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High-order harmonic generation by molecules of discrete rotational symmetry
interacting with circularly polarized laser field
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The dynamics of harmonic generation by a molecule of discrete rotational symmetry oriented in the polar-
ization plane of a circularly polarized laser field is discussed. A simple model system is presented and the
corresponding high-order harmonic generation spectrum is calculated analytically as a sum of the bound-bound
and the bound-continuum contributions. It is shown that, contrary to the case of rare gas atoms interacting with
linearly polarized radiation, the dominant contribution to high-order harmonic generation by the studied class
of systems comes from the bound-bound transitions. As a consequence, the mechanism of the process is
different from the well-known rescattering mechanism due to Corkum and Kulander. At intensities high enough
the molecular harmonic generation spectra reproduce the main features of the atomic ones, i.e., the plateau and
the cutoff. Unlike the cutoff in the atomic case, the molecular cutoff position depends linearly on the electric
field strength and the molecular dimensions. This should allow one to reach higher harmonic orders by
employing larger molecular targets.
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I. INTRODUCTION

During the last decade great progress has been mad
experimental and theoretical investigation of high-order h
monic generation~HHG! @1# aiming at the achievement of
small-size source of coherent radiation in the soft x-ray
gime. Most of the studies have been concerned with gen
tion of odd harmonics by rare gas atoms interacting w
linearly polarized laser fields. The HHG spectrum of th
system in the low-frequency–high-intensity regime cons
of a plateau of length proportional to the ponderomotive
ergy and abrupt cutoff. The use of extremely short pulses
allowed experimentalists to extend the cutoff frequency up
the water window@2#. Development of phase matching tec
niques@3# has made it possible to increase the intensities
the emitted high harmonics by several orders of magnitu
The recent experimental successes make the applicatio
high harmonics in spectroscopy and other areas a na
possibility ~see, e.g., Ref.@4#!.

One property that would make the harmonic radiation p
ticularly useful is the selectivity of the HHG. The question
whether one can find a combination of an atomic or a m
lecular system and a laser field that would produce only s
eral specific high harmonics. The issue of selectivity w
addressed by Alon, Averbukh, and Moiseyev@5,6#. The au-
thors presented a method for formulation of selection ru
for HHG spectra and discussed a number of systems
which most of the harmonics are absent from the spectra
the symmetry reasons. Formulation of the selection rules
quires three basic components: the Hamiltonian describ
the system and its eigenfunctions, the symmetry operat
commuting with the Hamiltonian and the matrix elements
be evaluated. A convenient formalism that allows us to p
the problem of the calculation of HHG spectra in terms
matrix elements and eigenfunctions is Floquet theory@7#.
Indeed, within Floquet formalism the interaction of atom
1050-2947/2001/64~3!/033411~13!/$20.00 64 0334
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and molecules with laser fields is described by the Floq
Hamiltonian

Ĥ~ t !5
\

i

]

]t
1Ĥ~ t !, ~1!

whereĤ(t) is the physical time-dependent Hamiltonian. T
time-periodic part of the Floquet wave function is an eige
function of Ĥ(t):

Ĥ~ t !F~ t !5«F~ t !, C~ t !5e2 i«t/\F~ t !. ~2!

Moreover, the well-known dipole expression giving the a
plitude of the nth harmonic of the incident radiation fre
quencyv as the corresponding Fourier component of t
time-dependent dipole momentmW (t),

AW n}n2E
0

2p/v

dt e2 invtE
2`

`

drW F* ~rW,t !mŴ F~rW,t !, ~3!

can be easily represented as a matrix element:

AW n}n2^^F~rW,t !uAŴ nuF~rW,t !&&, AŴ n5mŴ e2 invt, ~4!

where the double bra-ket notation^^•••&& means integration
over space and time. The matrix element of Eq.~4! is a
diagonal one, i.e., the bra and the ket are represented by
same quasienergy state. The nondiagonal matrix element
volving two different Floquet states correspond to the hyp
Raman lines and not to exact harmonics, unless an accide
degeneracy is present@8#. If the Floquet Hamiltonian is in-
variant under a transformation of space and time, i.e., it p
sesses a dynamical symmetry~DS!

P̂Ĥ~ t !P̂215Ĥ~ t !, ~5!
©2001 The American Physical Society11-1
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then the emitted harmonics are those for which at least
of the operatorsÂj ,n , j 5x,y,z, is invariant underP̂.

Using the method described above, the authors h
shown, for example, that molecules ofNth-order rotational
symmetry, e.g., benzene, interacting with circularly polariz
light emit under specific conditions only the first and t
( lN61)th high-order harmonics (l 51,2,3, . . . ) of theinci-
dent radiation frequency@5#. The 1,lN61 selection rule in
this case is a consequence of theNth-order DS. DS is presen
in the system only if the molecular plane coincides with t
polarization plane of the incident beam. Consequently,
experimental realization of the above DS requires molec
alignment. Very recently, there has been substantial exp
mental progress in the alignment of molecules with inte
nonresonant laser fields@9#. This technique will probably
allow researchers to perform multiphoton ionization a
HHG experiments with aligned aromatic molecules in t
near future.

The discussion of selectivity in HHG has been limited
far almost entirely to formulation of the selection rule
However, the DS considerations of Refs.@5,6,10# cannot pre-
dict the relative intensities of the symmetry-allowed harmo
ics. In order to get a full physical picture of HHG by system
possessing DS, one should investigate the underlying
namics. The systems giving rise to selective HHG spectra
not possess a common physics, but rather have similar
properties. The present study is confined to harmonic gen
tion by rotationally symmetric target systems, such as a
matic molecules, interacting with a circularly polarized fie
We will assume that the rotational symmetry axis is align
along the propagation direction of the laser field. The dip
approximation with respect to both the incident and the em
ted radiation will be used throughout this work.

In the following section we will present the harmonic am
plitudes of such systems as a sum of the bound-bound
bound-continuum contributions. Section III will be devote
to the description of the bound-bound contribution by me
of a simpleN-level model,N being the order of rotationa
symmetry of a particular molecule. We will evaluate t
bound-continuum contribution within the flat continuum a
proximation in Sec. IV, showing that it is much smaller th
the bound-bound one for all the emitted harmonics. The
plications of our results for the possibility of both effectiv
and selective HHG by molecular targets will be discussed
the Conclusions.

II. BOUND-BOUND AND BOUND-CONTINUUM
CONTRIBUTIONS TO THE HHG SPECTRUM

Let us describe the interaction of a molecule with a c
cularly polarized electric fieldEW (t) in the length gauge, in
the single-active-electron picture:

i\
]

]t
C~rW,t !5ĤC~rW,t !, Ĥ5

p̂2

2m
1V~rW !2eEW ~ t !•rW,

~6!

wherem ande are the electron mass and charge andV(rW) is
03341
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the effective potential due to the interaction with the nuc
and other electrons, possessing a rotational symmetry ax
orderN,

ĈNV~rW !ĈN
215V~rW !. ~7!

We assume that theCN symmetry axis is perpendicular to th
polarization plane ofEW (t).

The objective of our calculation is the time-dependent
pole moment. According to the selection rules for HH
spectra@5#, the harmonics emitted by the molecule intera
ing with the circularly polarized field are also polarized c
cularly either like the incident radiation or in the oppos
direction. Consequently, the important components of the
duced molecular dipole moment are

m6~ t !5eE
2`

`

d3r C* ~rW,t ! ~x6 iy !C~rW,t !. ~8!

The wave function of the system can be conveniently rep
sented as a linear combination of the eigenfunctions of
molecular HamiltonianĤ0:

C~rW,t !5(
j 51

`

aj~ t !f j~rW !1E
2`

` d3p

~2p\!3
b~pW ,t !wpW~rW !,

Ĥ0f j~rW !5Ejf j~rW !, Ĥ0wpW~rW !5
p2

2m
wpW~rW !, ~9!

^f j~rW !ufk~rW !&5d j ,k , ^f j~rW !uwpW~rW !&50,

^wpW 8~rW !uwpW~rW !&5~2p\!3d~pW 2pW 8!,

where aj (t) and b(pW ,t) are the amplitudes of the boun
f j (rW) and continuum,wpW (rW) states with energiesEj and
p2/2m, respectively.

Substituting the expansion~9! into Eq. ~8!, one obtains

m6~ t !5e (
j , j 851

`

aj* ~ t !^f j ux6 iy uf j 8&aj 8~ t !

1e(
j 51

` E
2`

` d3p

~2p\!3
$aj* ~ t !^f j ux6 iy uwpW&b~pW ,t !

1b* ~pW ,t !^wpW ux6 iy uf j& aj~ t !%

1eE
2`

` d3p

~2p\!3E2`

` d3p8

~2p\!3
b* ~pW ,t !

3^wpW ux6 iy uwpW 8&b~pW 8,t !. ~10!

The above equation shows that there are three kinds of t
contributing to the time-dependent molecular dipole m
ment. According to the matrix elements involved they a
denoted as bound-bound, bound-continuum, and continu
continuum contributions. It should be noted that any one
the above contributions by itself is not an observable a
1-2
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HIGH-ORDER HARMONIC GENERATION BY MOLECULES . . . PHYSICAL REVIEW A 64 033411
their relative strength~and with it our understanding of th
mechanism of HHG! depends on the gauge chosen for t
description of the problem~see Ref.@11# for a detailed dis-
cussion!. Our specific choice of the length gauge in Eq.~6! is
supposed to help in providing a simple physical picture
the molecular HHG.

The bound-bound terms describe the HHG due to tra
tions between the bound molecular states. Their ove
population is limited by ionization. Under conditions of lo
ionization probability the strength of the bound-bound co
tribution is determined by the values of the transition dip
moments between the bound states. If the interaction w
the field is described in the length gauge, the transition
pole moments between the ground and the first few exc
states can be of the order of the molecular dimensions,
much larger than the corresponding atomic ones. Thus,
importance of the bound-bound transitions for molecu
HHG in this picture is much greater than in the atomic ca
Indeed, in rare gas atoms they affect only the lower-ene
part of the HHG spectra where the photon energy is sma
than the ionization energy, which means that the excita
energy of an atom is transferred to the emitted field. F
alkali-metal atoms used in the experiment of Sheehyet al.
@12# and possessing larger transition dipole moments
bound-bound contribution is much more significant. W
molecules, one can get into the regime of high interact
energy~higher than the ionization energy!. The bound-bound
contribution to the molecular HHG can be viewed then a
transformation of the interaction energy into the energy
the emitted field.

The bound-continuum contribution is the dominant o
for the high harmonics emitted by atoms. The well-know
mechanism of atomic HHG due to Corkum and Kuland
et al. @13,14# includes ionization, ‘‘free’’ motion of an elec
tron in the electromagnetic field, and recombination. It
based on the existence of electronic trajectories that s
after ionization not far from the nucleus with almost ze
velocity and return to the vicinity of the nucleus to recom
bine. Such trajectories do not exist with circular polarizati
of the field, which leads to fast damping of the atomic HH
with increasing ellipticity~see, for example, Ref.@15#!. The
spatial periodicity of an electron trajectory is determined
the parametera05eE0 /mv2, whereE0 is the field strength
and v is the field frequency. This parameter represents
radius of the electron’s rotation at zero drift. Ifa0 is much
larger than the molecular size, the situation is similar to t
in atoms and the bound-continuum contribution is expec
to be small. For higher-frequency, lower-intensity fields,a0

can become comparable to the radius of a small organic m
ecule, like benzene. In this case the notion of a ‘‘free’’ ele
tron trajectory loses its relevance since for such fields
corresponding ponderomotive energy does not exceed
ionization energy of a molecule.

Finally, the transitions between the continuum states ly
sufficiently high above the ionization threshold do not co
tribute to HHG, as has been shown by Ivanov and Rza¸żewski
@16#. Within the dipole approximation, this can be unde
03341
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stood classically as a lack of harmonic emission by a ‘‘fre
electron interacting with the electric component of the in
dent plane wave.

Substitution of the expansion~9! into the Schro¨dinger
equation~6! provides coupled equations for the amplitud
aj (t) andb(pW ,t):

i\ȧ j~ t !5Ejaj~ t !2 (
j 851

`

^f j ueEW ~ t !•rWuf j 8&aj 8~ t !

2E
2`

` d3p

~2p\!3
^f j ueEW ~ t !•rWuwpW&b~pW ,t !, ~11!

i\ḃ~pW ,t !5
p2

2m
b~pW ,t !2E

2`

` d3p8

~2p\!3

3^wpW ueEW ~ t !•rWuwpW 8&b~pW 8,t !

2 (
j 851

`

^wpW ueEW ~ t !•rWuf j 8&aj 8~ t !.

The first of Eqs.~11! describes the transitions between t
bound eigenstates of the molecular Hamiltonian@second
term on the right-hand side~rhs!# and the ionization~the
inhomogeneous third term on the rhs!. The second equation
provides the modification of the continuum eigenstates
the field~second term on the rhs!. The inhomogeneity in the
second equation is a source term describing the elect
appearing in the continuum.

Even under restrictions on the molecular symmetry a
orientation, Eqs.~11! still depend on the energy level struc
ture and the transition dipole moments of a specific syst
Their exact solution can be obtained only numerically.
order to construct a general approximate theory of molec
HHG in the presence ofNth-order DS catching the commo
features of the process, we resort to some severe approx
tions. In the next section we will calculate the bound-bou
contribution in the high interaction energy limit generalizin
the two-level theory of Ivanov and Corkum@17# to the case
of N levels. The bound-continuum contribution will be es
mated in the flat continuum approximation used in t
atomic case by Lewensteinet al. @18#.

III. A MODEL FOR THE BOUND-BOUND CONTRIBUTION

In order to estimate the bound-bound contribution
HHG one has to obtain the expressions for the bound s
amplitudes. Consider the first of the equations~11!. Suppose
that the degree of ionization of the molecule due to its int
action with the time-dependent electric field is small and
term containing the amplitudes of the continuum states
be dropped in the zeroth-order approximation. Of the bou
states, the most important for HHG are those that are cou
most efficiently @12#. In the case of a system possessi
Nth-order rotational symmetry such states form a comp
basis for the representation of the rotation operatorĈN . For
a single electron moving in a symmetric multicenter pote
tial these are the firstN molecular orbitals. For a real mol
1-3
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VITALI AVERBUKH, OFIR E. ALON, AND NIMROD MOISEYEV PHYSICAL REVIEW A 64 033411
ecule, like benzene, these would be six multielectron st
coupled by the single electron~e.g.,p-p* ) transitions@20#.
The equations for the amplitudes ofN essential states are o
the form

i\ȧ j~ t !5Ejaj~ t !2 (
j 850

N21

^f j ueEW ~ t !•rWuf j 8&aj 8~ t !,

j 50, . . . ,N21. ~12!

Suppose that the energy of interaction with the field is mu
larger then the energy differences between the molec
states. Within this approximation the details of the molecu
energy level structure become unimportant and theN bound
state energies can be assumed to be equal to the minus
ization energy of the system,2I p . Under the above assump
tions, the coupled equations governing the bound state p
lations are@compare to Eq.~12!#

i\ȧ j~ t !52I paj~ t !2 (
j 850

N21

^f j ueEW ~ t !•rWuf j 8&aj 8~ t !.

~13!

Let us choose the electric field to be

EW ~ t !5E0@2cos~vt !,sin~vt !,0#. ~14!

Then the interaction energy can be written in cylindrical c
ordinates as

eEW ~ t !•rW52
1

2
eE0r~eiweivt1e2 iwe2 ivt!. ~15!

The molecular statesf j can be chosen to be eigenstates
ĈN :

ĈNf j5e2 i2p j /Nf j , j 50, . . . ,N21. ~16!

In such a case, the dipole transitions are possible only
tween states with adjacentj ’s:

^f j ure6 iwuf j 8&5dj , j 8
6 d j ,mod(j 871,N) . ~17!

In the following we will assume that all the transition dipo
moments are of the same magnitude

dj , j 8
6 'r0 , ~18!

wherer0 is the molecular radius. The above assumption
valid when the overlap between the neighboring atomic
bitals is small. It allows us to obtain an exact solution for t
system of equations~12! by a unitary transformation from
the basis of eigenstates of rotation to the basis of locali
states,

ck5
1

AN
(
j 50

N21

ei2p jk/Nf j , k50, . . . ,N21, ~19!
03341
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where the stateck is localized around the nucleus found
the polar angle 2pk/N. The coefficients of the localized
states,cW , are related to those of the eigenstates of rotationaW ,
by

ck5
1

AN
(
j 50

N21

ei2p jk/Naj , k50, . . . ,N21, ~20!

aj5
1

AN
(
k50

N21

e2 i2p jk/Nck , j 50, . . . ,N21.

The transformation to theck basis diagonalizes thed1 and
d2 matrices simultaneously and leaves invariant the eigen
ergy matrix due to the assumption of degeneracy of theN
delocalized states. The decoupled equations for the am
tudes of the localized statesck read

i\ ċk~ t !52I pck~ t !2eE0r0 cosS vt1
2pk

N D ck~ t !,

k50, . . . ,N21. ~21!

The general solution of equations~21! gives rise toN degen-
erate quasienergy states:

Ca~rW,t !5 (
k50

N21

ca,k~ t !ck~rW !,

ca,k~ t !5
1

AN
eiI pt/\ei2pak/Nei ~eE0r0 /\v! sin(vt12pk/N),

~22!

wherea50, . . . ,N21 is the Floquet state index.
The approximation obtained for the coefficients of t

bound states is zeroth order in the energy splittings. If u
in a direct calculation of the time-dependent dipole mom
according to Eqs.~10! and~20!, it would give zero result due
to the assumed degeneracy. In order to overcome this d
culty, one can calculate the time derivative of the dipo
moment using an expression that takes into account the
ergy level splittings@17#. The Fourier decompositions of th
two quantities are related in a simple way:

ṁ6~nv!5 invm6~nv!. ~23!

The expression for the bound-bound part ofṁ6(t) via the
amplitudes of the localized statesck(t) cannot be obtained
directly from the Schro¨dinger equation~21!, because the
transformation to the localized state basis assumed de
eracy. Instead, one has to express the time derivative of
dipole moment via the coefficients of the delocalized sta
aj (t) and then use the transformation~20!.

The components of the bound-bound part of the dip
moment can be represented viaaj (t)’s using the relations
~17,18!
1-4
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HIGH-ORDER HARMONIC GENERATION BY MOLECULES . . . PHYSICAL REVIEW A 64 033411
m2
b-b~ t !5er0 (

j 50

N21

aj 11* ~ t !aj~ t !, m1
b-b~ t !5@m2

b-b~ t !#* .

~24!

The time derivative of the above expression can be expre
in terms of the coefficients of the delocalized states using
Schrödinger equation, which takes into account the ex
eigenenergies of the delocalized states:

i\ȧ j~ t !5Ejaj~ t !1
eE0r0

2
~eivtaj 21~ t !1e2 ivtaj 11~ t !!.

~25!

The result reads~for brevity, here and throughout the rest
this section the superscript ‘‘b-b’’ will be omitted from the
designation of the bound-bound part of the induced dip
moment!

ṁ2~ t !5 i ṁ0 (
j 50

N21
v j 11,j

v int
aj 11* ~ t !aj~ t !, ṁ1~ t !5ṁ2* ~ t !,

~26!

whereṁ05er0v int , v int5er0E0 /\ is the frequency related
to the interaction energy andv j , j 85(Ej2Ej 8)/\ are the
Bohr frequencies of the system. Assuming Hu¨ckel energies

Ej522b cos~2p j /N!, ~27!

and using the transformation~20!, one can express the time
dependent dipole moment derivative through the locali
state coefficients:

ṁ2~cW !522ṁ0e (
k50

N21

ei (p/N)(2k11) Im~ck11* ck!. ~28!

The magnitude of the first derivative of the dipole momen
related to two parameters,ṁ0 and e5v0 /v int , where v0
52b sin(p/N)/\ is the frequency related to the level spa
ings. Since the level spacings were neglected in the ze
order,e is the natural perturbation strength parameter of
theory. Substituting the zeroth-order solution~22! into Eq.
~28!, one obtains the time dependence ofṁ2 :

ṁ2~ t !52
2ṁ0e

N (
k50

N21

ei (p/N)(2k11)

3sinF2eE0r0

\v
sinS p

ND
3cosS vt1

p

N
~2k11! D2

2pa

N G . ~29!

The result~29!, being proportional to the first power ofe, is
the first-order approximation for the time-dependent dip
moment derivative. Its Fourier transform reads
03341
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ṁ2~nv!52ṁ0e~21!n1 l sinS 2pa

N
1

pn

2 D
3JnF2 sinS p

NDeE0r0

\v Gdn,lN21 . ~30!

The spectrum of the dipole moment derivative compon
ṁ1(t)5ṁ2* (t) can be obtained using the relation

ṁ1~nv!5ṁ2* ~2nv!. ~31!

By virtue of the property of Bessel functions, the HHG cu
off in the first-order approximation is

ncutoff
(1) 5IntH eE02 sin~p/N!r0

\v J , ~32!

where the expression Int$x% means ‘‘integer of the formlN
61 closest tox.’’ One can easily see that the length param
eter 2 sin(p/N)r0 appearing in Eq.~32! is the interatomic
distance, in complete similarity to the result of Ref.@19# for
HHG by a one-dimensional periodic structure perturbed b
linearly polarized field. Consequently, at first order the cut
appears to be independent of the molecular size. Howe
this contradicts the simple physical intuition suggesting t
at high enough field strength the bound-bound contribut
to the HHG spectrum is a transformation of the interact
energy to that of the emitted harmonics. Indeed, the maxi
variation of the interaction energy is related to the molecu
radiusr0 and not to the interatomic distance@see Eq.~15!#.
This contradiction makes it necessary to consider high
order approximations for the molecular HHG spectrum. T
standard way to achieve this goal is to obtain the furt
approximations for the time-dependent coefficients of
molecular bound states contributing to a given Floquet st
as mentioned in Ref.@17#. We, on the other hand, find i
simpler to construct the higher-order approximations for
harmonic intensities in the following fashion. Consider t
higher- (pth-) order derivatives of the time-dependent dipo
momentm6

(p)(t), p>1. Using the relation~24!, they can be
expressed via the time derivatives of the coefficients of
bound states:

m2
(p)~ t !5er0 (

j 50

N21

(
q50

p

Cq
paj 11

(p2q)* aj
(q) , m1

(p)~ t !5m2
(p)* ~ t !,

~33!

whereCq
p are the binomial coefficients. The derivativesaj

(q)

can be expressed via the coefficientsaj themselves using the
Schrödinger equation~25! which includes the energy spac
ings between the bound states. The amplitudes of these s
are related in a known way to those of the localized sta
ck(t), @see Eq.~20!#. Substitution of the zeroth-order loca
ized states coefficients into the exact expressions for
higher-order derivatives of the dipole moment allows one
take into account to a greater extent the neglected en
splittings of the bound states. The Fourier components of
higher-order derivatives are related to those of the dip
moment itself in a simple way:
1-5
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VITALI AVERBUKH, OFIR E. ALON, AND NIMROD MOISEYEV PHYSICAL REVIEW A 64 033411
m6
(p)~nv!5~ inv!pm6~nv!. ~34!

The outlined procedure for the calculation of the high
order approximations to the Fourier series of the bou
bound contribution to the dipole moment is analogous to
procedure already used by us for the calculation of the fi
order approximation. Let us present here the results of
second- and third-order approximations. The second der
tive expressed through the bound state coefficients take
the following appearance:

m̈2~aW !52m̈0F (
j 50

N21 S v j 11,j

v int
D 2

aj 11* ~ t !aj~ t !

1
v j 11,j

2v int
$e2 ivt@ uaj u22uaj 11u2#

1eivt~aj 12* aj2aj 21aj* !%G , ~35!

m̈1~aW !5m̈2* ~aW !,

where m̈05er0v int
2 . Upon transformation to the localize

basis,m̈6(cW ) read

m̈2~cW !52m̈0 (
q522,qÞ0

2

(
k50

N21

e uqum̈2,q,kck* ck1q ,

m̈1~cW !5m̈2* ~cW !, ~36!

where the coefficientsm̈2q,k are given by

m̈2,61,k5e2 ivtsinS p

ND2
i

2
eivtei4pk/N~e7 ip/N2e7 i3p/N!,

m̈2,62,k52ei2p(k61)/N. ~37!

The Fourier decomposition of the second derivative of
dipole moment component is of the form

m̈2~ t !52m̈0 (
l 52`

` S e2JlN21F2 sinS 2p

N Dv int

v GAl

1eH JlNF2 sinS p

NDv int

v GBl

1JlN22F2 sinS p

NDv int

v GCl J Dei ( lN21)vt, ~38!

where the coefficientsAl ,Bl , andCl are given in Appendix
A. The second derivatives of the dipole moment compone
contain contributions up to the second order ine. The cutoff
of the second order is located at

ncutoff
(2) 5

eE02 sin~2p/N!r0

\v
, NÞ4. ~39!
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In the case of a three-center system (N53), the second-
order cutoff coincides with the first-order one, which su
gests that the HHG of the system is described well alre
by the first-order approximation. In the case ofN54 the
contribution of the second order ine vanishes for all the
quasienergy statesa50, . . . ,N21 @see Eq.~A1!#. However,
the cancellation of the second-order contribution for the fo
level system is a property of Hu¨ckel energies~27! leading in
this case to equal level spacings. In the general case
four-level system possessing two degenerate levels (v2,1
50) and unequal Bohr frequencies (v0,1Þv3,2), the second-
order cutoff is still given by Eq.~39! with N54.

The expression for the third-order derivative of the dipo
moment via the delocalized state coefficientsaW is given in
Appendix B. It contains contributions up to the third order
e. The expressions for the higher derivatives as functions
the bound state amplitudes@e.g., Eqs.~35!, ~B1!# become
progressively more cumbersome. Their use for the comp
tion of the HHG spectra is not preferable over the numeri
solution of the Schro¨dinger equation~25!. However, they can
be used for the prediction of the correct cutoff frequency.
this end, let us exploit the following line of reasoning. Th
pth-order derivatives of the dipole momentm6

(p) are qua-
dratic forms in the bound state amplitudesaj . After transfor-
mation to the localized basis they become quadratic form
the localized state amplitudesck ,

m6
(p)5m0

(p) (
k50

N21

(
q52p,qÞ0

p

e uqum6,q,k
(p) ck* ck1q , ~40!

wherem0
(p)5er0v int

p . According to the zeroth-order solutio
~22!, the products of the localized state coefficients are of
general form

ck* ck1q}expS i
2 sinuqeE0r0

\v
cos~vt1f0! D , ~41!

whereuq5qp/N. The Fourier transform of such a product
the frequency nv is proportional to Bessel function
Jn(eE0r0 sinuq /\v), leading to a cutoff at ncutoff
5eE0r0 sinuq /\v. For example, in the case of the first d
rivative only the adjacent localized states were coupled in
corresponding expression. This led to the cutoff of Eq.~32!.
The highest-order term present in the expressions
pth-order derivatives is

(
j 50

N21 S v j 11,j

v int
D p

aj 11* aj ~42!

@see Eqs.~26!, ~35!, ~B1!#, which upon transformation to the
localized basis couplesck and ck8 such that k2k85
2p, . . . ,p. This means that by calculating the high enou
dipole moment derivative one couples all the localized st
amplitudes, unless the highest-order term vanishes~as in the
case ofN54 for the Hückel model!. Moreover, in order to
achieve the coupling of all theN amplitudes, one has to go t
the derivative of orderp5N/2 or p5(N11)/2 for even or
odd symmetry orders, respectively. This fact has two imp
tant implications. First
1-6
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of all, the ultimate cutoff position corresponds
max$sin@(k2k8)p/N#%, where k,k850, . . . ,N21 @see Eq.
~41!#. This gives

ncutoff
even 5IntH 2

eE0r0

\v J ~43!

for even symmetry orders and

ncutoff
odd 5IntH 2 sinS ~N21!p

2N DeE0r0

\v J ~44!

for odd symmetry orders. Thus, the ultimate cutoff positi
for evenN’s is exactly at the maximal variation of the inte
action energy, while even for moderate oddN’s the differ-
ence between the corresponding cutoff position~44! and the
interaction energy variation is quite small. If the fir
symmetry-allowed harmonic happens to be of order hig
thanncutoff of Eq. ~43! or Eq. ~44!, the HHG spectrum con
sists of fundamental frequency only.

The second important conclusion is that in order to rep
duce the HHG spectrum and in particular the cutoff posit
in a satisfactory way, one has to compute the time deriva
of the dipole moment of order equal to half the symme
order of the problem. For example, computing the third ti
derivative would be sufficient for the HHG spectrum of be
zene (N56) but not for species of higher-order symmet
Going beyond the minimal order of perturbation theo
needed for the correct prediction of the cutoff can change
calculated intensities of the emitted harmonics, but not
predicted cutoff position itself.

Analysis of expressions of the type~26!, ~35! and ~B1!
yields the structure of the HHG spectrum of our model in
plateau region. The higher plateau harmonics originat
from terms of the type~42! are higher order in the sma
parameter of the theory,e. This implies that the harmonic
strengths in the plateau decrease with increasing order a
large enough values of the interaction energy the spect
breaks into several plateaus each corresponding to a diffe
order of the small parameter.

There are two kinds of exception from the general co
clusions presented above. The first kind is related to the
cific choice of energies, such as the absence of the sec
order contribution for the Hu¨ckel four-level system. It has a
clear physical significance, showing the effect of the ene
structure of the unperturbed system on HHG. The sec
kind of deviation has to do with the extra symmetries appe
ing for specific quasienergy states~specifica ’s! and leading
to disappearance of series of harmonics from the HHG sp
tra or to cancellations of the contributions of specific orde
These effects are artifacts of the theory, which is based
the zeroth-order approximation to the localized state am
tudes.
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Let us now compare the analytical theory of the boun
bound contribution to the HHG spectra ofN-center systems
described above to numerical calculations based on
Schrödinger equation~25!. Consider the six-level model o
the benzene molecule (N56), possessing a radius equal
the interatomic distance:r05dC-C52.673 a.u. The value o
Hückel b @see Eq.~27!# for benzene according to the work o
Pariser@21# is equal to 2.371 eV'8.71731022 a.u. The
field frequency chosen in our calculations isv50.037 a.u.
('1 eV). For the most detailed comparison of the analy
cal theory to the numerical calculations we would like
consider first a superintense fieldE050.4 a.u.~correspond-
ing to the intensityI'5.631015 W/cm2). At such a field
intensity the value ofe is about 0.085 and all the features
the HHG spectrum discussed above should be clearly m
fested. The HHG spectra originating from the first-, secon
and third-order approximations are shown in Fig. 1 alo
with the numerical results. One can see that the first-or
plateau appears in the exact spectrum atn5eE0dC-C/\v
'29 as a step. The second plateau appearing due to
contributions of higher orders ine is about three orders o
magnitude lower. The ultimate cutoff is reproduced alm
exactly by the third-order approximation atn561 (ncutoff

even

52eE0r0 /\v'58). The deviations of the second- and e
pecially the third-order approximations for the low-ord
harmonics from the numerical results are quite significa
This is related to the fact that the low-frequency Four
components of the higher derivatives of the dipole mom
are small. In order to reproduce the low-frequency part of
spectrum of the dipole itself, we divide them by the app
priate power of the field frequency according to Eq.~34!. In
the example considered, the frequency of the electric fiel
also small,v,v0, which leads to the observed loss of pr
cision.

In order to define the range of intensities feasible for
benzene HHG experiment we would like to refer to the

FIG. 1. HHG spectra of benzene model at superstrong fi
E050.4 a.u., fora54 quasienergy state. Solid line, first-order a
proximation; dashed line, second-order approximation; dash-do
line, third-order approximation; circles, numerical results. The
proximate analytical results obey the exact selection rule, but
designated by the lines for clarity. No scaling factors are introduc
1-7
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cent work of Hankinet al. @22#. In this paper measuremen
of the saturation intensities of a series of organic molecu
were reported. It has been found that the saturation inten
of benzene is just below 1014 W/cm2. Although in the HHG
experiment of Hayet al. benzene was exposed to intensiti
up to 531015 W/cm2, the authors were not sure that th
measured harmonic signal came from the molecules that
perienced the peak intensity@23,24#. The bound-bound con
tributions to the HHG spectrum of benzene at the fi
strengths of 0.05 a.u. and 0.1 a.u.~corresponding to inten
sities of about 8.831013 W/cm2 and 3.531014 W/cm2, re-
spectively! are shown in Fig. 2. At the lower intensity th
cutoff appears atn57, in agreement with the predictio
~43!. Accordingly, only one pair of harmonics (n55,7) ap-
pears in the plateau region. At the higher intensity, two pa
of plateau harmonics (n55,7,11,13) are followed by the cut
off at ncutoff

even 514. It should be pointed out that the absolu
values of the Fourier components of the bound-bound pa
the dipole moment are much higher than those usually
dicted for the bound-continuum transitions in rare gas ato
@25#.

IV. A MODEL FOR THE BOUND-CONTINUUM
CONTRIBUTION

The estimation of the bound-continuum contribution
the time-dependent dipole moment is based on the appr
mate solution of the Schro¨dinger equation for the continuum
state amplitudes. We would like to rewrite the Schro¨dinger
equation for the coefficients of the continuum states@the sec-
ond of Eqs.~11!# using the approximation ofN degenerate
bound states. As in the previous section, this approxima
allows us to use the localized state basis$ck%:

FIG. 2. HHG spectra of benzene model at moderate fields:
circles, E050.1 a.u. ~third-order approximation!; empty circles,
E050.1 a.u.~numerical results!; full squares,E050.05 a.u.~third-
order approximation!; empty squares,E050.05 a.u.~numerical re-
sults!. The approximate harmonic intensities are joined by so
(E050.1 a.u.) or dashed (E050.05 a.u.) lines for better distinc
tion between them and the corresponding numerical results.
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i\ḃ~pW ,t !5
p2

2m
b~pW ,t !

2E
2`

` d3p8

~2p\!3
^wpW ueEW ~ t !•rWuwpW 8&b~pW 8,t !

2 (
k50

N21

^wpW ueEW ~ t !•rWuck&ck~ t !, ~45!

where the electric fieldEW (t) is given by Eq.~14!.
In order to solve Eqs.~45! coupling different continuum

states let us employ the flat continuum approximatio
Within this approximation the field-free continuum eige
functions corresponding to the energiesp2/2m are repre-
sented by plane waves:

wpW5eipW •rW/\. ~46!

The approximation~46! has been applied to the calculatio
of atomic HHG by Lewenstein and co-workers@18#. It is
expected to work well when the Coulomb interaction of t
ionized electron with the core is much weaker than its int
action with the electric field over the larger part of the ele
tron trajectory. The flat continuum approximation allows o
to decouple Eqs.~45! ~see Ref.@18#!:

i\ḃ~pW ,t !5
p2

2m
b~pW ,t !2eEW ~ t !• i\¹W pb~pW ,t !

2 (
k50

N21

eEW ~ t !•dW k~pW !ck~ t !, ~47!

wheredW k(pW )5^wpW urWuck& is the bound-continuum transitio
dipole moment. The Schro¨dinger equation~47! can be solved
exactly by means of the substitution

b~pW ,t !5eeAW (t)•¹W pb̃~pW ,t !, ~48!

whereAW (t)52* tEW (t8)dt8 is the vector potential. The result
ing solution reads

b~pW ,t !5
i

\ (
k50

N21 E
0

t

eEW ~ t8!•dW k@pW 1eAW ~ t !2eAW ~ t8!#ck~ t8!

3expS 2
i

\Et8

t @pW 1eAW ~ t !2eAW ~ t9!#2

2m
dt9D dt8.

~49!

The integration constant in the solution~49! is chosen in
such a way that the continuum state amplitudes are zer
the time t50. Using the flat continuum approximation fo
the amplitudesb(pW ,t), we obtain the following expression
for the bound-continuum part of the induced dipole mom
@compare to the second term on the rhs of Eq.~10!#:

ll
1-8
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mW b-c52e ReH i

\ (
j 50

N21

(
k50

N21 E
0

t

dt8E
2`

` d3P

~2p\!3
cj* ~ t !

3dW j* @PW 2eAW ~ t !#expS 2
i

\Et8

t @PW 2eAW ~ t9!#2

2m
dt9D

3eEW ~ t8!•dW k@PW 2eAW ~ t8!#ck~ t8!J , ~50!

wherePW 5pW 1eAW (t) is the canonical momentum. The abo
expression can be viewed as a generalization of the form
derived by Lewenstein and co-workers for the boun
continuum part of the induced dipole moment@18# to the
case ofN bound states. The interpretation of Eq.~50! is
analogous to that of the corresponding single bound s
~atomic! expression. At the timet8 the electron makes a tran
sition from the localized stateck to the continuum state char
acterized by the kinematic momentumpW 5PW 2eAW (t8). The
term ck(t8)eEW (t8)•dW k@PW 2eAW (t8)# is associated with the
probability amplitude of this transition. The electron prop
gates under the influence of the electric field only from
time t8 to the timet. The time-dependent part of the corr
sponding classical action,2* t8

t
@PW 2eAW (t9)#2/2m dt9, enters

the exponential term. The analogous term in the single bo
state expression of Lewenstein and co-workers contains
energy of the initial state,2I p , as well. In Eq.~50!, on the
other hand, it is contained in the bound state amplitudes.
recombination of electrons into the localized statec j takes
place at the timet. The related probability amplitude is as
sociated withdW j* @PW 2eAW (t)#cj* (t). In this section we will
estimate the bound-continuum part of the time-dependen
pole moment using approximate transition dipole mome
and localized state coefficients.

In order to introduce a specific function for the transiti
dipole momentsdW j (pW ), we would like to employ the Gauss
ian model, namely, to approximate the localized wave fu
tions c j by Gaussians:

c j5S 1

Apr 0
D 3/2

e2urW2rW j u
2/2r 0

2
,

rW j5r0FcosS 2p j

N D ,sinS 2p j

N D ,0G . ~51!

The parameterr 0 defines the width of the localized wav
function. It should not exceedurW j2rW j 8u/A2 for our approxi-
mation for the bound-bound transitions dipole moments
hold @see Eq.~18!#. Too small values ofr 0, on the other
hand, would indicate the lack of chemical bonding. With
the Gaussian model~51!, the bound-continuum transition d
pole moments are:

dW j~pW !5
\

i
~2Apr 0!3/2e2r 0

2upW u2/2\2
e2( i /\)pW •rW jS r 0

2

\2
pW 1

i

\
rW j D .

~52!
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For the evaluation of the integral over canonical momenta
Eq. ~50! it is convenient to divide thedW j (pW ) functions into
the fast oscillating and slowly changing factors:

dW j~pW !5e2( i /\)pW •rW jdW j8~pW !. ~53!

Using the above notation, the expression for the bou
continuum part of the dipole moment can be rewritten as

mW b-c52e ReH i

\ (
j 50

N21

(
k50

N21 E
0

t

dt8E
2`

` d3P

~2p\!3

3cj* ~ t !dW j8
* @PW 2eAW ~ t !#expF i

\ S @PW 2eAW ~ t !#•rW j

2@PW 2eAW ~ t8!#•rWk2E
t8

t @PW 2eAW ~ t9!#2

2m
dt9D G

3eEW ~ t8!•dW k8@PW 2eAW ~ t8!#ck~ t8!J . ~54!

Note that the oscillating exponential term in Eq.~54! is of
the form exp@iScl(PW ,t,t8)/\#, whereScl(PW ,t,t8) is the classi-
cal action change along the trajectory starting at the poinrWk

at time t8 and ending at the pointrW j at time t. This ‘‘free’’
electron trajectory is characterized by a constant value of
canonical momentumPW ~corresponding to the drift motion o
the electron!.

The integration overPW in the expression for the bound
continuum part of the dipole moment can be performed
the stationary phase method@18#. The corresponding station
ary phase condition is

¹W PScl~PW ,t,t8!uPW 5PW st
5rW j2rWk2

1

mE
t8

t

@PW st2eAW ~ t9!#dt950.

~55!

The physical meaning of Eq.~55! is that the electron re-
moved by the field from thekth site should return to thej th
site in order to recombine. Consequently, only the return
trajectories give rise to HHG. Noting that for the harmon
fields @as in Eq.~14!# * tAW (t8)dt85EW (t)/v2, we find the sta-
tionary momentum to be equal to

PW st~ t,t8!5
m~rW j2rWk!1~e/v2!@EW ~ t !2EW ~ t8!#

t2t8
. ~56!

After stationary phase integration overPW , the expression~54!
takes on the following appearance:
1-9
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mW b-c52e ReH i

\ (
j 50

N21

(
k50

N21 E
0

t

dt8cj* ~ t !dW j8
* @PW st2eAW ~ t !#

3S 2 im

2p\~ t2t8!
D 3/2

expF i

\ S @PW st2eAW ~ t !#•rW j

2@PW st2eAW ~ t8!#•rWk2E
t8

t @PW st2eAW ~ t9!#2

2m
dt9D G

3eEW ~ t8!•dW k8@PW st2eAW ~ t8!#ck~ t8!J . ~57!

The bound state amplitudes involved in the above expres
can be rewritten in terms of the vector potential@compare to
Eq. ~22!#:

cj~ t !5
1

AN
eiI pt/\ei2pak/Ne2( i /\)eAW (t)•rW j . ~58!

Substitution of the coefficientscj into Eq. ~57! leads to the
following result:

mW b-c52e ReH i

\

1

N (
j 50

N21

(
k50

N21

ei2pa(k2 j )/NE
0

t

dt

3dW j8
* @PW st2eAW ~ t !#S 2 im

2p\t D 3/2

expH i

\ F PW st•~rW j2rWk!

2E
t2t

t S @PW st2eAW ~ t9!#2

2m
1I pD dt9G J

3eEW ~ t2t!•dW k8@PW st2eAW ~ t2t!#J , ~59!

where the change of variablest5t2t8 has been made. Th
oscillating exponential term of the integrand of Eq.~59!
comprises the so-called quasiclassical actionSqcl5Scl2I pt
appearing in Landau-Dykhne type expressions for adiab
transition probabilities@18,26#.

The integration overt in Eq. ~59! can be performed eithe
by the saddle point method or numerically. In any case, i
worthwhile to discuss the corresponding stationary ph
condition:

dSqcl

dt
5S ]Sqcl

]t D
PW st

1¹W Pst
Sqcl•

]PW st

]t
5S ]Sqcl

]t D
PW st

52S @PW st2eAW ~ t2t!#2

2m
1I pD 50. ~60!

As one can see, the condition~60! is identical to the one
arising in the atomic case@18,27#. For characteristic field
03341
on
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parameters, like those considered in Sec. III, the kinetic
ergy of electron rotational motion@ponderomotive energy
Up5e2E0

2/(2mv2)] is substantially larger than the typica
molecular ionization potential. In such a case the ionizat
energy in Eq.~60! can be neglected. Then, the physic
meaning of the stationary phase condition is that the elec
possesses zero velocity at the moment of ionization,vW (t
2t)5@PW st2eAW (t2t)#/m50. Thus, the classical trajecto
ries important for the bound-continuum contribution a
those starting at thekth atom with zero velocity and arriving
at the j th atom after timet5tst. Classical trajectories o
electrons in a circularly polarized field are characterized
the radius of rotational motiona05eE0 /(mv2) and the drift
velocity vW d5PW /m. For small polyatomic molecules interac
ing with intense light, the former parameter is typically mu
larger than the molecular dimensions,a0@r0. Simple kine-
matic considerations lead to the conclusion that under su
constraint the kinetic energy at the moment of recombinat
is just a small fraction of the ponderomotive energy~see
Appendix C!. Consequently, the bound-continuum contrib
tion to the generation of high harmonics is expected to
small.

Let us note in passing that an interesting classical tra
tory of another kind arising in the context of the molecu
interaction with circularly polarized radiation is the ‘‘reso
nant’’ trajectory with zero drift anda05r0. For small mol-
ecules the corresponding ponderomotive energy would
insufficient for such a trajectory to be thought of as ‘‘free
Up5eE0r0/2,I p . However, it might have relevance fo
larger structures, like nanotubes@6#. Quantum mechanically
speaking, the resonant trajectory is associated w
continuum-continuum transitions, not leading perhaps to
ficient HHG. It can be of importance for multiphoton ioniza
tion processes if the lifetime of the corresponding resona
state is sufficiently long.

In the present work we employ numerical integration ov
t in order to calculate the bound-continuum contribution
the time-dependent dipole moment~59!. The relations~14!
and~55! are used in order to express the quasiclassical ac
Sqcl as a function of time:

Sqcl~ t,t!5
mr0

2

t
sin2S p

N
~ j 2k! D2~Up1I p!t

1
4eE0r0

v2t
sinS vt

2 D sinS p

N
~ j 2k! D

3cosS vt2
vt

2
1

p

N
~ j 1k! D . ~61!

The integrand of Eq.~59! possesses an essential singular
at t50 for j Þk due to the term exp(2iSqcl /\). From the
physical point of view, this singular point corresponds
recombination at thej th site zero time after the ionizatio
from thekth site. Within the nonrelativistic theory presente
here, approaching the singularity would require either sup
high electric fields or superhigh initial velocities of the io
ized electron. Consequently, thet50 point can be excluded
from the integration range and the integral overt in the
1-10
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formula for the bound-continuum part of the dipole mome
should be understood as*h

t dt . . . , whereh→10. In prac-
tice, the lower integration limit should be much smaller th
the time it takes an electron to recombine,h!2Ar0 /a0/v
~see Appendix C!.

The bound-bound and bound-continuum contributions
HHG by the six bound levels, flat continuum system (I p
50.340 a.u.,r 051.3 a.u.) are compared in Fig. 3. The n
merical results were found to be stable to changes int below
t51023T, T52p/v. One can see that the bound-continuu
contribution is by several orders of magnitude weaker th
the bound-bound one. This could be explained already by
assumption of low continuum state population lying at t
basis of our theory. Our numerical results show that the c
off of the bound-continuum part ofm6(nv) is identical to
that of the bound-bound part@i.e., it is given by Eqs.~43!,
~44!#. The bound-continuum cutoff position can be explain
by noting that the corresponding contribution to the dip
moment comes from smallt ’s: t<2Ar0 /a0/v!2p/v ~see
Appendix C!. For such small time differences between t
ionization and the recombination, the time dependence of
quasiclassical action is

Sqcl~ t !;
2eE0r0

v
sinS p

N
~ j 2k! D cosS vt1

p

N
~ j 1k! D .

~62!

The cutoff of the Fourier transform of exp@iSqcl(t)/\# is in-
deed identical to the cutoff of the bound-bound contribut
~43!, ~44!. Moreover, it does not depend linearly on the po
deromotive energy, but rather scales as the interaction
ergy. Thus, the bound-continuum contribution to molecu
HHG in circular polarization cannot be viewed as a transf
mation of the kinetic energy of the ionized electron to t
energy of the emitted photon.

V. CONCLUSIONS

We have presented a general theory of HHG by a sy
metric N-center system lying in the polarization plane of

FIG. 3. Bound-bound~empty circles! and bound-continuum
~full circles and continuous line! contributions to the HHG spec
trum of theN56 system atE050.2 a.u.
03341
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circularly polarized field. We have found that in the leng
gauge the bound-bound contribution to the time-depend
dipole moment is much bigger than the bound-continu
one, which is natural in the considered regime of low co
tinuum population. Moreover, the cutoffs of both contrib
tions were found to coincide. Thus, the whole HHG spe
trum of the class of systems considered is dominated by
harmonics emitted due to transitions between the bo
states. The HHG cutoff is shown to be at the maximal var
tion of the interaction energy~43! and~44!. The cutoff posi-
tion leads to the interpretation of the HHG process as
transformation of the interaction energy into the energy
the emitted harmonics. This mechanism is qualitatively d
ferent from the rescattering process responsible for HHG
the atomic case@13,14#. The key parameters defining th
cutoff energy are the electric field strength and the molecu
radius. The former parameter cannot be increased ind
nitely due to the onset of strong ionization beyond the sa
ration intensity. The latter parameter, however, can serve
an efficient lever to control the HHG spectrum. The molec
lar size dependence of the ionization probability should
taken into account in this respect@28,29#. In the frequency
region of 1 eV and below, the multielectron effects can p
the dominant role in multiphoton ionization of large mo
ecules. Their saturation intensities can be sufficiently hig
than the single-active-electron predictions@30#.

At present, the results of the present work cannot be co
pared directly to the experimental ones because there i
evidence for a very efficient molecular alignment in the c
rent strong field experiments with symmetric molecules. I
very interesting, however, to confront our theory with t
experiment by Hayet al. @23,24#. The high efficiency~com-
parable to that of Xe! of benzene HHG in the plateau regio
found by the authors may stem from the efficient populat
of the excited bound states, similarly to the situation in g
eous alkali metals@12#. The reported nonuniform behavior o
the harmonic signals as functions of intensity@23# in the
longer pulse experiment does not persist at the shorter p
length@24# and thus is attributed by the authors to fragme
tation of the molecules. The ellipticity dependences of
7th and 11th harmonics generated in benzene~both harmon-
ics are symmetry allowed for molecules oriented in the p
larization plane of the field! show at least an order of mag
nitude decrease of the harmonic intensities at increas
ellipticity. However, these measurements were performed
ing the longer pulses of peak intensity of 331015 W/cm2,
i.e., under conditions of efficient fragmentation. The auth
report no results of ellipticity dependence measureme
with shorter pulses@24#.

Trying to look at the recent experimental results from t
point of view of the developed theory, one notices two im
portant directions of further theoretical research. First,
theoretical framework suggested in this paper is by no me
limited to the circular polarization case. Its generalization
an arbitrary field and an arbitrary molecular orientation
straightforward and should be able to explain the relat
intensity of HHG by benzene, cyclohexane, and Xe found
Hay et al. and to verify the extent of the applicability of th
rescattering model to molecular HHG. Second, the mac
scopic response of a molecular gas should be investiga
1-11
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first with the assumption of a perfect molecular alignme
with the field polarization plane and then in the general ca

Finally, we would like to point out that the significance
our theoretical results is not limited to gas phase molec
HHG. Due to the lack of importance of bound-continuu
transitions in the case considered, the theory could be
evant for solid state targets as well. For example, in Ref.@6#
we considered HHG by arrays of parallel single-walled c
bon nanotubes interacting with a circularly polarized be
that propagates along the nanotube axes. The time-depen
tight-binding model solved by us numerically for the calc
lation of nanotube HHG predicts cutoff positions close to
maximal variation of the interaction energy. However, t
absolute intensities of the high harmonics vary apprecia
with the nanotube structure, e.g., they are different for ‘‘z
zag’’ and ‘‘armchair’’ nanotubes of similar diameters. Anal
sis of the nanotube HHG along the lines of Sec. III wou
lead to a better understanding of the dependence of the H
spectra on the unperturbed energy level structures of var
types of nanotube.
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APPENDIX A: A, B, AND C COEFFICIENTS IN THE
FOURIER DECOMPOSITION OF µ̈À

The coefficients entering the expression~38! for the Fou-
rier decomposition of the second derivative of the dip
moment componentm̈2 are

Al52 i lN21H cosS 2p

N
~2a1 lN ! D , lN is even

2 i sinS 2p

N
~2a1 lN ! D , lN is odd,

Bl52 i lNsinS p

ND H cosS 2pa

N D , lN is even

2 i sinS 2pa

N D , lN is odd,

~A1!

Cl52 i lN21sinS p

ND H sinS 2p

N
~a21! D , lN is even

i cosS 2p

N
~a21! D , lN is odd.
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APPENDIX B: THE THIRD TIME DERIVATIVE OF THE
DIPOLE MOMENT AS A FUNCTION OF THE

BOUND STATE AMPLITUDES

The third time derivative of the induced dipole moment
an N-center system can be expressed thorough the bo
state amplitudesaj in the same way as is done for the fir
@Eq. ~26!# and second@Eq. ~35!# derivatives. The resulting
expression reads

m2
(3)52 im0

(3) (
j 50

N21 H S v j 11,j

v int
D 3

aj 11* aj

1
1

2 S v j 11,j

v int
D 2Fe2 ivt~aj 12* aj2aj 11* aj 21!

1eivtS uaj u22uaj 11u21
v j 12,j

v j 11,j
aj 12* aj2aj 11* aj 21D G

1
1

4

v j 11,j

v int
@2ie2 ivt Im~e2 ivtaj 21* aj

2eivtaj 12* aj 11!12aj 11* aj2aj 12* aj 112aj* aj 21

14ieivt Im~eivtaj 11* aj !1e2ivt~aj 13* aj2aj 12* aj 21

2aj 11* aj 211aj 11* aj 22!#J , ~B1!

wherem0
(3)5er0v int

3 .

APPENDIX C: KINEMATICS OF THE STATIONARY
PHASE TRAJECTORIES AT LARGE a0

The ‘‘free’’ electron trajectories starting with zero velocit
at thekth atom at timet8 are given by

x~ t !5a0@cos~vt !2cos~vt8!#1v0 sin~vt8!~ t2t8!

1r0 cosS 2pk

N D ,

y~ t !52a0@sin~vt !2sin~vt8!#1v0 cos~vt8!~ t2t8!

1r0 sinS 2pk

N D , ~C1!

vx~ t !5v0@sin~vt8!2sin~vt8!#,

vy~ t !5v0@cos~vt8!2cos~vt8!#,

wherea05eE0 /(mv2) and v05eE0 /(mv). At the time t
the trajectory should arrive at thej th atom:

x~ t !5r0 cosS 2p j

N D , y~ t !5r0 sinS 2p j

N D . ~C2!
1-12
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Substituting Eqs.~C2! into Eqs. ~C1! and eliminating the
drift terms proportional tot2t85t, one obtains

cos~vt!5
r0

a0
FcosS 2p j

N
1vt8D2cosS 2pk

N
1vt8D G11,

~C3!

wherer0 /a0!1. Consequently, the time difference betwe
the ionization and recombination,t, is also small. Expansion
of cos(vt) in a Taylor series leads to

t<
2

v
Ar0

a0
. ~C4!
.
,

C.

an
s

us

a,
.
P.

e
I.

t,

.

J.
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The electron kinetic energy at the moment of recombinat
is

Ekin5
mvx

2~ t !

2
1

mvy
2~ t !

2
5mv0

2@12cos~vt!#<2mv0
2 r0

a0

54
r0

a0
Up!Up . ~C5!

Thus, the recombination does not lead to the generation
high-order harmonics.
-

.
J.

.

J.P.

a-

-
as
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