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Phases and amplitudes of recurrences in autocorrelation function
by a simple classical trajectory method
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The interference between time-dependent recurrences in the quantum autocorrelation function is
eliminated by carrying out orthogonal transformations in the time-energy domain. The
time-dependent phases and amplitudes of the individual recurrences are compared with the results
obtained from simple classical trajectory calculations. Using classical trajectories we calculate a
two-dimensional survival probability which is defined in the time and energy domain. The
two-dimensional survival probability provides the phase and enables to distinguish between
overlapping recurrences. Remarkable agreement between the quantum and classical results is
obtained for the initial Gaussian wave packet which is preferentially located either in the regular or
in the chaotic regimes in the classical phase space of the Pullen—Edmonds Hamilomniarearly

coupled two harmonic oscillatorsA novel method which enables to determine the molecular
potential energy surfaces from a measured absorption or emission spectra is proposed. The method
employs the matching of Wigner transforms of individual quantum recurrences with the
two-dimensional classical survival probability. 001 American Institute of Physics.
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I. INTRODUCTION costs make them good candidates for the study of very large

. . ms. FGA buil he wave function using one singl
Many chemical systems can be studied by means o?yste s. FGA builds up the wave function using one single

. . classical trajectory which is developed in time. The wave
semiclassical methods due to the heavy masses of the I’]UC|?I. . T . L
nction remains in a form of Gaussian for the entire time of

Semiclassical calculations aim to evaluate a time—depender,gllﬁe propagation. The method is very fast, it provides the

wave function using the Van Vleck—Gutzwiller propagator, : . ) o
instead of the quantum evolution operator. The direct nuMany-dimensional wave function, but it is accurate only for

merical evaluation of the Van Vleck—Gutzwiller propagator & short time of the propagatlon..Ofte.n, this period of time is
is numerically hardly feasible even for one-dimensional sys/'0t 10ng enough to evaluate vibrationally resolved spectra
tems, as it is defined as a double boundary problem and [P Systéms of a chemical interest. The reason is that for
encounters singularities along the integration path. Numeri@nharmonic and mixed chaotic systems the time-dependent
cally, more tractable approaches are the initial valugvave function distorts from a Gaussian shape very quickly.
representatichand the integral expressions for the semiclas-Namely, it bifurcates and develops a nodal structure. The
sical time-dependent propagator, namely the Herman—Klugecond approach mentioned above is the Wigner phase space
formalism using the frozen Gaussian metfiodBoth ap- ~ method. Within the framework of this approach, the initial
proaches are equivalent to the rigorous semiclassical propaave function is mapped onto the classical phase space using
gation. They have been applied to study the dynamics ofthe Wigner transform® By giving each trajectory its initial
model and real, regular and mixed chaotic systtm$Re-  quantumweight according to the Wigner distribution of the
cently, the quasienergy spectrum of a periodically driveninitial wave packet, one obtains a phase-space representation
guantum system has been constructed from classical dynarof the quantum time-dependent wave function. By Monte
ics by means of the semiclassical initial value representatioarlo integration over the phase space one is able to obtain
using coherent statés.For very large mixed regular and time-dependent amplitudes of quantum expectation values.
chaotic systems these calculations, however, can beconhe Wigner phase space method uses only classical trajec-
complicated and require a substantial numerical effort. tory propagation. Therefore, it does not suffer from the
Simplifying approaches to the semiclassical propagatiorevaluation of highly oscillatory phase integrals which is en-
are developed that are applicable even for very largeountered in a precise semiclassical approach. The correct
systems?*® Among them, two methods are exceptionally treatment of bifurcations of the wave function is intermedi-
simple and general, both of them are linear approximationgted by propagating of many classical trajectories which
to the rigorous semiclassical dynamics: The frozen Gaussiafigce the whole phase space reached by the wave function.
approximation (FGA  and the Wigner phase space The disadvantage of the Wigner phase space method is that it
method® Their transparent behavior and low-computational yoes not provide the quantum phases of the expectation val-
ues. It should be also mentioned here that despite of the fact
3Electronic mail: nimrod@chemistry.technion.ac.il that the trajectories trace correctly the phase space occupied
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by the semiclassical wave function, the method does not prgsoint where the function@%(t) start to overlap. In the re-
vide satisfactory results when the propagation time is long.gion where the recurrences overlap, the accuracy of Heller’s

Our work is motivated by the desire of developing amethod suddenly decays, whereas, our method provides ac-
computational algorithm which enables one to study the dycurate results for a very long time of propagation.
namics of very large systems for a very long time of propa- The proposed method is illustrated numerically for a
gation. It seems to us that in order to be able to study théwo-dimensional model Hamiltonian which consists of two
dynamics of large systems we should not insist on the use afonlinearly coupled harmonic oscillators. This Hamiltonian,
fully semiclassical methods but rather try to base the numeriknown as the Pullen—Edmonds Hamiltonidas been used
cal efforts on the use of simple classical trajectory calculabefore for testing new theories and computational algorithms
tions. The question is how far we can go in this kind of which were developed in the studies of quantum chaos in
approach. Here we address ourselves to the following quesionlinear systemgsee, for example, Refs. 20 and 21 and
tion. Can we calculate the amplitude and the phase of theeferences thereinThe Pullen—Edmonds Hamiltonian is a
guantum autocorrelation functions by the use of classical tramixed chaotic/regular classical system. The Poinsaréace
jectory calculations for sufficiently long time that enables theof section of the Pullen—Edmonds Hamiltonian &t
calculation of the spectrum and other properties of the stud=21a.u. is shown in Fig. 1. Two different Gaussian wave
ied system? A long time ago, Hellershowed that the am- packets have served as initial states in our calculations: In
plitude of the autocorrelation function can be calculated byFig. 1(@) the center of the initial Gaussian wave packet is
carrying out classical trajectory calculations up to the timelocated in the regular region of the phase space while in Fig.
when the quantum interference completely destroys the typil(b) the center of the initial wave packet is located in the
cal recurrence behavior of the autocorrelation functions. H&haotic region of the phase space. The quantum Hamiltonian
termed his approach the “Wigner phase space metffa@ has a discrete spectrum and supports bound states only.
mention it above Recently, Garashchuk and Tantohave In Sec. V we propose a practical application of the
introduced a way to calculate the phase of the autocorrelatioBresent method. This method enables one to determine the
function upon this approach. However, it appears that withirnolecular potential energy surface from a measured
their approach enormous number of trajectories are needed &psorption—emission spectra. Our method is based on the
reach convergence. Sun, Wang, and Mifiérave derived the assumption that the recurrenc€g(t) are sensitive to the
Wigner phase space method by means of the linearized senfotential parameters. If the quantum autocorrelation function
classical initial value representation. is known one can find the potential energy surface by opti-

Our paper is organized as follows. In Sec. Il we proposehizing the potential parameters to minimize the two-
a method that enables expanding the quantum autocorreldimensional (2D) function, [ dtdE[S(t,E)—Z™t,E)]*.
tion function C(t) in a series expansion of time-dependentThe method gives unique results for our numerically studied
terms,C(t) =3 ,,C(t), such that each one of these terms isCase. The use of this method for the determination of the
associated with a specific single recurrence. We show th&tround or excited potential energy surfaces of polyatomic
the time-dependent recurrenc&,(t) overlap in general molecule; from a given autocor.relatlon function by carrying
cases. Therefore, the interference eliminates their fingerprin@Ut classical trajectory calculations only, are under current
from the autocorrelation functio€(t). The Wigner trans- Studies. It should be stressed, however, that we do not pro-
forms Z,,(t,E) of the recurrence€,(t) are constructed. A vide a method for solving the inverse problem fo_r most gen-
positive definite partial survival probability is defined as ©ral cases but one can use our method to optimize limited
Zmodt E) =3 7, (t,E). number of potentlgl parameters. _

In Sec. Il we represent the classical analog of the func- N the Appendix we prove that our method to obtain the
tion Z™9(t,E), denoted byS(t,E). S(t,E) is obtained from :_ampll'Fude and the phase of t_he autocorre_latlon_functlon is a
the calculation of the partial overlap between the Wignern€arized approach to the rigorous semiclassical propaga-
distribution of the initial wave packet and the time- tOn- Olgr proof is inspired by the work of Sun, Wang, and
dependent phase space distribution which is represented Bjiller-— We attempt to complement their study by taking

the positions and momenta of classical trajectories with th&t0 consideration the Maslov indices associated with differ-
classical energ. ent recurrences. We show that the short-time applicability of

In Sec. IV we provide the classical approximation to tEe \Mgnfer phaseﬁspacebmethod results from n'ehglzlc#lng of
complex recurrences in the autocorrelation funct'ﬁﬁl,(t). the interierence effects between trajectories with different

The recurrencescﬁq(t) are calculated up to their time- Maslov indices.

independent phase factors only from the classical modified

survival probabilityS(t,E). In order to show the accuracy of ll. MODIFIED QUANTUM AUTOCORRELATION
. . . . FUNCTION

the present calculation, we insert the time-independent phase

factors obtained from the quantum recurren€gg(t) into This section is devoted to the analysis of the quantum

the evaluation of the classical complex autocorrelation funcautocorrelation function defined by the equation

tion. A remarkable agreement between the classical complex .

autocorrelation function and the quantum one has been ob- C(t):f daq¥* (q e "MV ((q), )

tained. We evaluate the amplitude of the autocorrelation

function also by the method of Hell&t. The new and where¥(q) is the initial wave function. We illustrate our

Heller's methods provide the same amplitudes up to thaliscussion on a concrete example. In Figge) 2nd 2b) we
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is localized in the regular region of the classical phase space,
whereq,=[4 a.u., 2.957 a.j, po=[0 a.u., 0 a.u. In the sec-

ond case the center of the initial Gaussian wave packet is
localized in the chaotic region, where=[4a.u.,
1.645a.u.],pp=[0 a.u.,4 a.u. The expectation value of en-
ergy for the both studied cases is 21 a.u. One can see from
the results presented in Figsia2 and Zb) that for a short
period of time,t<<20a.u., the recurrences are well defined
and are separated from one another. However, as time passes
the recurrences disappear due to quantum interference ef-
fects. Let us assume that a recurrentvhich is not distin-
guishable int-representation can be determined from the au-
FIG. 1. Poincaresurfaces of section obtained for the Pullen—Edmondstocorrelation function in a’-representation, where it is well

mode! _Hamlltonlan fop,=0. The dots represent the central traje_ctones of isolated from the other recurrences. The autocorrelation
the initial Gaussian wave packets for the time period1®° a.u., while the

shadow regions represent the phase space occupied by the propagating Cﬁjg[lctlon In t_het’-representatlon is obtained by the fOIIOWIng
sical wave packet for the time period 40 a(g) The central trajectory is  transformation:
localized in the regular anharmonic region of the classical phase sfmce.

The central trajectory is localized in the chaotic region of the classical phase C’(t’ ‘o) = J+°°

!.
space. The classical wave packet covers in a relatively short time period of F(t,t";a)C(t)dt, (4)
40 a.u. the chaotic region.

where

present the real parts and amplitudes of autocorrelation func- F(t,t’;a)~ex;{h
tions, C(t), which were obtained for a model Hamiltonian of

-+t
sina  2tana

i( tt’ t2+t'2

nonlinearly coupled two harmonic oscillators for 0< a< ™ ®)
qi . 93 2
V(A1,G2) =5+ 7+?\(ﬁqu (2 and
F(t,t";a)=6(t—t"), for a=0. (6)

where N\=0.05 a.u. This model which is known as the
Pullen—Edmonds Hamiltonian has been widely used as @he constant prefactor of the transformation function
model for testing new theories and interpretations of quank(t,t’;«) defined in Eq(5) varies according to the integra-
tum chaos. We studied two cases. In the first case the centgon region of the transformation. The functiéi(t,t’; @) is
(do,po) of the initial the Gaussian wave packet the complex conjugate of an eigenfunction of in
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t'-representation and an eigenfunction of in

t-representatiort andt’ are related by the orthogonal trans- & osh
formation L
Bx= o0
i i g9
~A | = -~ - £-05
=Tz, ()
o 5 10 15 20 25 30 35 40
where, t (a.u.)
cosa  Sina 1
T(a)= . . 8
(a) —SINa COSa ( ) =
S84
The energy operator is defined as ;
0
B il 9 |
- at ©) o 5 10 15 20 25 80 35 40

As usual, the commutation relations imply that _ i
FIG. 3. The transformed autocorrelation functigdqt’). The transforma-

21— 2 tion in the mixed time-energy coordinaté enables to resolve recurrences
[tL.E]=i%, [t'.E']=if. (10 which overlap in the time domairia) The center of the initial Gaussian

. . . - wave function is localized in the regular region of the classical phase space.
The parametet Is adJUSted to eliminate the quantum inter- The parameter of the transformationds-7/15. (b) The center of the initial

ference between thetth recurrence and its adjacent neigh- Gaussian wave function is localized in the chaotic region of the classical
bors. For illustration reasons we discuss the transformationghase space. The parameter of the transformatien/30. The thick line

of autocorrelation function€’(t';«) obtained for specific ~Stands forC’(t")| while the thin line represents RE(t).

values of the angler. The transformatiorF(t,t’;7/15) is

performed for the case when the wave packet undergoes

mostly a regular motiofiFig. 3@]. The transformation en- o

ables us to distinguish between eight dominant recurrences C(t)= >, C(t). (12)
starting from the initial decay peak, whereas only three sepa- m=0

rate recurrences are present in the origi@é) [Fig. 2a@].  The progression of recurrenc&,(t) [Figs. 4a) and 4b)]
Note, that each one of the dominant recurrences appends algggins with a few nonoverlapping ones. At later times of
low amplitude recurrences which cannot be separated by theropagation the recurrences overlap. The sum of those recur-
present transformation. For the case of chaotic dynamics weances which overlap results in a strong interference and the
carry out the transformatioR(t,t"; w/30) [Fig. 3(b)]. About  typical recurrence pattern in autocorrelation function is de-
ten separated recurrences are obtained. Unlike the situatigfiroyed. It should be stressed here that the overall time-
in the regular regime, the separated peeks do not show andependent phase factors of the individual recurrences are
fine structure. The transformations presented in Figal 3 crucial for the evaluation of the autocorrelation function. The

and 3b) result in the separation of recurrences which areéforth and back transformations described below preserve
indistinguishable in the original autocorrelation function. them correctly.

The optimization of the angle enables one to get a maximal
separation between the different recurrences. The angle
which is optimized to get a maximum separation of thié
recurrence from the others is denoted dyy.

The mth recurrence is defined in thé-representation in

the interval(t/%,t'T). We perform the following back trans- =.o¢
form to thet-representation, which is fénite integral: 2@
trf ~ ) ) ) . ) ) )
Cm(t)ZJ SRt —an)C (U ey dt’. (11 0% 5 10 15 20 25 30 35 40
tr,n t(a.u.)
0.5

The recurrence componen;, (t) create a progression as
shown in Figs. 4a) and 4b) for the two cases when the
calculation is performed either in the regular or in the chaoticéEie o
regimes, respectively. A comparison between the results pre® g
sented in Figs. @ and 2Zb) and Figs. 4a) and 4b) clearly

illustrates the recovery of the smooth recurrences from the ~05 ‘ - : s - - s
quantum autocorrelation functions. Under the assumption 0 ® 0 t(i_ou_) 2 %0 %0
that the recurrences are separable in the mixed time-ener _ _ o
representation, the original autocorrelation function is equa33(& 4. The recurrences in the quantum autocorrelation functions isolated

. . forward and backward transformations performed in the time-energy do-
to the sum over all recurrences which can be isolated by oUfain. The center of the initial Gaussian wave function is localizadn the

procedure regular region of the classical phase spdbgin the chaotic region.
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The recurrences are separable in the mixed time-energ¥(t,E) is a highly oscillatory function for any periodic
representatiofiEgs. (7) and (8)]. This fact is an indication systen?? On the other hand, the amplitude and the phase of
that each one of the recurrences occupies a different regiomcurrencesC,(t) are smooth time-dependent functions
in the two-dimensional time-energy “phase space.” The pro-which acquire positive definite Wigner transforras,(t,E),
jection of the time-dependent complex autocorrelation funcdefined by the equation:
tion C(t) and recurrence€,(t) into the two-dimensional 1 .
time-energy domain is intermediated by the Wigner trans- 7 (¢ F)= _J’ c*|t+ T Cm<t— I) e iErlhg,.
form. The Wigner transform of functions and operators rep- 2mh ) T 2 2
resents an alternative tool to the exact formulation of quan- (21)

tum mechanics® It has been widely used for rendering wave Using the definition ofZ(t,E) we can write the function

functions and time-dependent signals in a phase space 9f £) as a sum of the “auto-termeZ,.(t,E) and oscillatory
conjugate variables. The physical meaning of the Wignekcross-terms”z,, v, which are defined by,

transformZ(t,E) of the autocorrelation function is the sur-

vival quasi-probability at the energy “shellE. The defini- Zo (LE)= 1 MC* 4 7

tion of the functionZ(t,E) is as follows: m,m7t 27h ). ™ 2

2(6,E)= fWA ~iElhg 13 4 /

— T =
(tE)=5— | Altne 7, (13 xcm,(t— E)e Bty (22

whereA is related to the density matrix by the equation  The auto-terms carry the information about the autocorrela-

r r tion function up to time-independent phase factors of the
A(t,T)ZC*<t+ 5) C( t— 5)' (14 recurrences. Theross-term deletetVigner transform of the
autocorrelation function can be defined as a sum of the

The transform of the functioZ(t,E) back toC(t) is pos- auto-term$&’

sible, up to a time-independent phase factor, which is lost in

Eq. (14). It follows from the Eq.(13) that the density matrix Zm4t,E)= >, Z(t,E). (23

is the Fourier transform of the Wigner distribution m

+oo ‘ The positive definite functioZ™°{t,E) is associated with
A(t,7)=f ) dEZ(t,E)e'®"". (19 the survival probability for the energy shéll We refer to it
as “the partial survival probability” throughout our paper. In
The derivatives 9"A(t,7)/d7"] .o can be evaluated from Figs. Ha) and 5b) we represent contour plots of
Egs. (14) and (15). A comparison between the two type of [ —logZ™4t,E)]. They are characterized by a sequence of

calculations provides isolated recurrences. The result presented in Fig.iS ob-
IC* (t+ 7/2)C(t— 7/2) i\ tained for Fhe case vv_here_the initial state is a Gaussian wave
i’ =[] z™M(1), (16) packet which is localized in the regular regime. For the case
o7 o B of regular motion we observe evidence for a single frequency
where the “hydrodynamical momentZ{™(t) of the Wigner ~ Perenergy shell. A small portion o4t E) gets an oscil-
distribution are defined as latory behavior which is a consequence of the imperfect
' separation of minor recurrencésee the discussion abgve
o . ) . L ST
()4 — n The partial survival probability which is presented in Fig.
Z7( f—oc E'Z(t,E)dE. €7 5(b) is obtained for the case where the initial wave packet is

) , . located in the chaotic regime of the classical phase space.
for n=0we o_btam the suszal probability as the zero-orderg 1o chaotic motion we observe a contribution of different
hydrodynamical moment” ofZ(t,E) frequencies to each one of the energy shells.
+oo The Husimi transform of the autocorrelation function,
[C(t)|?= J’,m Z(t,E)dE. (18 which is another positive definite representation of the auto-
correlation function in the time-energy domain, is defined
Forn=1 we obtain an expression for the phase of the autopy!®
correlation functionC(t) =|C(t)|exdi/A¢p(t)]

d¢  [TEEZ(t,E)dE H(LE) = — fdt'c*(t) p{ (t,_t)2+'t’E}
—0o0 ] y Eay— ex - | —
e T 77— (19 NS 20 h
dt [12Z(t,E)dE (24)
Therefore, The Husimi transform leads to a lower resolution in the time-
. itz energy domain than the proposed algorithm when we use the
C(t)=e*yzO(t) exr{gJ Z(T(t')dt’ , (200 Wigner transforms of the individual recurrences. The Husimi

transform of the autocorrelation function for the case where
whereK is a time-independent phase factor. In general, thehe initial wave packet is localized in the regular region of
Wigner transform does not provide a positive definite func-the classical phase space is represented in R@. Ghe
tion. The Wigner transform of the autocorrelation functionrecurrences observed in Figapare significantly broadened
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t(a.u)

FIG. 5. The quantum partial survival probabil&t,E). The sequence FIG. 6. The Husimi transforms of the quantum autocorrelation function. The
of clearly isolated recurrences is obtained by carrying out the Wigner transeenter of the initial Gaussian wave function is localizég):in the regular
forms of C,,(t). The center of the initial Gaussian wave function is local- region of the classical phase spad®;in the chaotic region.

ized: (a) in the regular region of the classical phase spéuein the chaotic

region.

and in the Appendix we give a rigorous proof. Let us start
compared to the recurrences observed in Fig).5’he Hu-  with the quantum definition of the survival probability using

simi transform of the autocorrelation function for the casethe Wigner distribution of the initial and the final wave pack-
where the initial wave packet is localized in the chaotic re-ets

gion of the classical phase space is represented in Hy. 6
Similarly as for the regular case, the recurrences obtained by |C(t)|2:f dqdpW(a, p)W(a,p,t), (25)
the Husimi transform are broader than the widths of the re-

currences obtained by the Wigner transfdirig. 5b)]. As
one can see from the results presented in Fig),8he re-
currence pattern is totally suppressed in Husimi represent

whereW(q,p) is the Wigner distribution of the initial wave
ePacket‘lf(q), defined as follows:

tion of C(t) the propagation time which is longer than 20 1 . Aq
a.u. Note that on the other hand a clear recurrence pattern W(4.P)= (2mh)" daq¥™| a+ -
provided holds on the partial survival probabilffyig. 5(b)].
Ad| ipagn
XW| q— — |e'PAdh (26)
Ill. THE CLASSICAL ANALOG OF THE QUANTUM 2

PARTIAL SURVIVAL PROBABILITY whereF is the number of degrees of freedom of the multi-

The partial survival probabilitZ™{t,E) provides the dimensional system. SimilarlyV/(q,p,t) is the Wigner dis-
survival probability for a specific energy shél Let us de- tribution of the quantum wave packet expHt/A)W¥(q).
fine a classical functio(t,E) which has the same physical Note that Eq(25) is the exact quantum survival probability.
interpretation. In this section we give an intuitive approachWithin the Wigner phase space methddthe quantum
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Wigner functionW(q,p,t) is replaced by a classical time- 50

dependent distribution functio(q; ,p;). The survival prob- 40
ability within this approximation is given by 3 30
W 20
|CYPR)[?= f ddodpoW(do , Po) W( Gk, Py), (27) 10
00
whereq, py are initial positions and momenta of classical
trajectories anday(dy,pPo,t), P(do.Po,t) are the correspond- 50
ing classical positions and momenta at titdn order to 40
obtain the survival probability in both coordinatesind E, S 30}
we integrate only over a subspace for whidlq,,py) =E: 9',:20
L
, 10
S(t,E):J ddodpoW(do , Po) W(ak , pr) SLH (0o, Po) — E], %
(28)
whereH is the classical Hamiltonian. Equatid@8) repre- = (b)
sents the classical definition of the partial survival probabil- .30
ity Zmo4(t,E). 3
When the Monte Carlo integration is used, the initial ;20
positions and momentg,,, p}, are preferentially distributed
in the region of the phase space where the initial wave packe ; ; i

is localized. The algorithm of choosing the Monte Carlo g
points is described as follows: A random position in the
phase spacey), p, is generated; the value of the initial
Wigner distributionW(qp,p) is compared with a random 39
numberX the random numbeX spans evenly the range of 3
possible values ofV; if W(q)},p))>NX, the pointqdl), p} is w2
accepted. The functior§(t,E) is calculated on a two-
dimensional grid. Let us denote the energy grid points by

Ex. From the Monte Carlo points which are associated with 20
the energieE=H(qg},pb), we select only those for which
Ex—AE<E<Ey+AE where AE<|Ey,;—E,|. Following  rG. 7. The partial survival probabilitgi(t,E) obtained by classical trajec-
this procedure we generate “families” of classical trajecto-tory propagations. The center of the initial Gaussian wave function is local-
ries' Each “fam“y" iS associated W|th different ener@k . izeq:(a) in the regular region of the classical phase Spaﬂ?ﬁn the chaotic
The number of classical trajectories in each familijs Let ~ "€9'°™

us denote the trajectories by two indexksndn. Where,k
stands forkth “family” of the classical trajectories and is

an internal family index notation. The initial classical trajec-
tories are denoted ag§", pk". S(t,E) is obtained by the
Monte Carlo integration

tion. In the case of chaotic regime, the recurrences are spaced
out irregularly which is an evidence for various types of
quasiperiodic motions.

Ni IV. A COMPARISON BETWEEN AUTOCORRELATION

S(t,E) =2, W(g",pem). (29  FUNCTIONS OBTAINED FROM CLASSICAL
n=1 AND QUANTUM CALCULATIONS

The presented semiclassical method has been applied to The fact that the classical functi@{t,E) is a very good
the Pullen—Edmonds model Hamiltonian for the same twaapproximation of the quantum partial survival probability
initial wave packets which are described in the previous secZ™Yt,E), indicates on the possibility to evaluate the com-
tion. 50 000 trajectories have been used to obtain convergegalex recurrence€(t) in the autocorrelation function from
results, when|E,,;—E,/=1a.u. andAE=10"°a.u. Con- classical calculations. Unfortunately, the autocorrelation
tour plots of[ —log S(t,E)] [Figs. 7a) and 7b)] can be di- function cannot be obtained from our classical calculation
rectly compared with the contour plots @™°qt,E) [see since the time-independent phase factors of the recurrences
Figs. 5a) and 8b)]. The classical and quantum results are inare not included in the partial survival probability. The func-
a remarkable agreement. Well isolated recurrences are olien S(t,E) contains very well isolated recurrence compo-
served all the way to the end of the propagation. The recuments S,,(t,E) (see Fig. 7. Each one of the functions
rences can be interpreted as the trace of a quasiperiodic m&,(t,E) is transformed into the time-domain by using Eg.
tion. In the case of regular regime, the equal spacing of20). The transformation provides theth recurrenceC;(t)
recurrences indicates only one type of a quasiperiodic modp to the time-independent phase fadtgy
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FIG. 8. The autocorrelation function calculated from classical trajectory t(a.u.)

calculations CS(t), using the quantum time-independent phase factors. The

center of the initial Gaussian wave function is localiz&:in the regular ~ FIG. 9. The amplitude of the autocorrelation function obtair@dirom the

region of the classical phase spa@®;in the chaotic region. exact quantum calculationg|l) from the modified Wigner phase space
method represented in our paper, using the quantum time-independent phase
factors of the recurrenceslil) from the Wigner phase space method. The
center of the initial Gaussian wave function is localizéal:in the regular
region of the classical phase spa@®;in the chaotic region.

cS(t)=+/39(1) exp[fil— ftEm(t’)dt’}. (30)

E,(t) stands for the averaged energy of those classical tra¥¢Miclassical propagation, the phase is calculated for each
jectories which contribute to theth recurrence at time It~ ©Ne of the classical trajectories as the classical action along
is calculated by the classical path. Although the classical actq,,pg,t) is

a smooth function of the phase space variables, the imagi-

E (1= SR @y e exponential eXfs(qy,po.t)/%] is very oscillatory. The
m S9(t) integration over the oscillatory exponential leads to a nu-
. , , _ merical convergence problem. In our approach, the interfer-
The “hydrodynamical moments” of the functid(t,E) are  gnce petween the trajectories is introduced by calculating of
defined as the averaged classical energy(t) [Egs.(30) and(31)]. The
e [T en fact that the interference between trajectories is provided by
S(m (H)= le E"Sn(t,E)dE. (32 the integration of energy, which a smooth function of the

) S phase space variables and a constant of motion, considerably
Borrowing the missing time-independent phase factofs  reduces the computational effort to evaluate the time-
from the quantum calculations we can evaluate the classicglependent phase.

autocorrelation functiorCS(t). According to Eq.(12), the The recurrences in the time-energy domain are associ-
classical complex quantum autocorrelation function is giverpted with a quasi-periodic motion in the classical phase
by space. The sets of trajectories which form each one of the
_ peaks inS(t,E) are characterized by diverse classical paths

CSUF% Che'km. (83)  through the phase space. Therefore, the overlap of recur-

rences in the time-domain is an indication fol@eng-rangé

In Figs. §a) and 8&b) we represent the results 6f(t) which  interference. Strictly speaking, and as shown in the Appen-
were obtained for the Pullen—Edmonds model Hamiltoniandix, the long-range interference is the interference between
Figure Ga) represents the result obtained when the classicatajectories which have visited a different number of caustic
dynamics starts from an initial Gaussian wave packet whiclpoints on their paths. The long-range interference cannot be
is localized in the regular part of the phase space. In Rly. 6 treated correctly within the Wigner phase space method. We
we represent the result obtained when the initial wavepacketalculate the classical survival probability which is obtained
is localized in the chaotic region. In both cases the agreemeffitom the Wigner phase space method, as defined i Z5).
between the classical and the quantum results is remarkabl€he results are compared with the exact quantum calcula-
Let us discuss two aspects of this calculation. The first one ifons and with the results obtained from our “modified”
the recovering of the time-dependent phase from the classic&Vigner phase space method. The results are presented in Fig.
trajectory calculation. The second aspect is the contributio®(a) for the case of a regular motion and in Figbpfor the
of interference between recurrences to the amplitude of thease of a chaotic motion. As one can see, the Wigner phase
autocorrelation function. space method provides a very good result for a short period

For the calculation of the time-dependent phase, it iof time, until the interference between the recurrences takes
crucial to take into account the quantum interference bean important role in the autocorrelation function.
tween individual classical trajectories. Applying the rigorous A question may arise, for how long time of propagation
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the new method is applicable. Does the approximation break  0.30 T
down, for example, when seriously nonlinear effects set in?

In Figs. Xa and 1b) we demonstrate that the time- 0.25 | : :

dependent wave function visits all regions of the mixed cha- 42—2\
otic and regular phase space within a short propagation time ;.4 | - é
of 40 a.u. This creates a significant difference between one ﬁﬂw

trajectory when the time needed to visit the same phase space),
region is four orders of magnitude longer. This fact, together
with the agreement between the quantum and the classical )
simulations reported below, give evidence that our method is %10
able to capture the nonlinear effects. On the other hand it
should be noted that as the time of propagation grows, the  0.05
possibility to separate individual recurrences in the time-
energy plane slowly decreases. The intuitive conclusion is g0 ' '
that after a very long time of classical propagatigy,, the 0.5 10 1|‘(5 20 25
recurrences start to overlap in the time-energy plane. The

time t;,, is associated with a measure of the chaotic behaviof!G. 10. The potential parameteisand of the Pullen—Edmonds model

" . . . amiltonian are determined by classical calculations. The random walk al-
of multidimensional systems. For one-dimensional Sys’tem%]iorithm is employed to find the potential parameters which correspond with

tjim— due to the conservation of the phase space volumene minimum difference between the classical and quantum partial survival
probabilities,o(K,\) = [ dtdE|S(t,E;K,\) —Z™t,E)|2. A marks the ini-
tial guess of the potential parameteis=2 a.u.,A=0.2 a.u.l marks the

V. POTENTIAL ENERGY SURFACES FROM potential parameters used in the quantum calculation,1 a.u., A\=0.05

CLASSICAL TRAJECTORY CALCULATIONS a.u. The dots mark all the potential parameters for which the difference
a(K,\) has been evaluated. The successive points of the “random walker”

The sensitivity of the calculated 2D functi®(t,E) to  are connected by a line.
small variations of the potential parameters indicates on the
possibility to determine the values of these parameters by
matching the structures of(t,E) and Z™Yt,E), where from the expected minimumy=0.2, K=2. For the initial
Z™4t,E) can be derived from a measured absorption ofotential parameters the standard deviation between the clas-
emission spectrurff. We use the Pullen—Edmonds model sjcal and the reference quantum partial survival probability is
Hamiltonian to test this idea. We introduce two unknown #(2.0,0.2>10. The random walker is moved by steps of
potential parameters: The strength of the harmonic oscillatoy) =0.01, AK=0.1. The random walker spends about 150

e

15

K and the nonlinear strength coupling paramater classical evaluations before it finds a flat minimum charac-
K terized by the values af<<3. This region is explored by the
V(a1 02 KN =5 (92+93) +\q3q3. (34)  rest of total 3000 evaluated points. The values-6&,\) are

used to obtain a smoothed incomplete surface which is dis-
In order to fit the parameter& and A we search for the played in Figs. 1) and 11b). The global minimum is ob-

global minimum of the standard deviati@r(K,\) tained for the expected potential paramet&s-1+0.1,
A=0.05=0.01. A more precise determination of the potential
o(K,)\)=J’ dEdt[ S(t,E;K,\)—ZM4t,E)]2. (350  parameters might be obtained by a secondary calculation

starting close to the minimum found by the present calcula-
The functionS(t,E;K,\) is calculated on a two-dimensional tion. To conclude, we demonstrate that from classical trajec-
equidistant grid, &t<22.5a.u. and &E<43a.u. 2500 tory calculations one is able to find the correct potential pa-
points fort and 8 points forE are used in our calculation. rameters. We suggest this fitting procedure to find potential
The initial wave function is a Gaussian wave packet which isparameters of real systems in the regime of their semiclassi-
localized in the chaotic region of the classical phase space azl limit. A suitable problem is of a molecule which absorbs
discussed in Sec. Il. For the classical calculations only 50@ight in the visible or ultraviole{UV) range and is electroni-
trajectories are employed in order to obtain the functioncally excited to an adiabatic potential energy surfdderom
S(t,E;K,\). The global minimum of the surface of(K,\) the vibrationally resolved absorption spectrum and from the
is found using the random walk approach since the calcuknowledge of the initial vibrational state, we can calculate
lated values ofr(K,\) include a stochastic error. The algo- the quantum functio®™t,E). If a reasonable functional
rithm which we used is as followsi) The initial guess of the form of the potential of the electronically excited state is
potential parameters serves as the first position of the “ranavailable, its parameters can be optimized to fit the function
dom walker:” Ki_g, Ni—o. (i) o(K!,\l) is evaluated at S(t,E) to the experimental data. The method may be sensi-
points which are randomly distributed in a small rectangletive to the precision of the initial wave packet and to the
(Ki—AK)<K!<(K;+AK), (Ni—AN) <M< (N +AN). transition moments, too. This sensitivity is supposed to be
(i) The successive point of the random walkgr,;=K!,  rather negligible for the cases where the initial wave packet
)\i+1:)\ij is chosen such thatr(K! ,)\{)<0(Kf_1,)\{_1). is a localized vibrational ground state. For other cases where
The effectiveness of the random walker is demonstrated othe uncertainty in the knowledge of the initial wave packet
Fig. 10. The potential parameters are set initially far awayand in the transition moments is expected to compete or even

Downloaded 11 Feb 2002 to 132.68.1.29. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



J. Chem. Phys., Vol. 115, No. 23, 15 December 2001 Phases and amplitudes of recurrences 10617

FIG. 11. The difference between the partial survival
probabilitieso(K,\) as obtained during the optimiza-
tion calculation. The initial guess of the potential pa-
rameters is marked b and the potential parameters
of the benchmark quantum calculation are signediiby
(a) Shows the incomplete surface obtained from all
classical propagations, whilé) represents a zoom
around the global minimum.

15

exceed the uncertainty of the fitted potential, the initial wavemeasured absorption spectra, we can determine the potential
function and the transition moments must be parametrizeénergy surface parameters. Under current studies is the use
and fitted together with the potential surface. Since classicadf this method to calculate the molecular potential energy
trajectory calculations scale linearly with the size of the sys-surfaces of three atomic molecular systems.

tem, the method we propose is supposed to be useful also for The modified Wigner phase space method is derived rig-
large molecules. The applications for real systems are und@rously as a linearization of the semiclassical hydrodynami-

current study. cal moments of the Wigner transform of the recurrences in
the autocorrelation function. We show that the Wigner phase
VI. CONCLUDING REMARKS space method provides correct results as long as the recur-

rences do not overlap. The condition under which the modi-

The autocorrelation function is expanded as a IIneaH‘ied Wigner phase space method provides correct results and

combination of time dependent terms which are associateq S ! )
: Its application to a simple analytically soluble case are under

with the recurrences. The method we developed enables the .

) . e . __current studies.

identification of the recurrences even when their fingerprints

are not observed in the autocorrelation function due to the

interference phenomena. This method is based on forwardCKNOWLEDGMENTS

and backward transformations in the time-energy plane

which perhaps has a general use in other types of signal from _ This work was supported in part by US-Israel Binational
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quantum dynamics of a mixed chaotic/regular system. In thigi€s and by the Fund for the Promotion of Research at the
case the proposed method enables the identification of thEechnion. The authors wish to thank Dr. Bilha Segev, Pro-
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that this method is based on classical trajectory calculations
only, after a modification it provides the correct amp"tUdesAPPENDIX'
and phases of the recurrences as obtained from quantum- '
mechanical calculations. The Wigner phase space method The underlying idea of the proof is that each one of the
has been widely used before for calculating the amplitudes afecurrences of the classical partial survival probability,
the autocorrelation functions. In our modified approach weS,,(t,E), is formed by a group of close classical trajectories
calculate the partial survival probabilities on different energywhich occupy a small continuous region in phase space.
shells. We have shown that without doing semiclassical calTherefore, trajectories forming,,(t,E) get the same values
culations we can evaluate the amplitudes and phases of tlo# the Maslov index. For the Ehrenfest time of propagation
recurrences. the functionsS,,(t,E) appear in disjunct time intervals.
Moreover, we have shown that by association a time- Lemma: Zeroth and first “hydrodynamical moments” of
independent phase factor to each one of the recurrences thee quantumZ(t,E) are evaluated in the semiclassical ap-
guantum amplitude and phase of the autocorrelation functioproximation for the condition that the initial wave packit
can be obtained. Therefore, we have obtained the quantuoccupies a compact small region in the phase space. The
information up to a set of time independent phase factors. lzeroth and the first hydrodynamical moments of the quantum
seems very unlikely that these phase factors can be calciz,(t,E) can be approximated by the zeroth and the first
lated from classical calculations only. However, even withouthydrodynamical moments &,(t,E).
knowing them, just by calculating the amplitudes and phases Proof: Using the initial value representation of the Van
of the recurrences by using classical mechanics and by convleck—Gutzwiller propagator we express the autocorrelation
paring them to the results obtained from the analysis of théunction C(t) [Eq. (1)] in the semiclassical approximatith
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JdetM op(do.Po.t) in the work of Sun, Wang, and Miller the correlation in time
csqt)= f daodpg 2t (introduced in our calculations by carrying out the derivative

over 7) has not been studied. Obviously, the first-order ex-
. pansion inr is sufficient to obtain correctly onlg{%(t) and
()W (do), (AL)  ZQ)(t). The coordinatesy ., andd. ,, which appear in
the arguments of the initial wave packé&tin the Eq.(A4)
are expressed by the first-order expansion in the distance
between the two coupled trajectoriag),, Apy, and

i
X ex%% S(qupO;t)

whereqg, pg are initial position and momentum of a classical

trajectory andg;=q(o,Po,t). Pr=P(do.Po,t) are final posi-
tion and momentumi= is the number of degrees of freedom

of the studied systenM, is one of the Monodromy matri- ' ol T — aq t Aqo
ces defined by 9| Go.Po .t~ 5| =d(do,Por) a—qo(%,po, )%
49(do, Po,t)
qu(q01p01t): (9—, (9q Apo (9q T
% — ——(do,Port) 5= = (do,Pot) 5,
94(do, Po.t) (A2) 7Po 2 7 2
Magp(do.Poit) = ————— (AB)
po 4 " 7 (?q Aqo
The phase of the semiclassical propagator is given by 9| do+Po,t+ 5| =d(Go,Po.t) + a—%(qo,po,t) -
T h Jq Apy 49 T
$(Co,Pot) = fodt [Py G —H(do.Po) 1~ 5 m2(Go,Po.1)- T p, (GoPol) 5=+ Zr(doPol) 5.
(A3) (A7)

The Maslov indexv(do,pot) is equal to number of zeros | integral terms in the classical phasgg;,p.t— 7/2)
attained by del y, in the time interval (@). The semiclas-

sical expression for the autocorrelation functig. (Al)] is
substituted into the definitions of the hydrodynamical mo-
ments[Eq. (16)]

(n) (_Ih)n &n ! ! n " ! ! 7 " "
Zsc(t)zm > | ddodpoddodpo S| Go.Po.t= 5| =S| Go.Po t+

14

ands(qg,pg,t+ 7/2) are expanded by up to the second order
of Aqg, Apg, andrin the Taylor series expansion. By virtue
of symmetry, zeroth- and second-order terms of the expan-
sions are canceled out of the propagator phase

T

2

T

-
X \/dethp(q(’),p(’),t— E) dethp(qg PoLt+ 5

i
XeXF{%

XW(Qf— 2)P* (Ag) P* (af 12) ¥ (g

S ( 0a 9s ( 04
= 9% Jo:Po:t)Adg Po Go,Po, 1) AP0

T

. ds L .
S(qé’p(’)'t_E)_S(q61p61t+§) E(qOIp& )7- E'Tr V. ( )

The difference between the Maslov indices of the two con-
(A4)  tributing trajectories is denoted hyv. The value ofAv de-

=0 pends on the initial positions and initial momenta of both
The integral in Eq(A4) comprises correlations between all involved traj.ecto'ries and on the classical propggation times.
pairs of classical points, differing in their initial positions, n order to simplify the notation from now we skip on the list
initial momenta, and times. The following change of integra-Of arguments ofAv. The first derivatives of the classical
tion variables introduces the difference between the initiaPh@ses(do,Po,t) are equal to
positions and initial momentaA(gy, Apg) and the mean ini- Js

tial position and momentumgg, po) E)(QOvPOvt):ptTqu(QO’ Po.t) = Pg
g A% Js
Bo= ™ 5™ 7ps (G0Po.) =P{Mgp(Clo.Poy1), (A9)
Ado
//: + —_, as i
o™ 2 =+ (G0,Po,t) =P{ G~ H(do,Po).
Pb=Po— ﬂ), (AS) Consistent with the linear approximation of the trajectories
2 gi—,» andqy, ,», the Monodromy matricefEq. (A2)] are
” Apg thus independent akqg, Apy, andr
Po=Pot —~- .
All functions appearing in the integral EA4) can be ex- qu( Go-Po.t= 5) =Magp(do,Port),
pan_ded by means of Taylor series Ay, A_po, and 7. Fol- , (A10)
Ipwmg the approach.of Sun, Wang, and Mifféwe study the Mgl 05, P t+ 5]= M gp(do, Port).
first-order term of this expansion kg, andApy. The first-

order (linearn approximation in the initial positions and mo- The linearized semiclassical approximation to the zeroth and
menta is justified for the case where the initial wave packefirst hydrodynamical moments of the Wigner transform of
V¥ occupies a small compact region in phase space. Note th#tie autocorrelation function reads
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(=im)" [ 3" !
z{@c(t)=m ool f djodpodA godA po detM g( o, po. t exp| 5 mA »
i T T T i T Ago
xexp — 7 ([Pt Mq(Go.Po,t) ~ Po]Ado+ Py Mgp(do.Po: ) APo) [ €XP — 2 ([Py &= H(Go,Po) 17) | W Qo+ ——
Aqp Aqp Apg . 7 Aqp Apg . 7
XW*| go— T)‘P(Qt_quT_quT_QtE PH At Mo~ + Mg+ Y (ALD)

In order to simplify the arguments of the functions which appear in(&fjl), we change the integration variakie, for Ag;
defined by

Agi= quAqO+ quA Po+ QtTa (A12)

(=in)" | " Aqp Aqg\ . T Aqg;
Ztgc(t)ZW[ﬁ q0+7 P* qO_T elpoAqO/ﬁf qutqf qt_T

| oo [ asaow

Agy

) i .
X P * O+ T) eflp:—Aqt/h EXP{%H(Qo,po) ’T] el TAv/2 (A13)

7=0

By taking ther derivatives Eq(A13) is reduced to

A Ago) A
do+ %’) v* ( Go— %’ e"’g“‘omf qut‘P( G~ %)

1
Z(Lrgc(t)ZW f doedpy f dAqe¥

(A14)

g i’iTAVT_O)

A .
Gt %) eilptTAqt/h[H (do:Po)]" exl{ Y

For the Ehrenfest propagation time the recurrenceS(bj) appear in disjunct time intervals. For the given titneithin the
time interval of the recurrencs,(t,E), all trajectories acquire the same Maslov index. Therefares0 and we obtain from
Eqg. (A14) the semiclassical approximation for the first and second hydrodynamical moments given by

1 Aqg AQg| .7 Aq
Zm)LSC(t):Wf d%dpof dAqgeW| go+ T)‘I’*(QO—T e'poAqolﬁf dAg¥| di— —-
AG| ipTagn
X gt — |e" AT H(do, o) 1™ (A15)
|
Hence proved Cn(t) (up to time-independent phase fagtat is clear that
- - on the basis of Eq/A18) one can evaluat€,(t) from clas-
Znisd)=Sy"(t), n={0,1}. (A16)  sical trajectory calculations only.
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