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A representation of time-dependent Hamiltonians that describe laser-driven systems is presented. Unlike the
well-known time-independent dressed potentials that are functions of the characteristic parageter
=\llw?, wherew andl are the laser frequency and intensity, this approach provides a time-averaged potential
that depends explicitly on the field parameters; d,ga, and shape of the laser pulse. The modified dressed
potential ish independent and adds a classical time-independent potential barrier to the Kramers-Henneberger
dressed potential. We show that this dynamical potential barrier is identical to the Kapitza effective classical
potential energy obtained for the motion of a particle in a rapidly oscillating field. As an illustrative numerical
example, a simple one-electron effective model Hamiltonian of xenon atom in strong laser field is studied. We
show that the zero-order quasienergies obtained by our representation are reasonably accurate and the second
order high-frequency perturbation calculations provide quite accurately the lifetime of the photoionized elec-
tron for a broad range of laser frequencies.
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[. INTRODUCTION andT=27/w. The quasistationary statdg are solutions of
the Floquet Hamiltonian
The study of a system of an atom or a molecule driven by

a strong laser field requires the solution of the time- i ——'hi +Acat 5
dependent Schdinger equation when the Hamiltonian is e (@.1), ®)
time-dependent. The numerical exact solution of this equa-

tion is usually very complicated and the effort is costly, in I:|f¢>j(q,t)=Eij>j(q,t), ®)

particular when the electron correlation is taken into consid-

eration. Suc_h calcula’gions were carried out, for example, fo[, hare E. are the quasienergieQE) of the system. The
the harmomc generation of helium atom in KrF Ia_Eb}and quasienérgies are defined mbd, meaning thak; +nfw

for dpuble |on|zat_|on qf two-electron qtqrﬁ%—?]. Smge th? (wheren is any integer, is also an eigenvalue of tﬁe Floquet
soluhon of the tlme—lndependgnt Schimger equation is Hamiltonian. Note that this approach has been generalized
r_nuch §|mpler than that of the time-dependent one, the 9UeYy the ¢, t') method for the most general case where the
tion arises whether one can solve the problem of the Iase'ﬁeld is not necessarily time periodig]. That is, even when

Qr|vep datom/gmlecéul%smg an appro?(;]matlo?f where the[he Hamiltonian is not time periodic, e.g., when short laser
time-independent Schamger equation with an efiective po- pulses are used, then the time-dependent soultion of the
tential is solved. Within the framework of the dipole approxi- Schralinger equation is given by

mation, the equation we need to solve is

P \P(t):efin(q,t')t/h\P(o), (7)
HWY=i# v (1) A
when H; is a Floquet-type operatdas defined in Eq(5)]
o ) and O<t<T. T in this case is any time that is longer than the
where the Hamiltonian is defined as duration of the laser puls¢* serves as an additional coordi-
R R nate that makes the evolution operator time independent.
H(d,t) =Hatommolecute™ €€0d f(1). (2)  This approach enables the use of the Floquet theory for cases

when the Hamiltonian is not time periodic. The spectrum of
Heref(t) gives the time dependence of the electromagnetiqy, js a continuous one and unbound from below. Therefore it
radiation. For example, when a cw laser is used, th@)  does not support bound states. The QE are associated with
=coswt. For such periodic driving, it is possible to obtain poth continum states and resonance st§®s The reso-
quasistationary solutions nances are metastable states for which the electrons are
_ trapped by the localized potential. In Hermitian quantum me-
Wi(q,H)=e"Fi"d;(q,t), (3)  chanics the resonances are associated with a localized wave
packet. When outgoing boundary conditions are imposed on
where the solution of the Schobinger equatiortknown as the Sieg-
ert boundary conditiong10], the resonances are associated
®i(q,t)=Dj(q,t+T) (4)  with complex eigevalue&;=¢€;—(i/2)I';, whereg; is the

1050-2947/2002/66)/06341%6)/$20.00 66 063415-1 ©2002 The American Physical Society



IDO GILARY AND NIMROD MOISEYEV PHYSICAL REVIEW A 66, 063415 (2002

energy position andl; is the width of the resonance state. In It is clear that the zero-order perturbation theory is applicable
order to avoid the need to impose outgoing boundary condienly when the laser frequency is much larger than the fre-
tions and in order to bring the resonances into the generaljuency of electronic oscillations inside the effective potential
ized Hilbert spacdas bound states in Hermitian QMthe  well, Q. [18]. From Eq.(10) one can see that ag, gets
complex scaling method has been introduEg&tl12. Upon larger values, the zeroth order effective potentighecomes
complex scalingg— q exp(6), the resonance wave function shallower. Therefore, the value 6%, is reduced as the pa-
becomes square integrable. However, one should be aware @fmeter ay=eey/ uw? is increased. The conditiom> ),

the generalization of the definition of inner product when theimplies that this perturbation theory scheme holds only for
Hamiltonian is non-Hermitiarj13,12. The resonances are very strong laser fields, and when the laser frequency is suf-
the complex eigenvalues that are not effected by the chandeiently high. Therefore, for sufficiently strong laser fields

in @ (providedd exceeds a critical valye the quasienergies can be calculated by the diagonalization of
a time-independent Hamiltoniaf o= T+ V5", whereV§"
II. TIME-INDEPENDENT HIGH-FREQUENCY is defined in Eq(10). This result enables the use of standard
PERTURBATION THEORY FOR DRIVEN SYSTEMS computational chemistry programs for the calculation of the
IN STRONG LASER FIELDS zero-order quasienergy values of atoms in high-intensity la-

. , ) ) . . ser fields[16]. In their calculations they had considered the
Using the ¢, t') method, time is defined as an additional ,tinole expansion of the exact Coulomb electron-nucleus
coordinate[8], and therefore time independent pert“rbat'oninteraction, as given in Ref17]. The same approach can be

theory is applicabl¢8,14). Since the radius of convergence (51en using the expression for the time-independent Hamil-
is zero even when wgak ac/dq fields are applied we Qeal Witthnian presented in the following Section. The time-
asymptotic pertu[bauonal series. For strong laser field, th‘?ndependent expression for the time-independent Hamil-
question what isH, is a crucial one. When the laser fre- tonjian enables the calculations of the dependence of the
quencyw is smaller than the field-free electron motion fre- quasienergy spectrum on the laser frequency and indepen_
quencyQg" (defined as the first excitation energy divided by dently, on the intensity of the laser. Note by passing that the
the Planck constapttime can be treated as an adiabatic pa-quasienergy spectrum is a measurable quantity. Such mea-
rameter. Therefore, when/Q5F<1, in the first step of the surements can provide information on the nonlinearity of the
adiabatic calculations one should calculate the eigenfungshotoinduced dynamics of the studied system and its depen-
tions of A(q,t) =H§F +eeqf(t), whereAEF is the field-  dence on the laser field parameters.

free HamiItoniaanFzE)2/2M+V(q), € is the maximum Let us solve the Floquet eigenvalue probleﬁif”cpj

field amplitude, and'(t) is the time-dependent part of the =E;®; (whered; are time periodic functionsusing pertur-
electric field. In this case the natural choice for the zerothbation theory. Thenth order QE are calculated using the
order Hamiltonian is the field-free one]gF. However, time-independent perturbation theory when time is treated as
when w/QE5F>1, the electrons move in the time-averaged@n additional cpordinate. Taking this approach, the higher
effective potential. Wheri:lo is the field-free Hamiltonian, order perturbational terms are calculated when the time-

then, the time-averaged potential is zero for periodicallyd€Pendent potential is expanded in Fourier basis. Namely,

driven systems. In this case it is preferable to apply pertur-

bation theory after carrying out the transformation to the Vper=VKH(q,t) —VEH= > v emet, (11)
acceleration framgknown as Kramers-HennebergéfH) m=0
representatioh[15]. In this representation the origin of the h

coordinates oscillates with the field. The transformed Hamil-¥"€"®
tonian has the form

Va(a)= 7 foTe-imw‘vK“(q,w dt. (12
. (8

N J p2 €e
H?Hz—iﬁ—+p—+v(q+—°fjdtf(t) _ ,

2 2 Note that the zeroth Fourier component is subtracted from
the perturbation since it is included in the zero-order Hamil-
For cw Izasers, f(t)=coswt, V(q—aecoswt), and ao  tonjan. The zero-order quasistationary solutions are given by
=eey/ pw”. In order to simplify the formulation, we denote

V(g— agcosnt) asViH(q,t): A (@ =E@d(©) (13)

VEH(g,H)=V(q— agcosat). (9 The first-order corrections to the quasienergies vanish be-
cause of the integration over the “time¢” coordinate. The

Under this transformation the zero-order Hamiltonifly  gecond-order corrections to the quasienergies are given by

=T+ VEH depends only om and not explicitly on the laser

frequency and the maximal field amplitude. The zero-order (<bf<°)|vm|d>](°))2

i ial is defi E(®)= . 14
effective potential is defined as i n;o Ek: E](O)_(E(k0)+ﬁwm) (14)
KH _ E ToKH The expressions given above are valid for many-electron sys-
Vo V*T(q,t) dt. (10 ol )
TJo tems where the electron correlation is taken into account.
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1 T T T T T T I1l. PERTURBATION THEORY USING AN ALTERNATIVE
'I_ REPRESENTATION OF TIME-DEPENDENT
oos b exact QM HAMILTONIANS OF DRIVEN SYSTEMS IN STRONG
E I 0-th order PT LASER FIELDS
\ —-=- 2nd-order PT
= ‘.‘ \ In the approach we present here, the Hamiltonian given in
2 i \ i Eq. (8) is transformed once again by the following transfor-
2 \ mation:
=
g'-” It ‘ KH KH
s L | de‘ (q,t)=ex;{(|/ﬁ)f [VKH(g,t")—VvEhdt O (g,t).
16
I S (16)
The motivation for such a transformation is to obtain a time-
-0.20 5 ™ ) 5 > 6 20 averaged potential with a _better depend_ence on the _fleld_ pa-
field frequency ® (eV) rameters. As a result of this transformation, the Hamiltonian
is given by
FIG. 1. Exact, zero-order, and second-order quasienergies ob-
tained by the use of the KH representation of the ground-state ~ alt ~KH alt . d
quasienergies of xenon as function of the laser frequency. The Hf (q,t)=Hy"+V (q-t)_'ﬁﬁ’ (17)
maximum field amplitude is varied to keef=6 a.u.
where
The round bra-ket-(- -) stands for the product rather than f 2 g 1 gf
the regular scalar product when complex scaling is (32t vall(q,t)=— > > —ne‘“‘”‘> e = é)—ne”“”t
If the eigenfunctions of the unscaleld, are real, then pe=in7o N ponzo N g
(flg)=(f*|g). Note that such high-order corrections to this % f
high-frequency Floquet theory have been calculated before -— _ginet (18
[19]. We have chosen, for the sake of simplicity, as an illus- p@ nzo N 99
trative model Hamiltonian a one-dimensional effective po- . .
tential for the ionization of Xd20]. Heref,(q) is thenth Fourier component of the force
Vn(Q)
2 fa(@)=—— —. (19
V(a)=—Doexp(— yq“), (15) q

These Fourier components of the force play important role in
whereD,=0.63 a.u. andy=0.1424 a.u. A comparison be- the_generation (_)f high-or_der harmonics in the high-frquency
tween the ground-state quasienergy obtained by this pertuf€dime [21]. This potential can also be represented in its
bation theory and the exact QM calculations performed byH€rmitian form
the (t, t') method show that only in the very high frequency 1
regime, the ze.ro-order result. converges to th(_a exact{eige valt(q,t) = 2_[|:2(q,t)+ PF(q,t)+F(q,t)p], (20
1). We would like to emphasize that, using this approach the 2
zero-order quasienergies are not a function of the laser fre-
quencyw but of ag=eey/uw?. The results of the second where
order perturbation calculations presented in Fig. 1 show that Niu(a,t) f.(q)
the correct quasienergies are obtained by second-order per- F(q,t)=— j Ldt: E T ginot.
turbation theory when the laser frequenwy is larger than Jq nz0 Nw
the ionization energi|. The transition from high-frequency _ . .
ionization mechanisnf.e., when single-photon ionization is 1 1iS new Hamiltonian seems rather complicated. When
dominanj to the low-frequency ionization mechanisfim we apply perturbation .theory.to It, we optaln an expression

which ionization is due to multiphoton absorptjotakes for a zero order potential, which has a simple form:
place whem w~IE. 10T

Widely used software packages for electron-structure cal- Vg't(q) :VgH+ _f valt(q,t)dt
culations (such as Gaussiarcan be used for calculating TJo
ground electronic states only. Consequently, they are appli-
cable within the framework of the zero-order perturbation
theory described above. Therefore, one may wonder how
perturbation theory should be used in order to include explic-

itly the dependence on the laser frequency in the zero-orddt is important to emphasize the dependence of the time-
perturbational calculations. This subject will be discussed inndependent dressed potential given in E2R) on the fre-

the following section. qguency of the lasefsee Fig. 2. Clearly, the contribution of

(21)

1 fa(a)f-_n(a)
__\/KH n n
Vit 2 S @
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FIG. 2. Effective time-averaged potentials for the xenon atom in  FIG. 4. Comparison between the exact, zero-order, and second-
a strong laser field wheay,=ee,/uw?=6. Solid line, KH dressed order quasienergies obtained by the use of the KH representation

potential; long-dashed line, dressed potential wher5 eV; and our representation. The maximum field amplitude is varied to
dashed line, dressed potential wher3.5 eV. keepay=12 a.u.

this term to the perturbational expansion is increased as t esse_d potent.|al as IS V"?‘”ed at fixedno. Itis easy to see
frequency o is decreased. The results of the sero-ordefnat this potential lgarrler |§ exactly equal to the time average
quasienergies calculated for the model Hamiltonian, whictPf [F(a.1) = fo(q)] /,(2"“" ), WheerfO(Q) IS the_ force of
describes the photoionization of a model xenon atom, ard€ dressed potentiafy(q)=—dVy(q)/dq. This is the
presented in Fig. 3. These results show that the accuracy §fapitza effective classical potential energy obtained for the
the calculations of the quasienergy spectrum by zeroth ordépotion of a particle in a rapidly oscillating fiel®2]. Our
perturbation theory is drastically improved when the perturmethod can EE extended by replacing the time-averaged po-
bational approach is taken rather than the “conventionalt€ntial Vo=V="" that appears in the transformation given in
one (i.e., using the Kramers-Henneberger representation Ed- (16) by a different time-independent potential. The cho-
The transformation presented in this paper adds to the “conS€n Vo potential used in the transformation should provide
ventional” time-independent dressed potential a term that i§h€ best agreement between the eigenvalues of the time-
defined in Eq(22). This term does not depend on the Planckindependent problem and the exact QE. The criteria for
constant. For cw lasers, this potential term is definitely posi£h00singV, is an open question and outside the scope of this
tive and can be regarded as a classical, #i-independent ~ Paper. In this manner, it might be possible to achle_zve (_Jllffer-
time-independent potential barrier. In Fig. 2, we show the€nt functional dependences of the zero-order Hamiltonian on
difference between the KH dressed potential and the new- This might be the direction one should take in order to
extend the applicability of the zero-order perturbation theory

10 presented here to a broad range of laser frequencies.

tions. As one can see, the quasienergies up to the second
order, which are obtained by using our approach, are more
accurate than those obtained by using perturbation theory in
. KH frame. However, the accuracy of quasienergies calcula-
tions is not improved drastically by the use of the second-
order perturbation theory as in the zero-order calculations.
This is due to the fact that in the Kramers-Henneberger rep-
resentation, unlike the zero-order quasienergies, the second-
order quasienergies depend explicitly on the laser frequency.
In our calculations, the parametaf was held fixed as the
-5.0 L L 1 laser frequencys was varied. It implies that the laser inten-
2 6 10 14 : - : ; :
field frequency o (aV) sity (proportional tq the square_of the maximum field ampli-
tude €g) has been increased with the increasevof
FIG. 3. Comparison between the exact and zero-order quasien- As been stated before, the QE states have a finite lifetime.
ergies obtained by the use of the KH representation and our repré-he inverse of the lifetime of a resonance quasienergy state
sentation. The maximum field amplitude is varied to keep IS associated with its widtlfwhich is represented by the
=6 a.u. imaginary part of the quasienengyin our studied case, the

\ ' ' ' In Fig. 4 we represent the quasienergies as a function of
“ the laser frequencgwhile the parametes is held fixed as
\ exact QM obtained from our second-order perturbation theory calcula-
20} “ ----- Oth-order PT |
\

=== 0Oth-order new PT

E“(Res) (eV)
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ST T T quasienergies that are obtained using this approach are func-
(] ‘-' tion of one variable only. It is impossible, for example, to use
w o —— QM exact the KH-dressed potentials for studying the effect of the
;r - — 2nd-order PT variation of the laser frequency and independently of the
ol E. === 2nd-order new PT | laser intensity on the quasienergy spectrum of the studied
1 "
[}
[ ]

problem. Our approach based on an alternate transformation
of the time-dependent Schiimger equation provides a
modified dressed potential that is applicable not only for high
frequencies but also for a broad range of frequencies of la-
sers commonly used today in the study of nonlinear optical
phenomengsuch as high-order harmonic generajiohhe
main advantage of this approach is that it provides a zero-
order time-independent dressed potential that explicitly de-
pends on all laser parameters. This is particularly important
in the study of the effect of field parametdesg., duration of
the laser pulse, its frequency, and intensiiy the quasien-

ergy spectrumor other propertigsof the laser-driven sys-
FIG. 5. Comparison between the exact and second-order restems. However, one still has to prove that the perturbative

nance width(inverse lifetime obtained by the use of the KH rep- expansion obtained by the transformation in Eif) is con-
resentation and our representation. The maximum field amplitude i@ergent at low laser frequencies.
varied to keeprg=12 a.u.

“(Res) (

6 10
field frequency o (eV)

We have shown that for periodically driven systems, a

_ o modified dressed potential is obtained resulting from the
ground resonance width cannot be calculated within theransformation presented here. The new dressed potential

framework of the zero-order perturbation theory, since theyresented here differs from the KH potential by a potential
ground state of the effective time-independent dressed poteRarrier. This barrier that i$ independent is shown to be

tial is a bound state. The ground-state resonance width, hovdentical to the Kapitza effective classical potential energy
ever, can be obtained by using the second-order perturbatiashtained for the motion of a particle in rapidly oscillating
theory as shown in Fig. 5. As one can see from the result§eld. It is expected that this time-independent classical po-
presented in Fig. 5, when the laser frequency is below 10 e,Yential barrier will induce temporarily trapping of particles
then the perturbation approach presented here gives mo(go-called narrow resonandedhis kind of temporary trap-
accurate resonance widths than those obtained by the pertiing of particles is different from the light-induced states that
bation theory in KH frame. It also provides the qualitative are discussed extensively in the literat{28,24. The light-
overall frequency behavior of the width from 2.5 éKrF  induced states are bound states in the dressed potential pic-
lasey and above. ture, whereas the temporarily trapped states due to the exis-

tence of Kapitza potential barrier have a finite lifetime even
IV. CONCLUSIONS

in the dressed picture. The conditions that lead to the appear-
) ) ance of such states is under current study.
Zero-order perturbation theory in the KkKramers-

Hennebergerframe provides a time-independent dressed po-
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