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High-order harmonic generation by molecules of discrete rotational symmetry
interacting with circularly polarized laser field
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The dynamics of harmonic generation by a molecule of discrete rotational symmetry oriented in the polar-
ization plane of a circularly polarized laser field is discussed. A simple model system is presented and the
corresponding high-order harmonic generation spectrum is calculated analytically as a sum of the bound-bound
and the bound-continuum contributions. It is shown that, contrary to the case of rare gas atoms interacting with
linearly polarized radiation, the dominant contribution to high-order harmonic generation by the studied class
of systems comes from the bound-bound transitions. As a consequence, the mechanism of the process is
different from the well-known rescattering mechanism due to Corkum and Kulander. At intensities high enough
the molecular harmonic generation spectra reproduce the main features of the atomic ones, i.e., the plateau and
the cutoff. Unlike the cutoff in the atomic case, the molecular cutoff position depends linearly on the electric
field strength and the molecular dimensions. This should allow one to reach higher harmonic orders by
employing larger molecular targets.
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[. INTRODUCTION and molecules with laser fields is described by the Floquet
Hamiltonian

During the last decade great progress has been made in
experimental and theoretical investigation of high-order har-
monic generatiofHHG) [1] aiming at the achievement of a
small-size source of coherent radiation in the soft x-ray re-
gime. Most of the studies have been concerned with genergyhereH(t) is the physical time-dependent Hamiltonian. The
tion of odd harmonics by rare gas atoms interacting withtime-periodic part of the Floquet wave function is an eigen-
linearly polarized laser fields. The HHG spectrum of thisgnction of 7(t):
system in the low-frequency—high-intensity regime consists
of a plateau of length proportional to the ponderomotive en- HODH)=sd(t), W(t)=e PV d(1). 2)
ergy and abrupt cutoff. The use of extremely short pulses has
allowed experimentalists to extend the cutoff frequency up tQyoreover, the well-known dipole expression giving the am-
the water window 2]. Development of phase matching tech- Elitude of thenth harmonic of the incident radiation fre-

niques[3] has made it possible to increase the intensities o uency w as the corresponding Fourier component of the
the emitted high harmonics by several orders of magnit“detime-dependent dipole momeﬁt(t)

The recent experimental successes make the application of

high harmonics in spectroscopy and other areas a natural . 27l w

possibility (see, e.g., Ref4)). Apxn j
One property that would make the harmonic radiation par-

ticularly useful is the selectlwty of _the HHG. The quesﬂon IS .an be casily represented as a matrix element:

whether one can find a combination of an atomic or a mo-

lecular system and a laser field that would produce only sev- __— S - I

eral specific high harmonics. The issue of selectivity was Apn* (D (r DA D(r, D)),  Ap=pe ", (4)

addressed by Alon, Averbukh, and Moiseyéy6]. The au- _ _ )

thors presented a method for formulation of selection rulegvhere the double bra-ket notatid{x - -)) means integration

for HHG spectra and discussed a number of systems fopver space and time. The matrix element of £4). is a

which most of the harmonics are absent from the spectra fofiagonal one, i.e., the bra and the ket are represented by the

the symmetry reasons. Formulation of the selection rules reSame quasienergy state. The nondiagonal matrix elements in-

quires three basic components: the Hamiltonian describin%owing two different Floquet states correspond to the hyper-

the system and its eigenfunctions, the symmetry operationdaman lines and not to exact harmonics, unless an accidental

commuting with the Hamiltonian and the matrix elements todegeneracy is presef8]. If the Floquet Hamiltonian is in-

be evaluated. A convenient formalism that allows us to pos¢ariant under a transformation of space and time, i.e., it pos-

the problem of the calculation of HHG spectra in terms ofSesses a dynamical symmetyS)

matrix elements and eigenfunctions is Floquet thefofly o .

Indeed, within Floquet formalism the interaction of atoms PH(t)P t=H(1), (5)

N ho .
H(t)= i—E'FH(t), (1)

dte—inwtf dro*(FH)a e, ()
0 — o0
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then the emitted harmonics are those for which at least onthe effective potential due to the interaction with the nuclei

of the operators?\j,n, j=x,y,z, is invariant undeP. and other electrons, possessing a rotational symmetry axis of
Using the method described above, the authors haverdern,
shown, for example, that molecules Nth-order rotational . -y -
symmetry, e.g., benzene, interacting with circularly polarized CaV(r)Cy = V(r). )
light emit under specific conditions only the first and the . .
(IN+1)th high-order harmonicd €1,2,3 .. . ) of theinci- We assume that tr@,\isymmetry axis is perpendicular to the
dent radiation frequencks]. The 1IN*1 selection rule in polarization plane oE(t).
this case is a conseguence of tith-order DS. DS is present The ObjeCtive of our calculation is the time-dependent di-
in the system only if the molecular plane coincides with thePole moment. According to the selection rules for HHG
polarization plane of the incident beam. Consequently, théPectra5], the harmonics emitted by the molecule interact-
experimental realization of the above DS requires moleculaing with the circularly polarized field are also polarized cir-
alignment. Very recently, there has been substantial experfularly either like the incident radiation or in the opposite
mental progress in the alignment of molecules with intensélirection. Consequently, the important components of the in-
nonresonant laser field®]. This technique will probably duced molecular dipole moment are
allow researchers to perform multiphoton ionization and B
HHG experiments with aligned aromatic molecules in the Mi(t):ef d3r W (F,t) (x£iy) (T 1). ®)
near future. —o
The discussion of selectivity in HHG has been limited so _ _
far almost entirely to formulation of the selection rules. The wave function of the system can be conveniently repre-
However, the DS considerations of R€fs,6,10 cannot pre- sented as a linear corpblnatlon of the eigenfunctions of the
dict the relative intensities of the symmetry-allowed harmon-molecular HamiltoniarH g
ics. In order to get a full physical picture of HHG by systems .
possessing DS, one should investigate the underlying dy- - -
namics. The systems giving rise to selective HHG spectra do ‘lf(r,t)zjzl aj(D) y(r)+ f—x(ZWﬁ)s
not possess a common physics, but rather have similar DS

» (3

b(p.t)@s(r),

properties. The present study is confined to harmonic genera- p2

tion by rotationally symmetric target systems, such as aro- Hogi(N=E;#;(r), Hopp(r)= 2—¢5(F), (9
matic molecules, interacting with a circularly polarized field. m

We will assume that the rotational symmetry axis is aligned R . R .

along the propagation direction of the laser field. The dipole (i(D]d(r) =581,  (Pi(N]ep(r))=0,
approximation with respect to both the incident and the emit-

ted radiation will be used throughout this work. (o5 (N]ep(N)y=(2mh)38(p—p"),

In the following section we will present the harmonic am-
plitudes of such systems as a sum of the bound-bound anghere a;(t) and b(p,t) are the amplitudes of the bound
bound-contmu_um contributions. Section IIIIW|II.be devoted ¢j(;) and continuum,<p5(F) states with energieg; and
to the description of the bound-bound contribution by means , .
. . . p</2m, respectively.

of a simpleN-level model,N being the order of rotational Substituting the expansio@®) into Eq. (8), one obtains
symmetry of a particular molecule. We will evaluate the B
bound-continuum contribution within the flat continuum ap- o
proximation in Sec. IV, showing that it is much smaller than ,, (t)=¢ > ar (1)(y|xxiy|e;)ay(t)

the bound-bound one for all the emitted harmonics. The im- jj’=1

plications of our results for the possibility of both effective - &

and selective HHG by molecular targets will be discussed in * P vtivl e ARy
the Conclusions. +e12, 7x(277ﬁ)3{aj (D(ilx =iyl @s)b(p.0)

Il. BOUND-BOUND AND BOUND-CONTINUUM +b* (p,O)(plxiy|¢;) aj(t)}
CONTRIBUTIONS TO THE HHG SPECTRUM F @ (- &’

+e
~=(2mh)3) -=(27h)3

o2
Let us describe the interaction of a molecule with a cir- b*(p,t)

cularly polarized electric field?(t) in the length gauge, in

the single-active-electron picture: X<¢5|xtiy|go5,>b(5’,t). (10)
J ~5 The above equation shows that there are three kinds of term
i —W(r,t)=HW(r ), Fizp—+V(F)—eE(t)-F, contributing to the time-dependent molecular dipole mo-
at 2m ment. According to the matrix elements involved they are

(6) denoted as bound-bound, bound-continuum, and continuum-
~ continuum contributions. It should be noted that any one of
wherem ande are the electron mass and charge &ifd) is  the above contributions by itself is not an observable and
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their relative strengtiiand with it our understanding of the stood classically as a lack of harmonic emission by a “free”
mechanism of HH@ depends on the gauge chosen for theelectron interacting with the electric component of the inci-
description of the problentsee Ref[11] for a detailed dis- dent plane wave.

cussion. Our specific choice of the length gauge in E).is Substitution of the expansiof®) into the Schrdinger
supposed to help in providing a simple physical picture ofequation(6) provides coupled equations for the amplitudes
the molecular HHG. a;(t) andb(p,t):

The bound-bound terms describe the HHG due to transi-
tions between the bound molecular states. Their overall
population is limited by ionization. Under conditions of low
ionization probability the strength of the bound-bound con-

i () =Ejaj()— 2 (¢jleEt)-rla;)ay (1)
j’=1

tribution is determined by the values of the transition dipole = d - S
moments between the bound states. If the interaction with _jmmwﬂeat)'”@ﬁb(p’t)’ 1D
the field is described in the length gauge, the transition di-

pole moments between the ground and the first few excited o P2 = d3p’

states can be of the order of the molecular dimensions, i.e., inb(p,t)= —b(p,t)—f 5

much larger than the corresponding atomic ones. Thus, the 2m —=(2h)

importance of the bound-bound transitions for molecular

HHG in this picture is much greater than in the atomic case. X(epleE(t)-rles)b(p",t)
Indeed, in rare gas atoms they affect only the lower-energy * L

part of the HHG spectra where the photon energy is smaller - E (cp5|eE(t)-r|¢j,>aj,(t).
than the ionization energy, which means that the excitation i'=1

energy of an atom is transferred to the emitted field. FOFryg firg¢ of Eqs.(11) describes the transitions between the
alkali-metal atoms used in the experiment of Sheeh@l. o ng eigenstates of the molecular Hamiltonigecond
[12] and possessing larger transition dipole moments thgarm on the right-hand sidéhs)] and the ionization(the
bound-bound contribution is much more significant. Withjnhomogeneous third term on the Yh¥he second equation
molecules, one can get into the regime of high interactiorprovides the modification of the continuum eigenstates by
energy(higher than the ionization energyrhe bound-bound  the field (second term on the rhsThe inhomogeneity in the
contribution to the molecular HHG can be viewed then as &econd equation is a source term describing the electrons
transformation of the interaction energy into the energy ofappearing in the continuum.
the emitted field. Even under restrictions on the molecular symmetry and
The bound-continuum contribution is the dominant oneorientation, Eqs(11) still depend on the energy level struc-
for the high harmonics emitted by atoms. The well-knownture and the transition dipole moments of a specific system.
mechanism of atomic HHG due to Corkum and KulanderTheir exact solution can be obtained only numerically. In
et al.[13,14 includes ionization, “free” motion of an elec- order to construct a general approximate theory of molecular
tron in the electromagnetic field, and recombination. It isHHG in the presence dfith-order DS catching the common
based on the existence of electronic trajectories that stafgatures of the process, we resort to some severe approxima-
after ionization not far from the nucleus with almost zerotions. In the next section we will calculate the bound-bound
velocity and return to the vicinity of the nucleus to recom- contribution in the high interaction energy limit generalizing
bine. Such trajectories do not exist with circular polarizationth® two-level theory of Ivanov and Corkufa7] to the case

of the field, which leads to fast damping of the atomic HHGOf N Iev_els. The bound-(_:ontinuum con_tribu_tion will be_ esti-
with increasing ellipticity(see, for example, Ref15]). The mate_d in the flat continuum: approximation used in the
spatial periodicity of an electron trajectory is determined byatom|c case by Lewenstest al. [18].
the parameter,=eE,/mw?, whereE, is the field strength
and w is the field frequency. This parameter represents thd!- A MODEL FOR THE BOUND-BOUND CONTRIBUTION
radius of the electron’s rotation at zero drift. df, is much In order to estimate the bound-bound contribution to
larger than the molecular size, the situation is similar to thaHHG one has to obtain the expressions for the bound state
in atoms and the bound-continuum contribution is expectedmplitudes. Consider the first of the equatioh¥). Suppose
to be small. For higher-frequency, lower-intensity fieldg, that the degree of ionization of the molecule due to its inter-
can become comparable to the radius of a small organic mokction with the time-dependent electric field is small and the
ecule, like benzene. In this case the notion of a “free” elec-term containing the amplitudes of the continuum states can
tron trajectory loses its relevance since for such fields thée dropped in the zeroth-order approximation. Of the bound
corresponding ponderomotive energy does not exceed tﬁ?éates, the most important for HHG are those that are Coupled
ionization energy of a molecule. most efficiently[12]. In the case of a system possessing
Finally, the transitions between the continuum states lyindNth-order rotational symmetry such states form a complete
sufficiently high above the ionization threshold do not con-basis for the representation of the rotation oper&gr For
tribute to HHG, as has been shown by Ivanov andZBuski  a single electron moving in a symmetric multicenter poten-
[16]. Within the dipole approximation, this can be under-tial these are the firdl molecular orbitals. For a real mol-
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ecule, like benzene, these would be six multielectron statewhere the state), is localized around the nucleus found at
coupled by the single electrde.g., m-7*) transitions[20].  the polar angle Zk/N. The coefficients of the localized
The equations for the amplitudes Nfessential states are of statesc, are related to those of the eigenstates of rotaaon,

the form by
N—1 N-1
ifia)()=Eja;(t)— 2 (jleEt)-rlgy)a (1), ckzi > ei2mkiNg | k=0,...N—1, (20
j’=0 JN =0 !
j=0,... N—-1. (12 1 N—1
Suppose that the energy of interaction with the field is much a':\/_ﬁ .Z‘o e e, j=0,... N1

larger then the energy differences between the molecular

states. Within this approximation the details of the molecularrpe transformation to they, basis diagonalizes the" and
energy level structure become unimportant andNHeound  4- matrices simultaneously and leaves invariant the eigenen-
state energies can be assumed to be equal to the minus iofyyy matrix due to the assumption of degeneracy ofNhe

ization energy of the system; | ,. Under the above assump- gelocalized states. The decoupled equations for the ampli-
tions, the coupled equations governing the bound state popydes of the localized states read

lations are[compare to Eq(12)]

" i71Cy(t) = —1,Cy(t) —eEy cos{ t+—277k)c(t)
. .. =- —eByp w ,
ihay(t)=—1,3,()— > (¢pj|eEt)-r|¢;)aj(t). ‘ P ° N
j’=0

(13 k=0,... N—1. (21)

Let us choose the electric field to be The general solution of equatiof®l) gives rise taN degen-

- erate quasienergy states:

E(t)=Eq[ —cogwt),sin(wt),0]. (14
N-1
Then the interaction energy can be written in cylindrical co- V()= 2 c k(t)lﬂk(F)
ordinates as R = ’
- g 1 i @ ai ot —ipa—iwt 1
eE(t)-r=— EeEoP(e e +e '%e™'). (15 C, (1) = ——— el ptlfi gi2makINGi(eBopg /1iw) sin(ut+ 2mkIN)
a, \/N 1
The molecular stateg; can be chosen to be eigenstates of (22
Cn: wherea=0, ... N—1 is the Floquet state index.
R _i2miN o The approximation obtained for the coefficients of the
Cnoj=e $j, 1=0,... N-1. (16 bound states is zeroth order in the energy splittings. If used

in a direct calculation of the time-dependent dipole moment

eéccording to Eqs(10) and(20), it would give zero result due

to the assumed degeneracy. In order to overcome this diffi-

‘g o culty, one can calculate the time derivative of the dipole
(ilpe |¢i’>_dj,j’5i,modG’Il,N)' 17 moment using an expression that takes into account the en-

ergy level splittingg17]. The Fourier decompositions of the
In the following we will assume that all the transition dipole tyq quantities are related in a simple way:
moments are of the same magnitude

In such a case, the dipole transitions are possible only b
tween states with adjacejis:

- 8 = (Nw) =inwp-(no). (23

where pq is the molecular radius. The above assumption isThe expression for the_ bound-bound partaf(t) via t_he
valid when the overlap between the neighboring atomic oramplitudes of the localized stateg(t) cannot be obtained

bitals is small. It allows us to obtain an exact solution for thedlrectly from the Schrdinger equation(21), because the

system of equation&l2) by a unitary transformation from transformation to the localized state basis assumed degen-

the basis of eigenstates of rotation to the basis of Iocalizeg.racy' Instead, one has to EXpress the time derl\{atlve of the
states, ipole moment via the coefficients of the delocalized states

a;(t) and then use the transformati¢20).
1 N1 The components of the bound-bound part of the dipole
ei27-rjk/N¢]_, k=0, N—1, (19 moment can be represented \Aaxt)’s using the relations

N (17,18

N
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N1 | 2T wN
pIP(0=epo 2 afia(Daj(t), wiP(O=[u2V]". p- (o) =2poe(—1)™ S'”(T+7
=

(24)
25|r( ) :Opo} Son_1. (30
The time derivative of the above expression can be expressed N w

in terms of the coefficients of the delocalized states using th%he spectrum of the dipole moment derivative component
Schralinger equation, which takes into account the exact.

eigenenergies of the delocalized states: p+(t)=pX(t) can be obtained using the relation

XJ,

Eo _ pi(Nw)=p*(—nw). (3D
|haj(t) Ejaj(t)+ —— (e""taJ () +e a4 (1)). _ _
By virtue of the property of Bessel functions, the HHG cut-
(25  off in the first-order approximation is
The result readéfor brevity, here and throughout the rest of N eEg2 sin(m/N)pg
this section the superscript*b” will be omitted from the Neutorr= INt ) ' (32
designation of the bound-bound part of the induced dipole
momenj where the expression In¢ means “integer of the forniN
+1 closest tax.” One can easily see that the length param-
011 eter 2 sin@/N)p, appearing in Eq(32) is the interatomic

e (t)—l,uoz a1 (Day(t),  w(D=pX(), distance, in complete similarity to the result of REf9] for

HHG by a one-dimensional periodic structure perturbed by a

(26) linearly polarized field. Consequently, at first order the cutoff
. appears to be independent of the molecular size. However,
where wo=epowin, win=epoEg/f is the frequency related this contradicts the simple physical intuition suggesting that
to the interaction energy ane, ;,=(E;—E;/)/# are the at high enough field strength the bound-bound contribution
Bohr frequencies of the system. AssumingcKkel energies  to the HHG spectrum is a transformation of the interaction
energy to that of the emitted harmonics. Indeed, the maximal

Ej=—-2Bcog2mj/N), (27)  variation of the interaction energy is related to the molecular

radiuspy and not to the interatomic distanfsee Eq.(15)].

and using the transformatigq0), one can express the time- This contradiction makes it necessary to consider higher-

dependent dipole moment derivative through the localized@rder approximations for the molecular HHG spectrum. The
state coefficients: standard way to achieve this goal is to obtain the further

approximations for the time-dependent coefficients of the
N-1 molecular bound states contributing to a given Floquet state,
pw_(C)=—2upe >, €N+ m(c* c,). (28) as mentioned in Ref17]. We, on the other hand, find it
k=0 simpler to construct the higher-order approximations for the
harmonic intensities in the following fashion. Consider the
The magnitude of the first derivative of the dipole moment ishigher- (pth-) order derivatives of the time-dependent dipole

related to two parametersy, and e=wo/w;,, Wherew,  MmomentuP(t), p=1. Using the relatior24), they can be
=2 sin(@/N)/# is the frequency related to the level spac-€expressed via the time derivatives of the coefficients of the
ings. Since the level spacings were neglected in the zerothound states:
order, € is the natural perturbation strength parameter of the N-1 p
theory. Substituting the zeroth-order soluti@®) into Eq. ®)(t) SS a4 ®)(t)= w P (1)

. Pt)y=e a; a?, =pt ,
(28), one obtains the time dependencerof : # Pooy oy o e H

(33
: N—-1
,iL_(t)= _ 2p0€ 2 el (m/N)(2k+1) Wherecg are the binomial coefficients. The derivati\@j§)
k=0 can be expressed via the coefficieajgthemselves using the
Schralinger equation(25) which includes the energy spac-
> Sil{zeEOPO Si (Z) ings between the bound states. The amplitudes of these states
hw N are related in a known way to those of the localized states

c(t), [see Eq.(20)]. Substitution of the zeroth-order local-
(29) ized states coefficients into the exact expressions for the

higher-order derivatives of the dipole moment allows one to

take into account to a greater extent the neglected energy
The result(29), being proportional to the first power ef is  splittings of the bound states. The Fourier components of the
the first-order approximation for the time-dependent dipolehigher-order derivatives are related to those of the dipole
moment derivative. Its Fourier transform reads moment itself in a simple way:

N

T
xcos( wt+ 1 (2k+1)
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1P (nw)=(inw)’u. (nw). (34) In the case of a three-center systed=(3), the second-
- order cutoff coincides with the first-order one, which sug-
The outlined procedure for the calculation of the higher-gests that the HHG of the system is described well already
order approximations to the Fourier series of the boundby the first-order approximation. In the case M#4 the
bound contribution to the dipole moment is analogous to thgontribution of the second order ia vanishes for all the
procedure already used by us for the calculation of the firstquasienergy states=0, ... N—1 [see Eq(Al)]. However,
order approximation. Let us present here the results of théhe cancellation of the second-order contribution for the four-
second- and third-order approximations. The second derivdevel system is a property of lékel energies27) leading in
tive expressed through the bound state coefficients takes dhis case to equal level spacings. In the general case of a
the following appearance: four-level system possessing two degenerate levels; (
=0) and unequal Bohr frequencies;# w3 ), the second-
order cutoff is still given by Eq(39) with N=4.
a, 1(Day(t) The expression for the third-order derivative of the dipole
moment via the delocalized state coefficieatss given in
W41 (ot ) ) Appendix B. It contains contributions up to the third order in
m{ [lay[*—laj+1/7] €. The expressions for the higher derivatives as functions of
the bound state amplitudds.g., Egs.(35), (B1)] become
progressively more cumbersome. Their use for the computa-
(35 tion of the HHG spectra is not preferable over the numerical
solution of the Schidinger equatiori25). However, they can
o e ey be used for the prediction of the correct cutoff frequency. To
pi(@)=pZ(a), this end, let us exploit the following line of reasoning. The
pth-order derivatives of the dipole momepf” are qua-
where o= epowfy,. Upon transformation to the localized dratic forms in the bound state amplitudgs After transfor-
basis, - (C) read mation to the localized basis they become quadratic forms in
the localized state amplitudes,

N—1
2 (wl+ll
j=0 Wint

Mf(é):_ﬁo

J’_

+elel(a¥, a;—aj_4af)} |,

2 N—1
A - N-1 p
p—(C)=—po i q1Ck Cag
q=-29+0 k=0 a K p®P=pud 2 Ep ‘qllu“(ip,)q,kC:Ck+q: (40)
T . .
m+(€)=pZ(c), (36) Where,ugp)z epowh, . According to the zeroth-order solution
. (22), the products of the localized state coefficients are of the
where the coefficientg. _ are given by general form
. ) a0 _. _ 2sing.e
/~L'+1Yk:e_lwt5in<ﬁ) _Eelwtel4'n'k/N(e+l7r/N_e+|37r/N), Ck Ck+q°<eXF< TEM)COQ(LH"‘ ¢O) , (41)
- _ i2m(k=1)N 3 wherefd,=qm/N. The Fourier transform of such a product at
M- x2k= "€ : (37) the frequency nw is proportional to Bessel function
q y prop

Jn(eEgposingy/hw), leading to a cutoff at ney
=eEgpgsing, /hw For example, in the case of the first de-
rivative only the adjacent localized states were coupled in the
corresponding expression. This led to the cutoff of B9).

The highest-order term present in the expressions for
pth-order derivatives is

The Fourier decomposition of the second derivative of the'
dipole moment component is of the form

27\ win
2 SII'( N )T A
. [ T Wint
23'”(N)7

.| T Wint
2 S|r< N)
o ) ) _ —p,...,p. This means that by calculating the high enough
where the coefficients, ,B;, andC, are given in Appendix  dipole moment derivative one couples all the localized state

A. The second derivatives of the dipole moment componentgmpiitudes, unless the highest-order term vanighssn the
contain contributions up to the second ordekinThe cutoff  case ofN=4 for the Hickel mode). Moreover, in order to

o

'&’(t):_’&‘ﬁ;m (f Jin-1

N-1
@i \P
J“f{Jm B, ,20 ( JH'J) aj’, 13, (42)

Wint

C|] )ei(INl)wt, (39) [see Eqgs(26), (35), (B1)], which upon transformation to the

TIin-2 : . .
localized basis couplex, and c,, such thatk—k'=

of the second order is located at achieve the coupling of all thid amplitudes, one has to go to
the derivative of ordep=N/2 or p=(N+1)/2 for even or
n@ _eE2 sin2m/N)po odd symmetry orders, respectively. This fact has two impor-
Nevtor™ ) N#4. (39) . . . .
ho tant implications. First
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of all, the ultimate cutoff position corresponds to
maxsin (k—k’)m/N]}, where k,k’=0,... N—1 [see Eq. 10
(41)]. This gives
10"
=
e (]
neven — Int( pald 0] 43y 2
hw N:10-10
3
S
=
for even symmetry orders and 107
i (N_1)7T eEOpo 1072 L L 1 s
ndd = Int[ 2 SW(T — (44) 0 20 z;;) 60 80

FIG. 1. HHG spectra of benzene model at superstrong field,

for odd symmetry orders. Thus, the ultimate cutoff positionEo=0-4 .a_u..,dforﬁ=d4l.quasienergy Séate' Solid ."ne’.ﬁrs_t;jordﬁrdap_ g

for evenN’s is exactly at the maximal variation of the inter- proximation; dashed line, seconc-order approximation; dash-dotte

action energy, while even for moderate obics the differ- line, third-order approximation; circles, numerical results. The ap-
b Y, h di ff . d th proximate analytical results obey the exact selection rule, but are

gnce gtween the corre_sp_on ',ng CUFO positié4) and t Fj' designated by the lines for clarity. No scaling factors are introduced.

interaction energy variation is quite small. If the first

symmetry-allowed harmonic happens to be of order higher

thann.ox of Eq. (43) or Eq. (44), the HHG spectrum con- o
sists of fundamental frequency only. bounql contribution to the HI—_|G spectra Rs!fcenter systems
The second important conclusion is that in order to repro-geiqgjped abovet.to 2r15um§r|ca_l q caltchulatl_or}s blased d clm fthe
duce the HHG spectrum and in particular the cutoff position chralinger equation25). Consider € six-level model o
he benzene moleculeNE 6), possessing a radius equal to

in a satisfactory way, one has to compute the time derivativ%h . N - -
. e interatomic distancgip=dc.c=2.673 a.u. The value of

of the dipole moment of order equal to half the symmetry - X
order of the problem. For example, computing the third timeHUCkel’g [see Eq(27] for benzene according to the work of

N o ' Pariser[21] is equal to 2.371 e¥8.717x10 2 a.u. The
derivative would be suff|C|ent_for the HHG spectrum of ben-field frequency chosen in our calculationses=0.037 a.u.
zene (N=6) but not for species of higher-order symmetry. _1 e\ For the most detailed comparison of the analyti-
Going beyond the minimal order of perturbation theory o theory to the numerical calculations we would like to
needed for the correct prediction of the cutoff can change thgynsider first a superintense figik=0.4 a.u.(correspond-
calculated intensities of the emitted harmonics, but not th@ng to the intensityl ~5.6x 105 W/cn?). At such a field
predicted cutoff position itself. intensity the value ot is about 0.085 and all the features of

Analysis of expressions of the tyd@6), (35) and (B1)  the HHG spectrum discussed above should be clearly mani-
yields the structure of the HHG spectrum of our model in thefested. The HHG spectra originating from the first-, second-,
plateau region. The higher plateau harmonics originatingand third-order approximations are shown in Fig. 1 along
from terms of the typg42) are higher order in the small with the numerical results. One can see that the first-order
parameter of the theory. This implies that the harmonic plateau appears in the exact spectrumnate Eqdc.c/%iw
strengths in the plateau decrease with increasing order and @29 as a step. The second plateau appearing due to the
large enough values of the interaction energy the spectrurmontributions of higher orders im is about three orders of
breaks into several plateaus each corresponding to a differemagnitude lower. The ultimate cutoff is reproduced almost
order of the small parameter. exactly by the third-order approximation at=61 (N

There are two kinds of exception from the general con-=2eEyp,/#w~58). The deviations of the second- and es-
clusions presented above. The first kind is related to the spgecially the third-order approximations for the low-order
cific choice of energies, such as the absence of the secontdarmonics from the numerical results are quite significant.
order contribution for the Hzkel four-level system. It has a This is related to the fact that the low-frequency Fourier
clear physical significance, showing the effect of the energyromponents of the higher derivatives of the dipole moment
structure of the unperturbed system on HHG. The secondre small. In order to reproduce the low-frequency part of the
kind of deviation has to do with the extra symmetries appearspectrum of the dipole itself, we divide them by the appro-
ing for specific quasienergy statéspecifica’s) and leading priate power of the field frequency according to E84). In
to disappearance of series of harmonics from the HHG spedhe example considered, the frequency of the electric field is
tra or to cancellations of the contributions of specific ordersalso small,w<wg, which leads to the observed loss of pre-
These effects are artifacts of the theory, which is based onision.
the zeroth-order approximation to the localized state ampli- In order to define the range of intensities feasible for the
tudes. benzene HHG experiment we would like to refer to the re-

Let us now compare the analytical theory of the bound-
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10° L p? .
i7b(p,t)=5_b(p,t)

0 d3p/ L - -,
| —<(Pp EE(t)'r|(Pp’>b(p )

—_ - 3
3 0 (2mhi)

& N—1

= - e E(t) - | g )e(t), 45
S 1 2, (epleB) rlydet) (45
=

where the electric fieldﬁ(t) is given by Eq.(14).

In order to solve Eqs(45) coupling different continuum
states let us employ the flat continuum approximation.
Within this approximation the field-free continuum eigen-
functions corresponding to the energip¥2m are repre-
sented by plane waves:

FIG. 2. HHG spectra of benzene model at moderate fields: full
circles, Eq=0.1 a.u. (third-order approximation empty circles,
Ey=0.1 a.u.numerical results full squaresE,=0.05 a.u(third-
order approximation empty squares,=0.05 a.u(numerical re- ) ) ) )
sults. The approximate harmonic intensities are joined by solidThe approximatior{46) has been applied to the calculation
(E,=0.1 a.u.) or dashed,=0.05 a.u.) lines for better distinc- Of atomic HHG by Lewenstein and co-workef8]. It is
tion between them and the corresponding numerical results. expected to work well when the Coulomb interaction of the
ionized electron with the core is much weaker than its inter-
action with the electric field over the larger part of the elec-

cent work of Han!qnet a'l.. [22]. In th|§ paper mea§urements tron trajectory. The flat continuum approximation allows one
of the saturation intensities of a series of organic molecule§0 decouple Eqsi45) (see Ref[18]):

were reported. It has been found that the saturation intensity
of benzene is just below b W/cn?. Although in the HHG 2

go‘;=ei5'g’ﬁ. (46)

experiment of Hayet al. benzene was exposed to intensities ihb(ﬁ,t)= zp—b(ﬁ,t)—eﬁ(t)-ihﬁpb(ﬁ,t)

up to 5x 10 W/cn?, the authors were not sure that the m

measured harmonic signal came from the molecules that ex- N-1 )

perienced the peak intensifg23,24. The bound-bound con- — go eE(t)-d(p)cy(t), (47)

tributions to the HHG spectrum of benzene at the field

strengths of 0.05 a.u. and 0.1 a(oorresponding to inten- o .

sities of about 8.8 10**> W/cn? and 3.5<10** W/cn?, re-  wheredy(p)=(¢g|r|#y) is the bound-continuum transition
spectively are shown in Fig. 2. At the lower intensity the dipole moment. The Schdinger equatiori47) can be solved
cutoff appears an=7, in agreement with the prediction €xactly by means of the substitution

(43). Accordingly, only one pair of harmonic1&5,7) ap- o

pears in the plateau region. At the higher intensity, two pairs b(p,t)=e" D Veb(p,t), (49
of plateau harmonican(=5,7,11,13) are followed by the cut-

even _

off at ng,z=14. It should be pointed out that the absomtewhere,&(t): — ['E(t")dt’ is the vector potential. The result-
values of the Fourier components of the bound-bound part qﬁg solution reads

the dipole moment are much higher than those usually pre-

dicted for the bound-continuum transitions in rare gas atoms PN
[25]. b(p.t)=>+ 2 fefz<t'>-&k[5+e/1<t)—e/1(t'>]ck<t'>
k=0 JoO
: - A  AA+"\72
IV. A MODEL FOR THE BOUND-CONTINUUM xexp( _ '_f[ereA(t) eAIT vl grr.
CONTRIBUTION v 2m

The estimation of the bound-continuum contribution to (49)

the time-dependent dipole moment is based on the approxi-

mate solution of the Schdinger equation for the continuum The integration constant in the soluti¢d9) is chosen in
state amplitudes. We would like to rewrite the Salinger such a way that the continuum state amplitudes are zero at
equation for the coefficients of the continuum stdtke sec- the timet=0. Using the flat continuum approximation for
ond of Egs.(11)] using the approximation ofl degenerate the amplitudesh(p,t), we obtain the following expression
bound states. As in the previous section, this approximatiofor the bound-continuum part of the induced dipole moment
allows us to use the localized state bdsig}: [compare to the second term on the rhs of @d)]:
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) j NTINZD T For the evaluation of the integral over canonical momenta in
ubt=2e RE‘{% ZO kzo f dt'f Py 3¢ (D) Eq. (50) it is convenient to divide thel;(p) functions into
-0 k=0Jo ~=(2mh) the fast oscillating and slowly changing factors:
L i (t[P—eA(t")]?
xd;*[P—eA(t)]exp(——f ﬂdt”) o L
fily  2m dj(p)=e" P id! (p). (53

XeE(t,)'dk[P_eA(t,)]Ck(t')]’ (30 ysing the above notation, the expression for the bound-
continuum part of the dipole moment can be rewritten as

whereP=p+eA(t) is the canonical momentum. The above

expression can be viewed as a generalization of the formula . N-1 N-1 e
ubt=2e Re{

i —
3 JZO kgo fodt f—w(Zﬂ-ﬁ)3

ch(t)aj’*[ﬁ_e'&(t)]ex%%( [P—eAt)]-r,

derived by Lewenstein and co-workers for the bound-
continuum part of the induced dipole momdi8] to the
case ofN bound states. The interpretation of E&O) is
analogous to that of the corresponding single bound state
(atomig expression. At the tim€& the electron makes a tran-
sition from the localized statg, to the continuum state char-
acterized by the kinematic momentups=P—eA(t’). The
term c,(t')eE(t")-d[P—eA(t')] is associated with the
probability amplitude of this transition. The electron propa-
gates under the influence of the electric field only from the N e S VY ,

time t’ to the timet. The time-dependent part of the corre- XeB(t)-di[P=eAt") et . (54
sponding classical action; f:,[ﬁ—e,&(t”)]zmm dt’, enters

the exponential term. The analogous term in the single bound o ) ) )

state expression of Lewenstein and co-workers contains tHdote that the oscillating exponential term in E§4) is of
energy of the initial state;-1,, as well. In Eq.(50), on the  the form expiS;(P,t,t")/% ], whereS(P,t,t") is the classi-
other hand, it is contained in the bound state amplitudes. Theal action change along the trajectory starting at the pgint
recombination of electrons into the localized stdietakes 4t timet’ and ending at the poinj[j at timet. This “free”

place at the time. The related probability amplitude is as- glectron trajectory is characterized by a constant value of the
. oy . . . . *

sociated withdj'[P—eA(t)]cj (t). In this section we will  canonical momentur® (corresponding to the drift motion of

estimate the bound-continuum part of the time-dependent dipe electrop

pole moment using approximate transition dipole moments

and localized state coefficients. continuum part of the dipole moment can be performed by

In order to introduce a specific function for the transition : . :
, - o i the stationary phase methpt8]. The corresponding station-
dipole momentsl;(p), we would like to employ the Gauss- ary phase condition is

ian model, namely, to approximate the localized wave func-
tions i; by Gaussians:

312 VpSy(P,t,t’
l/ij:( 1 ) o7 P Sl )

S A A+7\]2
{[P—eAt")] dt,,”

' 2m

—[ﬁ—eA(t'nfk—ft

The integration oveP in the expression for the bound-

R A . -
,5=F35t=rJ-—rk—EJt’[Pst—eA(t")]dt”=0.
(55

Ty
cos{zﬂ) sin(zﬂ) ol (51) The physical meaning of Eq55) is that the electron re-
N/’ N/’ moved by the field from th&th site should return to thgh

site in order to recombine. Consequently, only the returning
The parameter, defines the width of the localized wave trajectories give rise to HHG. Noting that for the harmonic
function. It should not exceefd; —r;,|/\/2 for our approxi- fields[as in Eq.(14)] ['A(t")dt’ = E(t)/w?, we find the sta-
mation for the bound-bound transitions dipole moments taionary momentum to be equal to
hold [see Eq.(18)]. Too small values of,, on the other
hand, would indicate the lack of chemical bonding. Within
the Gaussian modé€b1), the bound-continuum transition di- R m
pole moments are: P(t,t')=

ra - i

—p+ . -

ﬁzp h! After stationary phase integration over the expressio(b4)
(520  takes on the following appearance:

F'i=po

(rj—r+(elw?)[E()—E(t")]

(56)
t—t’
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. N-1N-1 parameters, like those considered in Sec. lll, the kinetic en-
b-c=2e Re{ 2 Z dt c] (t)d “[Py—eAt)] ergy of electron rotational motiofponderomotive energy,
U,=€’Eg/(2mw?)] is substantially larger than the typical
, 32 . molecular ionization potential. In such a case the ionization
% —im [Py eA()]-1 energy in Eq.(60) can be neglected. Then, the physical
2mh(t—t') st ! meaning of the stationary phase condition is that the electron

possesses zero velocity at the moment of ionizatiB(n,

[P A F ft[Pst eA(t”)]2 —7)=[Pg—eA(t—7)]/m=0. Thus, the classical trajecto-
st kK 2m ries important for the bound-continuum contribution are

those starting at thieth atom with zero velocity and arriving

- 402 - at the jth atom after timer= 7. Classical trajectories of
XeE(t") - d[Ps— eA(t’)]Ck(t’)] : (57 electrons in a circularly polarized field are characterized by

the radius of rotational motion,=eE,/(mw?) and the drift

velocny vd— P/m. For small polyatomic molecules interact-
|'ﬁg with intense light, the former parameter is typically much
larger than the molecular dimensiong> py. Simple kine-
matic considerations lead to the conclusion that under such a
constraint the kinetic energy at the moment of recombination
is just a small fraction of the ponderomotive energee
Appendix Q. Consequently, the bound-continuum contribu-
tion to the generation of high harmonics is expected to be
small.
Substitution of the coefficients; into Eq. (57) leads to the Let us note in passing that an interesting classical trajec-
following result: tory of another kind arising in the context of the molecular
interaction with circularly polarized radiation is the “reso-
g NIN- . nant” trajectory with zero drift andXOpr. For small mol-
,Jb'°=2e Re{—— 2 E |2m(kfj)/Nf dr ecules the corresponding ponderomotive energy would be
i N =0 &0 0 insufficient for such a trajectory to be thought of as “free,”
Up,=eEypo/2<l,. However, it might have relevance for
larger structures, like nanotubgs]. Quantum mechanically
speaking, the resonant trajectory is associated with
. . continuum-continuum transitions, not leading perhaps to ef-
J’t ([Pst—eA(t”)]2 " )dt"H ficient HHG. It can be of importance for multiphoton ioniza-
p
t—7

The bound state amplitudes involved in the above expressi
can be rewritten in terms of the vector potenfiedmpare to
Eq. (22)]:

1
c (t)_ \/N || t/ﬁeIZﬂ'ak/Ne (I/h)eA(t) r (58)

—im

3/2 H
I R [
xdj [Pst_eA(t)](m exp{% Per (rj—ry)

om tion processes if the lifetime of the corresponding resonance
state is sufficiently long.
R o R In the present work we employ numerical integration over
XeE(t—17) - d[Pg—eA(t— 7)]} , (59 7 in order to calculate the bound-continuum contribution to
the time-dependent dipole mome(®9). The relations(14)
and(55) are used in order to express the quasiclassical action
where the change of variables-t—t’ has been made. The Sy as a function of time:
oscillating exponential term of the integrand of E&9) 2
comprises _the so-called quasiclassical ac$ag= Sd—lp_r _ S(t7)= %sirF(Z(j _ )) —(U,+1,)
appearing in Landau-Dykhne type expressions for adiabatic q
transition probabilitie$18,26.
The integration over in Eq. (59) can be performed either N 4eEppo sm( 0T )sm(—( B k))
by the saddle point method or numerically. In any case, it is w27 2 ]
worthwhile to discuss the corresponding stationary phase

condition: T
" xcos( wt— — 4 — (j+k)

2
dchI (9ch| > éllSst
dr | a7 v StSqd.F_

(62)

@) The integrand of Eq(59) possesses an essential singularity
ar at 7=0 for j#k due to the term exp(iS,y/%). From the
physical point of view, this singular point corresponds to
<[|55t_ eA(t— )72 ) recombination at thgth site zero time after the ionization
=—|——5———+I1,|=0 (60) from thekth site. Within the nonrelativistic theory presented
here, approaching the singularity would require either super-
high electric fields or superhigh initial velocities of the ion-
As one can see, the conditigg0) is identical to the one ized electron. Consequently, the=0 point can be excluded
arising in the atomic casgl8,27. For characteristic field from the integration range and the integral ovein the

st PSt

2m
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circularly polarized field. We have found that in the length
gauge the bound-bound contribution to the time-dependent
dipole moment is much bigger than the bound-continuum
one, which is natural in the considered regime of low con-
tinuum population. Moreover, the cutoffs of both contribu-
tions were found to coincide. Thus, the whole HHG spec-
trum of the class of systems considered is dominated by the
harmonics emitted due to transitions between the bound
states. The HHG cutoff is shown to be at the maximal varia-
tion of the interaction energ{43) and(44). The cutoff posi-
tion leads to the interpretation of the HHG process as the
transformation of the interaction energy into the energy of
the emitted harmonics. This mechanism is qualitatively dif-
26 . ) . . ferent from the rescattering process responsible for HHG in
0 10 20 30 40 50 the atomic cas¢13,14. The key parameters defining the
n cutoff energy are the electric field strength and the molecular
radius. The former parameter cannot be increased indefi-
nitely due to the onset of strong ionization beyond the satu-
ration intensity. The latter parameter, however, can serve as
an efficient lever to control the HHG spectrum. The molecu-

formula for the bound-continuum part of the dipole momentlar sizg dependencg of _the ionization probability should be
should be understood d%dT- .., where p— +0. In prac- takgn into account in this respe[czs,Zq. In the frequency
tice, the lower integration limit should be much smaller than'€9ion of 1 eV and below, the multielectron effects can play

: : : the dominant role in multiphoton ionization of large mol-
the time it takes an electron to recombing<2/pg/ ag/ . L o - :
(see Appendix © Pol@ol®  ecules. Their saturation intensities can be sufficiently higher

The bound-bound and bound-continuum contributions tc}han the single-active-electron predictidia).
HHG by the six bound levels, flat continuum systein ( At present, the results of the present work cannot be com-
—0.340 au.r,=1.3 au) are 'compared in Fig. 3. The nu pared directly to the experimental ones because there is no
— VU, U lo— L. -u. . . =

merical results were found to be stable to chanaeshialow evidence for a very efficient molecular alignment in the cur-
7= 10-3T T=2m/w. One can see that the boungd—continuumrent strong field experiments with symmetric molecules. It is

contribution is by several orders of magnitude weaker thary <Y interesting, however, to confront our theory with the

: : xperiment by Haet al.[23,24]. The high efficiency(com-
the bound-bound one. This could be explained already by the : .
assumption of low continuum state population lying at theparable to that of Xgof benzene HHG in the plateau region

basis of our theory. Our numerical results show that the cut]found by the authors may stem from the efficient population

off of the bound-continuum part gé. (Ne) is identical to of the excited bound states, similarly to the situation in gas-

that of the bound-bound paite., it is given by Eqs(43), eous alkali metalg12]. The reported nonuniform behavior of

(44)]. The bound-continuum cutoff position can be explainedthe harmonic S|gnals as functions of _mtensﬁf;B] in the
longer pulse experiment does not persist at the shorter pulse

by notlr:g that tr]le corre.;?fohdggz con;r|b;|t|o<<r12to/the dlpoIelength[24] and thus is attributed by the authors to fragmen-
moment comes from smaifs: 7<2\po/ao/w<2m/w (SE€  iin of the molecules. The ellipticity dependences of the

Appendm Q. For such Sma" time dlffgrences between the7th and 11th harmonics generated in benzgweh harmon-
ionization and the recombination, the time dependence of th%S are symmetry allowed for molecules oriented in the po-
quasiclassical action is larization plane of the fieldshow at least an order of mag-

2 nitude decrease of the harmonic intensities at increasing

eEopo .
. ellipticity. However, these measurements were performed us-
ing the longer pulses of peak intensity ok30" W/cn?,

(62 i.e., under conditions of efficient fragmentation. The authors

The cutoff of the Fourier transform of e§ifyq(t)/%] is in- report no results of ellipticity dependence measurements
deed identical to the cutoff of the bound-bound contributionwith shorter pulse§24]. _

(43), (44). Moreover, it does not depend linearly on the pon-  Trying to look at the recent experimental results from the
deromotive energy, but rather scales as the interaction eoint of view of the developed theory, one notices two im-
ergy. Thus, the bound-continuum contribution to moleculafortant directions of further theoretical research. First, the
HHG in circular polarization cannot be viewed as a transforheoretical framework suggested in this paper is by no means
mation of the kinetic energy of the ionized electron to thelimited to the circular polarization case. Its generalization to

14

lumo)[ (a.u.)

e
(=3

y
o

-18

—24

—y
o

FIG. 3. Bound-bound(empty circle3 and bound-continuum
(full circles and continuous linecontributions to the HHG spec-
trum of theN=6 system aE;=0.2 a.u.

S~ sin(%(j—k))cos{ wt+%(j+k)

energy of the emitted photon. an arbitrary field and an arbitrary molecular orientation is
straightforward and should be able to explain the relative
V. CONCLUSIONS intensity of HHG by benzene, cyclohexane, and Xe found by

Hay et al. and to verify the extent of the applicability of the
We have presented a general theory of HHG by a symrescattering model to molecular HHG. Second, the macro-
metric N-center system lying in the polarization plane of ascopic response of a molecular gas should be investigated,
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first with the assumption of a perfect molecular alignment APPENDIX B: THE THIRD TIME DERIVATIVE OF THE

with the field polarization plane and then in the general case. DIPOLE MOMENT AS A FUNCTION OF THE
Finally, we would like to point out that the significance of BOUND STATE AMPLITUDES

our theoretical results is not limited to gas phase molecular

HHG. Due to the lack of importance of bound-continuum

transitions in the case considered, the theory could be re . . . .
ry state amplitudes,; in the same way as is done for the first

evant for solid state targets as well. For example, in F&f. e .
we considered HHG by arrays of parallel single-walled car—[Eq' (26)] and secondEq. (35)] derivatives. The resulting

. . . : : Xpression r
bon nanotubes interacting with a circularly polarized beam *Pressio eads

that propagates along the nanotube axes. The time-dependent

The third time derivative of the induced dipole moment of
an N-center system can be expressed thorough the bound

tight-binding model solved by us numerically for the calcu- N-1 /3

lation of nanotube HHG predicts cutoff positions close to the ;&)= —j,(3) > [(L“ a’,a

maximal variation of the interaction energy. However, the j=0 Wint

absolute intensities of the high harmonics vary appreciably 1w sqs:\2

with the nanotube structure, e.g., they are different for “zig- +— 'H") e*i“’t(aj?*+2aj—a}*+laj_1)

zag” and “armchair” nanotubes of similar diameters. Analy- 2\ Wi

sis of the nanotube HHG along the lines of Sec. Il would _ Wit

lead to a better understanding of the dependence of the HHG +e'! Jay|?—|aj 4|2+ ik aj,aj—al, a1 }
spectra on the unperturbed energy level structures of various @i+

types of nanotube. 1wy

iAot —iwty*
[2ie”" Im(e”"“"a]_,a;
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APPENDIX C: KINEMATICS OF THE STATIONARY
APPENDIX A: A, B, AND C COEFFICIENTS IN THE PHASE TRAJECTORIES AT LARGE  ag

FOURIER DECOMPOSITION OF 1 The “free” electron trajectories starting with zero velocity

The coefficients entering the expressi@) for the Fou-  at thekth atom at timet’ are given by
rier decomposition of the second derivative of the dipole

moment component . are X(t) = [ cOg wt) — cog wt') ]+ vy SN wt' ) (t—t")

5 {Zﬂk)
cos(WW(ZaHN) , IN is even TPoCos )
A|:2iIN71 277
—isin(W(ZaHN) , IN is odd, y(t) = — ag[sin( wt) — sinf(wt) ]+ v, cog wt’ ) (t—t")
~[2mk
+po sm(T) , (Cy
2T« .
COS(T), IN is even
B|=2i'Nsin(z vy(t)=vo[siN(wt")—sin(wt’)],
N (2T« .
—|sm(—), IN is odd,
N vy(t)=vo[cogwt’) —cogwt')],
(A1)

where ag=eE,/(mw?) andvy=eEy/(mw). At the timet
2 ) the trajectory should arrive at thj¢h atom:

sin W(a_l) ., IN is even
o iIN—1ci T
C=2i sm( N) .

2T

) 27 IN is odd 2| . J
|cos<W(a—l)), IS oad. X(t)ZPoCO\‘<T), Y(t):Posm(T)- (C2
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Substituting Egs(C2) into Egs.(C1) and eliminating the The electron kinetic energy at the moment of recombination

drift terms proportional td—t’ = 7, one obtains is
_Po 2T L ot? 27K Lot ]|+ 1
cofwTt)= P co N te co N ® , _mvf(t) mvi(t) -, _ P
(C3) Evin= 2 +T—mvo[l—cos{wr)]\2mvoa—o

wherepy/ag<<1. Consequently, the time difference between Po
the ionization and recombination, is also small. Expansion =4 —Up<U;. (CH
of cos(r) in a Taylor series leads to 0

r< 2 Po (c4)  Thus, the recombination does not lead to the generation of
o Vg high-order harmonics.
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