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Alternative representation of time-dependent Hamiltonians with application
to laser-driven systems
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A representation of time-dependent Hamiltonians that describe laser-driven systems is presented. Unlike the
well-known time-independent dressed potentials that are functions of the characteristic parametera0

5AI /v2, wherev andI are the laser frequency and intensity, this approach provides a time-averaged potential
that depends explicitly on the field parameters; e.g.,I, v, and shape of the laser pulse. The modified dressed
potential is\ independent and adds a classical time-independent potential barrier to the Kramers-Henneberger
dressed potential. We show that this dynamical potential barrier is identical to the Kapitza effective classical
potential energy obtained for the motion of a particle in a rapidly oscillating field. As an illustrative numerical
example, a simple one-electron effective model Hamiltonian of xenon atom in strong laser field is studied. We
show that the zero-order quasienergies obtained by our representation are reasonably accurate and the second
order high-frequency perturbation calculations provide quite accurately the lifetime of the photoionized elec-
tron for a broad range of laser frequencies.
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I. INTRODUCTION

The study of a system of an atom or a molecule driven
a strong laser field requires the solution of the tim
dependent Schro¨dinger equation when the Hamiltonian
time-dependent. The numerical exact solution of this eq
tion is usually very complicated and the effort is costly,
particular when the electron correlation is taken into cons
eration. Such calculations were carried out, for example,
the harmonic generation of helium atom in KrF laser@1# and
for double ionization of two-electron atoms@2–7#. Since the
solution of the time-independent Schro¨dinger equation is
much simpler than that of the time-dependent one, the q
tion arises whether one can solve the problem of the la
driven atom/molecule using an approximation where
time-independent Schro¨dinger equation with an effective po
tential is solved. Within the framework of the dipole approx
mation, the equation we need to solve is

ĤC5 i\
]

]t
C, ~1!

where the Hamiltonian is defined as

Ĥ~q,t !5Ĥatom/molecule1ee0q f~ t !. ~2!

Here f (t) gives the time dependence of the electromagn
radiation. For example, when a cw laser is used, thenf (t)
5cosvt. For such periodic driving, it is possible to obta
quasistationary solutions

C j~q,t !5e2 iE j t/\F j~q,t !, ~3!

where

F j~q,t !5F j~q,t1T! ~4!
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andT52p/v. The quasistationary statesF j are solutions of
the Floquet Hamiltonian

Ĥ f52 i\
]

]t
,1Ĥ~q,t !, ~5!

Ĥ fF j~q,t !5EjF j~q,t !, ~6!

where Ej are the quasienergies~QE! of the system. The
quasienergies are defined mod\v, meaning thatEj1n\v
~wheren is any integer!, is also an eigenvalue of the Floqu
Hamiltonian. Note that this approach has been general
by the (t, t8) method for the most general case where
field is not necessarily time periodic@8#. That is, even when
the Hamiltonian is not time periodic, e.g., when short la
pulses are used, then the time-dependent soultion of
Schrödinger equation is given by

C~ t !5e2 iĤ f (q,t8)t/\C~0!, ~7!

when Ĥ f is a Floquet-type operator@as defined in Eq.~5!#
and 0<t<T. T in this case is any time that is longer than t
duration of the laser pulse;t8 serves as an additional coord
nate that makes the evolution operator time independ
This approach enables the use of the Floquet theory for c
when the Hamiltonian is not time periodic. The spectrum
Ĥ f is a continuous one and unbound from below. Therefor
does not support bound states. The QE are associated
both continum states and resonance states@9#. The reso-
nances are metastable states for which the electrons
trapped by the localized potential. In Hermitian quantum m
chanics the resonances are associated with a localized w
packet. When outgoing boundary conditions are imposed
the solution of the Schro¨dinger equation~known as the Sieg-
ert boundary conditions! @10#, the resonances are associat
with complex eigevaluesEj5e j2( i /2)G j , wheree j is the
©2002 The American Physical Society15-1
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energy position andG j is the width of the resonance state.
order to avoid the need to impose outgoing boundary co
tions and in order to bring the resonances into the gene
ized Hilbert space~as bound states in Hermitian QM!, the
complex scaling method has been introduced@11,12#. Upon
complex scaling,q→q exp(iu), the resonance wave functio
becomes square integrable. However, one should be awa
the generalization of the definition of inner product when
Hamiltonian is non-Hermitian@13,12#. The resonances ar
the complex eigenvalues that are not effected by the cha
in u ~providedu exceeds a critical value!.

II. TIME-INDEPENDENT HIGH-FREQUENCY
PERTURBATION THEORY FOR DRIVEN SYSTEMS

IN STRONG LASER FIELDS

Using the (t, t8) method, time is defined as an addition
coordinate@8#, and therefore time independent perturbati
theory is applicable@8,14#. Since the radius of convergenc
is zero even when weak ac/dc fields are applied we deal
asymptotic perturbational series. For strong laser field,
question what isĤ0 is a crucial one. When the laser fre
quencyv is smaller than the field-free electron motion fr
quencyVe

FF ~defined as the first excitation energy divided
the Planck constant!, time can be treated as an adiabatic p
rameter. Therefore, whenv/Ve

FF!1, in the first step of the
adiabatic calculations one should calculate the eigenfu
tions of Ĥ(q,t)5Ĥ0

FF1ee0q f(t), where Ĥ0
FF is the field-

free HamiltonianĤ0
FF5 p̂2/2m1V(q), e0 is the maximum

field amplitude, andf (t) is the time-dependent part of th
electric field. In this case the natural choice for the zero
order Hamiltonian is the field-free one,Ĥ0

FF . However,
when v/Ve

FF@1, the electrons move in the time-averag
effective potential. WhenĤ0 is the field-free Hamiltonian,
then, the time-averaged potential is zero for periodica
driven systems. In this case it is preferable to apply per
bation theory after carrying out the transformation to t
acceleration frame@known as Kramers-Henneberger~KH!
representation# @15#. In this representation the origin of th
coordinates oscillates with the field. The transformed Ham
tonian has the form

Ĥ f
KH52 i\

]

]t
1

p̂2

2m
1VS q1

ee0

m E E dt f~ t ! D . ~8!

For cw lasers, f (t)5cosvt, V(q2a0cosvt), and a0
5ee0 /mv2. In order to simplify the formulation, we denot
V(q2a0cosvt) asVKH(q,t):

VKH~q,t ![V~q2a0cosvt !. ~9!

Under this transformation the zero-order HamiltonianH0

5T̂1V0
KH depends only ona0 and not explicitly on the lase

frequency and the maximal field amplitude. The zero-or
effective potential is defined as

V0
KH5

1

TE0

T

VKH~q,t ! dt. ~10!
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It is clear that the zero-order perturbation theory is applica
only when the laser frequency is much larger than the
quency of electronic oscillations inside the effective poten
well, Ve @18#. From Eq.~10! one can see that asa0 gets
larger values, the zeroth order effective potentialV0 becomes
shallower. Therefore, the value ofVe is reduced as the pa
rametera05ee0/mv2 is increased. The conditionv@Ve
implies that this perturbation theory scheme holds only
very strong laser fields, and when the laser frequency is
ficiently high. Therefore, for sufficiently strong laser field
the quasienergies can be calculated by the diagonalizatio
a time-independent HamiltonianĤ05T̂1V0

KH , whereV0
KH

is defined in Eq.~10!. This result enables the use of standa
computational chemistry programs for the calculation of
zero-order quasienergy values of atoms in high-intensity
ser fields@16#. In their calculations they had considered t
multipole expansion of the exact Coulomb electron-nucle
interaction, as given in Ref.@17#. The same approach can b
taken using the expression for the time-independent Ha
tonian presented in the following Section. The tim
independent expression for the time-independent Ham
tonian enables the calculations of the dependence of
quasienergy spectrum on the laser frequency and inde
dently, on the intensity of the laser. Note by passing that
quasienergy spectrum is a measurable quantity. Such m
surements can provide information on the nonlinearity of
photoinduced dynamics of the studied system and its dep
dence on the laser field parameters.

Let us solve the Floquet eigenvalue problemĤ f
KHF j

5EjF j ~whereF j are time periodic functions! using pertur-
bation theory. Thenth order QE are calculated using th
time-independent perturbation theory when time is treated
an additional coordinate. Taking this approach, the hig
order perturbational terms are calculated when the tim
dependent potential is expanded in Fourier basis. Name

Vpert5VKH~q,t !2V0
KH5 (

mÞ0
Vmeimvt, ~11!

where

Vm~q!5
1

TE0

T

e2 imvtVKH~q,t ! dt. ~12!

Note that the zeroth Fourier component is subtracted fr
the perturbation since it is included in the zero-order Ham
tonian. The zero-order quasistationary solutions are given

Ĥ0F j
(0)5Ej

(0)F j
(0) . ~13!

The first-order corrections to the quasienergies vanish
cause of the integration over the ‘‘time’’t8 coordinate. The
second-order corrections to the quasienergies are given

Ej
(2)5 (

mÞ0
(

k

~Fk
(0)uVmuF j

(0)!2

Ej
(0)2~Ek

(0)1\vm!
. ~14!

The expressions given above are valid for many-electron
tems where the electron correlation is taken into accou
5-2
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The round bra-ket (•••) stands for thec product rather than
the regular scalar product when complex scaling is used@12#.
If the eigenfunctions of the unscaledĤ0 are real, then
( f ug)5^ f * ug&. Note that such high-order corrections to th
high-frequency Floquet theory have been calculated be
@19#. We have chosen, for the sake of simplicity, as an illu
trative model Hamiltonian a one-dimensional effective p
tential for the ionization of Xe@20#.

V~q!52D0exp~2gq2!, ~15!

whereD050.63 a.u. andg50.1424 a.u. A comparison be
tween the ground-state quasienergy obtained by this pe
bation theory and the exact QM calculations performed
the (t, t8) method show that only in the very high frequen
regime, the zero-order result converges to the exact one~Fig.
1!. We would like to emphasize that, using this approach
zero-order quasienergies are not a function of the laser
quencyv but of a05ee0 /mv2. The results of the secon
order perturbation calculations presented in Fig. 1 show
the correct quasienergies are obtained by second-order
turbation theory when the laser frequencyv, is larger than
the ionization energyEI. The transition from high-frequenc
ionization mechanism~i.e., when single-photon ionization i
dominant! to the low-frequency ionization mechanism~in
which ionization is due to multiphoton absorption! takes
place when\v;IE.

Widely used software packages for electron-structure
culations ~such as Gaussian! can be used for calculatin
ground electronic states only. Consequently, they are ap
cable within the framework of the zero-order perturbati
theory described above. Therefore, one may wonder h
perturbation theory should be used in order to include exp
itly the dependence on the laser frequency in the zero-o
perturbational calculations. This subject will be discussed
the following section.

FIG. 1. Exact, zero-order, and second-order quasienergies
tained by the use of the KH representation of the ground-s
quasienergies of xenon as function of the laser frequency.
maximum field amplitude is varied to keepa056 a.u.
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III. PERTURBATION THEORY USING AN ALTERNATIVE
REPRESENTATION OF TIME-DEPENDENT

HAMILTONIANS OF DRIVEN SYSTEMS IN STRONG
LASER FIELDS

In the approach we present here, the Hamiltonian given
Eq. ~8! is transformed once again by the following transfo
mation:

F j
alt~q,t !5expF ~ i /\!E t

@VKH~q,t8!2V0
KH#dt8GF j

KH~q,t !.

~16!

The motivation for such a transformation is to obtain a tim
averaged potential with a better dependence on the field
rameters. As a result of this transformation, the Hamilton
is given by

Ĥ f
alt~q,t !5Ĥ0

KH1Valt~q,t !2 i\
]

]t
, ~17!

where

Valt~q,t !52
1

2mv2 S (
nÞ0

f n

n
einvtD 2

2
\

2mv (
nÞ0

1

n

] f n

]q
einvt

2
\

mv (
nÞ0

f n

n
einvt

]

]q
. ~18!

Here f n(q) is thenth Fourier component of the force

f n~q!52
]Vn~q!

]q
. ~19!

These Fourier components of the force play important role
the generation of high-order harmonics in the high-freque
regime @21#. This potential can also be represented in
Hermitian form

Valt~q,t !5
1

2m
@F2~q,t !1 p̂F~q,t !1F~q,t ! p̂#, ~20!

where

F~q,t !52E ]VKH~q,t !

]q
dt5 (

nÞ0

f n~q!

nv
einvt. ~21!

This new Hamiltonian seems rather complicated. Wh
we apply perturbation theory to it, we obtain an express
for a zero order potential, which has a simple form:

V0
alt~q!5V0

KH1
1

TE0

T

Valt~q,t !dt

5V0
KH1

1

2mv2 (
nÞ0

f n~q! f 2n~q!

n2
. ~22!

It is important to emphasize the dependence of the tim
independent dressed potential given in Eq.~22! on the fre-
quency of the laser~see Fig. 2!. Clearly, the contribution of

b-
te
e
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this term to the perturbational expansion is increased as
frequency v is decreased. The results of the zero-ord
quasienergies calculated for the model Hamiltonian, wh
describes the photoionization of a model xenon atom,
presented in Fig. 3. These results show that the accurac
the calculations of the quasienergy spectrum by zeroth o
perturbation theory is drastically improved when the pert
bational approach is taken rather than the ‘‘convention
one ~i.e., using the Kramers-Henneberger representati!.
The transformation presented in this paper adds to the ‘‘c
ventional’’ time-independent dressed potential a term tha
defined in Eq.~22!. This term does not depend on the Plan
constant. For cw lasers, this potential term is definitely po
tive and can be regarded as a classical~i.e., \-independent!
time-independent potential barrier. In Fig. 2, we show
difference between the KH dressed potential and the n

FIG. 2. Effective time-averaged potentials for the xenon atom
a strong laser field whena05ee0 /mv256. Solid line, KH dressed
potential; long-dashed line, dressed potential whenv55 eV;
dashed line, dressed potential whenv53.5 eV.

FIG. 3. Comparison between the exact and zero-order quas
ergies obtained by the use of the KH representation and our re
sentation. The maximum field amplitude is varied to keepa0

56 a.u.
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dressed potential asv is varied at fixeda0. It is easy to see
that this potential barrier is exactly equal to the time avera
of @F(q,t)2 f 0(q)#2/(2mv2), where f 0(q) is the force of
the dressed potential,f 0(q)52dV0

KH(q)/dq. This is the
Kapitza effective classical potential energy obtained for
motion of a particle in a rapidly oscillating field@22#. Our
method can be extended by replacing the time-averaged
tential V0[VKH that appears in the transformation given
Eq. ~16! by a different time-independent potential. The ch
senV0 potential used in the transformation should provi
the best agreement between the eigenvalues of the t
independent problem and the exact QE. The criteria
choosingV0 is an open question and outside the scope of
paper. In this manner, it might be possible to achieve diff
ent functional dependences of the zero-order Hamiltonian
v. This might be the direction one should take in order
extend the applicability of the zero-order perturbation the
presented here to a broad range of laser frequencies.

In Fig. 4 we represent the quasienergies as a function
the laser frequency~while the parametera0 is held fixed! as
obtained from our second-order perturbation theory calcu
tions. As one can see, the quasienergies up to the se
order, which are obtained by using our approach, are m
accurate than those obtained by using perturbation theor
KH frame. However, the accuracy of quasienergies calcu
tions is not improved drastically by the use of the seco
order perturbation theory as in the zero-order calculatio
This is due to the fact that in the Kramers-Henneberger r
resentation, unlike the zero-order quasienergies, the sec
order quasienergies depend explicitly on the laser freque
In our calculations, the parametera0 was held fixed as the
laser frequencyv was varied. It implies that the laser inten
sity ~proportional to the square of the maximum field amp
tudee0) has been increased with the increase ofv.

As been stated before, the QE states have a finite lifeti
The inverse of the lifetime of a resonance quasienergy s
is associated with its width~which is represented by th
imaginary part of the quasienergy!. In our studied case, the

n

n-
re-

FIG. 4. Comparison between the exact, zero-order, and sec
order quasienergies obtained by the use of the KH representa
and our representation. The maximum field amplitude is varied
keepa0512 a.u.
5-4
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ground resonance width cannot be calculated within
framework of the zero-order perturbation theory, since
ground state of the effective time-independent dressed po
tial is a bound state. The ground-state resonance width, h
ever, can be obtained by using the second-order perturba
theory as shown in Fig. 5. As one can see from the res
presented in Fig. 5, when the laser frequency is below 10
then the perturbation approach presented here gives m
accurate resonance widths than those obtained by the pe
bation theory in KH frame. It also provides the qualitati
overall frequency behavior of the width from 2.5 eV~KrF
laser! and above.

IV. CONCLUSIONS

Zero-order perturbation theory in the KH~Kramers-
Henneberger! frame provides a time-independent dressed
tential that varies with the characteristic parametera0. When
the laser frequency is sufficiently large, the use of the K
dressed potential enables one to solve the time-indepen
Schrödinger equation rather than the time-dependent eq
tion. This time-independent approach is in particular attr
tive when the electronic correlation effects are conside
and the electron-structure calculations are carried out w
the help of commercial program packages@16#. However, the

FIG. 5. Comparison between the exact and second-order r
nance width~inverse lifetime! obtained by the use of the KH rep
resentation and our representation. The maximum field amplitud
varied to keepa0512 a.u.
e
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quasienergies that are obtained using this approach are f
tion of one variable only. It is impossible, for example, to u
the KH-dressed potentials for studying the effect of t
variation of the laser frequency and independently of
laser intensity on the quasienergy spectrum of the stud
problem. Our approach based on an alternate transforma
of the time-dependent Schro¨dinger equation provides a
modified dressed potential that is applicable not only for h
frequencies but also for a broad range of frequencies of
sers commonly used today in the study of nonlinear opt
phenomena~such as high-order harmonic generation!. The
main advantage of this approach is that it provides a ze
order time-independent dressed potential that explicitly
pends on all laser parameters. This is particularly import
in the study of the effect of field parameters~e.g., duration of
the laser pulse, its frequency, and intensity! on the quasien-
ergy spectrum~or other properties! of the laser-driven sys-
tems. However, one still has to prove that the perturba
expansion obtained by the transformation in Eq.~16! is con-
vergent at low laser frequencies.

We have shown that for periodically driven systems
modified dressed potential is obtained resulting from
transformation presented here. The new dressed pote
presented here differs from the KH potential by a poten
barrier. This barrier that is\ independent is shown to b
identical to the Kapitza effective classical potential ener
obtained for the motion of a particle in rapidly oscillatin
field. It is expected that this time-independent classical
tential barrier will induce temporarily trapping of particle
~so-called narrow resonances!. This kind of temporary trap-
ping of particles is different from the light-induced states th
are discussed extensively in the literature@23,24#. The light-
induced states are bound states in the dressed potentia
ture, whereas the temporarily trapped states due to the e
tence of Kapitza potential barrier have a finite lifetime ev
in the dressed picture. The conditions that lead to the app
ance of such states is under current study.
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