0 0
j=3 Py 0 -P, 0
j=4 0 0 0 P,
Py, i j'= j'=2 j'=3 j'=4
j=1 0 . 0 0
j=2 Py, 0 Py 0
j=3 0 - 0 0
j=4 0 0 0
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