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Phases and amplitudes of recurrences in autocorrelation function
by a simple classical trajectory method

Petra Žďánská and Nimrod Moiseyeva)
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Institute of Technology, Haifa 32000, Israel
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The interference between time-dependent recurrences in the quantum autocorrelation function is
eliminated by carrying out orthogonal transformations in the time-energy domain. The
time-dependent phases and amplitudes of the individual recurrences are compared with the results
obtained from simple classical trajectory calculations. Using classical trajectories we calculate a
two-dimensional survival probability which is defined in the time and energy domain. The
two-dimensional survival probability provides the phase and enables to distinguish between
overlapping recurrences. Remarkable agreement between the quantum and classical results is
obtained for the initial Gaussian wave packet which is preferentially located either in the regular or
in the chaotic regimes in the classical phase space of the Pullen–Edmonds Hamiltonian~nonlinearly
coupled two harmonic oscillators!. A novel method which enables to determine the molecular
potential energy surfaces from a measured absorption or emission spectra is proposed. The method
employs the matching of Wigner transforms of individual quantum recurrences with the
two-dimensional classical survival probability. ©2001 American Institute of Physics.
@DOI: 10.1063/1.1416873#
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I. INTRODUCTION

Many chemical systems can be studied by means
semiclassical methods due to the heavy masses of the nu
Semiclassical calculations aim to evaluate a time-depen
wave function using the Van Vleck–Gutzwiller propagato1

instead of the quantum evolution operator. The direct
merical evaluation of the Van Vleck–Gutzwiller propagat
is numerically hardly feasible even for one-dimensional s
tems, as it is defined as a double boundary problem an
encounters singularities along the integration path. Num
cally, more tractable approaches are the initial va
representation2 and the integral expressions for the semicl
sical time-dependent propagator, namely the Herman–K
formalism using the frozen Gaussian method.3–5 Both ap-
proaches are equivalent to the rigorous semiclassical pr
gation. They have been applied to study the dynamics
model and real, regular and mixed chaotic systems.6–10 Re-
cently, the quasienergy spectrum of a periodically driv
quantum system has been constructed from classical dyn
ics by means of the semiclassical initial value representa
using coherent states.11 For very large mixed regular an
chaotic systems these calculations, however, can bec
complicated and require a substantial numerical effort.

Simplifying approaches to the semiclassical propaga
are developed that are applicable even for very la
systems.12,13 Among them, two methods are exceptiona
simple and general, both of them are linear approximati
to the rigorous semiclassical dynamics: The frozen Gaus
approximation ~FGA!14 and the Wigner phase spac
method.15 Their transparent behavior and low-computation

a!Electronic mail: nimrod@chemistry.technion.ac.il
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costs make them good candidates for the study of very la
systems. FGA builds up the wave function using one sin
classical trajectory which is developed in time. The wa
function remains in a form of Gaussian for the entire time
the propagation. The method is very fast, it provides
many-dimensional wave function, but it is accurate only
a short time of the propagation. Often, this period of time
not long enough to evaluate vibrationally resolved spec
for systems of a chemical interest. The reason is that
anharmonic and mixed chaotic systems the time-depen
wave function distorts from a Gaussian shape very quic
Namely, it bifurcates and develops a nodal structure. T
second approach mentioned above is the Wigner phase s
method. Within the framework of this approach, the init
wave function is mapped onto the classical phase space u
the Wigner transform.16 By giving each trajectory its initial
quantumweight according to the Wigner distribution of th
initial wave packet, one obtains a phase-space represent
of the quantum time-dependent wave function. By Mon
Carlo integration over the phase space one is able to ob
time-dependent amplitudes of quantum expectation valu
The Wigner phase space method uses only classical tra
tory propagation. Therefore, it does not suffer from t
evaluation of highly oscillatory phase integrals which is e
countered in a precise semiclassical approach. The co
treatment of bifurcations of the wave function is interme
ated by propagating of many classical trajectories wh
trace the whole phase space reached by the wave func
The disadvantage of the Wigner phase space method is th
does not provide the quantum phases of the expectation
ues. It should be also mentioned here that despite of the
that the trajectories trace correctly the phase space occu
8 © 2001 American Institute of Physics
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by the semiclassical wave function, the method does not
vide satisfactory results when the propagation time is lon

Our work is motivated by the desire of developing
computational algorithm which enables one to study the
namics of very large systems for a very long time of prop
gation. It seems to us that in order to be able to study
dynamics of large systems we should not insist on the us
fully semiclassical methods but rather try to base the num
cal efforts on the use of simple classical trajectory calcu
tions. The question is how far we can go in this kind
approach. Here we address ourselves to the following q
tion. Can we calculate the amplitude and the phase of
quantum autocorrelation functions by the use of classical
jectory calculations for sufficiently long time that enables t
calculation of the spectrum and other properties of the s
ied system? A long time ago, Heller15 showed that the am
plitude of the autocorrelation function can be calculated
carrying out classical trajectory calculations up to the ti
when the quantum interference completely destroys the t
cal recurrence behavior of the autocorrelation functions.
termed his approach the ‘‘Wigner phase space method’’~we
mention it above!. Recently, Garashchuk and Tannor17 have
introduced a way to calculate the phase of the autocorrela
function upon this approach. However, it appears that wit
their approach enormous number of trajectories are neede
reach convergence. Sun, Wang, and Miller18 have derived the
Wigner phase space method by means of the linearized s
classical initial value representation.

Our paper is organized as follows. In Sec. II we propo
a method that enables expanding the quantum autocor
tion function C(t) in a series expansion of time-depende
terms,C(t)5(mCm(t), such that each one of these terms
associated with a specific single recurrence. We show
the time-dependent recurrencesCm(t) overlap in general
cases. Therefore, the interference eliminates their fingerp
from the autocorrelation functionC(t). The Wigner trans-
forms Zm(t,E) of the recurrencesCm(t) are constructed. A
positive definite partial survival probability is defined
Zmod(t,E)5(mZm(t,E).

In Sec. III we represent the classical analog of the fu
tion Zmod(t,E), denoted byS(t,E). S(t,E) is obtained from
the calculation of the partial overlap between the Wign
distribution of the initial wave packet and the tim
dependent phase space distribution which is represente
the positions and momenta of classical trajectories with
classical energyE.

In Sec. IV we provide the classical approximation
complex recurrences in the autocorrelation function,Cm

S(t).
The recurrencesCm

S(t) are calculated up to their time
independent phase factors only from the classical modi
survival probabilityS(t,E). In order to show the accuracy o
the present calculation, we insert the time-independent ph
factors obtained from the quantum recurrencesCm(t) into
the evaluation of the classical complex autocorrelation fu
tion. A remarkable agreement between the classical com
autocorrelation function and the quantum one has been
tained. We evaluate the amplitude of the autocorrelat
function also by the method of Heller.15 The new and
Heller’s methods provide the same amplitudes up to
Downloaded 11 Feb 2002 to 132.68.1.29. Redistribution subject to AIP
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point where the functionsCm
S(t) start to overlap. In the re-

gion where the recurrences overlap, the accuracy of Hell
method suddenly decays, whereas, our method provides
curate results for a very long time of propagation.

The proposed method is illustrated numerically for
two-dimensional model Hamiltonian which consists of tw
nonlinearly coupled harmonic oscillators. This Hamiltonia
known as the Pullen–Edmonds Hamiltonian,19 has been used
before for testing new theories and computational algorith
which were developed in the studies of quantum chaos
nonlinear systems~see, for example, Refs. 20 and 21 a
references therein!. The Pullen–Edmonds Hamiltonian is
mixed chaotic/regular classical system. The Poincare´ surface
of section of the Pullen–Edmonds Hamiltonian atE
521 a.u. is shown in Fig. 1. Two different Gaussian wa
packets have served as initial states in our calculations
Fig. 1~a! the center of the initial Gaussian wave packet
located in the regular region of the phase space while in F
1~b! the center of the initial wave packet is located in t
chaotic region of the phase space. The quantum Hamilton
has a discrete spectrum and supports bound states only

In Sec. V we propose a practical application of t
present method. This method enables one to determine
molecular potential energy surface from a measu
absorption–emission spectra. Our method is based on
assumption that the recurrencesCm(t) are sensitive to the
potential parameters. If the quantum autocorrelation funct
is known one can find the potential energy surface by o
mizing the potential parameters to minimize the tw
dimensional ~2D! function, * dtdE@S(t,E)2Zmod(t,E)#2.
The method gives unique results for our numerically stud
case. The use of this method for the determination of
ground or excited potential energy surfaces of polyatom
molecules from a given autocorrelation function by carryi
out classical trajectory calculations only, are under curr
studies. It should be stressed, however, that we do not
vide a method for solving the inverse problem for most ge
eral cases but one can use our method to optimize lim
number of potential parameters.

In the Appendix we prove that our method to obtain t
amplitude and the phase of the autocorrelation function
linearized approach to the rigorous semiclassical propa
tion. Our proof is inspired by the work of Sun, Wang, an
Miller.18 We attempt to complement their study by takin
into consideration the Maslov indices associated with diff
ent recurrences. We show that the short-time applicability
the Wigner phase space method results from neglecting
the interference effects between trajectories with differ
Maslov indices.

II. MODIFIED QUANTUM AUTOCORRELATION
FUNCTION

This section is devoted to the analysis of the quant
autocorrelation function defined by the equation

C~ t !5E dqC* ~q!e2 iĤ t/\C~q!, ~1!

where C~q! is the initial wave function. We illustrate ou
discussion on a concrete example. In Figs. 2~a! and 2~b! we
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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present the real parts and amplitudes of autocorrelation fu
tions,C(t), which were obtained for a model Hamiltonian
nonlinearly coupled two harmonic oscillators

V~q1 ,q2!5
q1

2

2
1

q2
2

2
1lq1

2q2
2, ~2!

where l50.05 a.u. This model which is known as th
Pullen–Edmonds Hamiltonian has been widely used a
model for testing new theories and interpretations of qu
tum chaos. We studied two cases. In the first case the ce
(q0 ,p0) of the initial the Gaussian wave packet

FIG. 1. Poincare´ surfaces of section obtained for the Pullen–Edmon
model Hamiltonian forpy50. The dots represent the central trajectories
the initial Gaussian wave packets for the time period 83105 a.u., while the
shadow regions represent the phase space occupied by the propagatin
sical wave packet for the time period 40 a.u.~a! The central trajectory is
localized in the regular anharmonic region of the classical phase space~b!
The central trajectory is localized in the chaotic region of the classical ph
space. The classical wave packet covers in a relatively short time perio
40 a.u. the chaotic region.
Downloaded 11 Feb 2002 to 132.68.1.29. Redistribution subject to AIP
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C~q!5
1

Ap
expF ~q2q0!2

2
1 i

qp0

\ G , ~3!

is localized in the regular region of the classical phase sp
whereq05@4 a.u., 2.957 a.u.#, p05@0 a.u., 0 a.u.#. In the sec-
ond case the center of the initial Gaussian wave packe
localized in the chaotic region, whereq05@4 a.u.,
1.645 a.u.],p05@0 a.u., 4 a.u.#. The expectation value of en
ergy for the both studied cases is 21 a.u. One can see
the results presented in Figs. 2~a! and 2~b! that for a short
period of time,t<20 a.u., the recurrences are well defin
and are separated from one another. However, as time pa
the recurrences disappear due to quantum interference
fects. Let us assume that a recurrencem which is not distin-
guishable int-representation can be determined from the
tocorrelation function in at8-representation, where it is we
isolated from the other recurrences. The autocorrela
function in thet8-representation is obtained by the followin
transformation:

C8~ t8;a!5E
2`

1`

F~ t,t8;a!C~ t !dt, ~4!

where

F~ t,t8;a!;expF i

\ S 2
tt8

sina
1

t21t82

2 tana D G ,
for 0,a<

p

2
, ~5!

and

F~ t,t8;a!5d~ t2t8!, for a50. ~6!

The constant prefactor of the transformation functi
F(t,t8;a) defined in Eq.~5! varies according to the integra
tion region of the transformation. The functionF(t,t8;a) is
the complex conjugate of an eigenfunction oft̂ in

s
f

las-

se
of

FIG. 2. The autocorrelation functions,C(t), obtained from quantum-
mechanical calculations. The center of the initial Gaussian wave pack
located: ~a! in the regular region of the classical phase space;~b! in the
chaotic region of the classical phase space. The thick line stands foruC(t)u
while the thin line represents ReC(t).
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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10611J. Chem. Phys., Vol. 115, No. 23, 15 December 2001 Phases and amplitudes of recurrences
t8-representation and an eigenfunction oft̂8 in
t-representation.t̂ and t̂8 are related by the orthogonal tran
formation

F t̂8

Ê8G5T~a!F t̂

ÊG , ~7!

where,

T~a!5F cosa sina

2sina cosaG . ~8!

The energy operator is defined as

Ê52 i\
d

dt
. ~9!

As usual, the commutation relations imply that

@ t̂,Ê#5 i\, @ t̂8,Ê8#5 i\. ~10!

The parametera is adjusted to eliminate the quantum inte
ference between themth recurrence and its adjacent neig
bors. For illustration reasons we discuss the transformat
of autocorrelation functionsC8(t8;a) obtained for specific
values of the anglea. The transformationF(t,t8;p/15) is
performed for the case when the wave packet underg
mostly a regular motion@Fig. 3~a!#. The transformation en
ables us to distinguish between eight dominant recurren
starting from the initial decay peak, whereas only three se
rate recurrences are present in the originalC(t) @Fig. 2~a!#.
Note, that each one of the dominant recurrences appends
low amplitude recurrences which cannot be separated by
present transformation. For the case of chaotic dynamics
carry out the transformationF(t,t8;p/30) @Fig. 3~b!#. About
ten separated recurrences are obtained. Unlike the situa
in the regular regime, the separated peeks do not show
fine structure. The transformations presented in Figs.~a!
and 3~b! result in the separation of recurrences which
indistinguishable in the original autocorrelation functio
The optimization of the anglea enables one to get a maxim
separation between the different recurrences. The a
which is optimized to get a maximum separation of themth
recurrence from the others is denoted byam .

The mth recurrence is defined in thet8-representation in
the interval^tm8

0,tm8
f&. We perform the following back trans

form to thet-representation, which is afinite integral:

Cm~ t !5E
tm8

0

tm8
f

F~ t,t8;2am!C8~ t8;am!dt8. ~11!

The recurrence componentsCm(t) create a progression a
shown in Figs. 4~a! and 4~b! for the two cases when th
calculation is performed either in the regular or in the chao
regimes, respectively. A comparison between the results
sented in Figs. 2~a! and 2~b! and Figs. 4~a! and 4~b! clearly
illustrates the recovery of the smooth recurrences from
quantum autocorrelation functions. Under the assump
that the recurrences are separable in the mixed time-en
representation, the original autocorrelation function is eq
to the sum over all recurrences which can be isolated by
procedure
Downloaded 11 Feb 2002 to 132.68.1.29. Redistribution subject to AIP
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C~ t !5 (
m50

`

Cm~ t !. ~12!

The progression of recurrencesCm(t) @Figs. 4~a! and 4~b!#
begins with a few nonoverlapping ones. At later times
propagation the recurrences overlap. The sum of those re
rences which overlap results in a strong interference and
typical recurrence pattern in autocorrelation function is d
stroyed. It should be stressed here that the overall tim
independent phase factors of the individual recurrences
crucial for the evaluation of the autocorrelation function. T
forth and back transformations described below prese
them correctly.

FIG. 3. The transformed autocorrelation functionsC8(t8). The transforma-
tion in the mixed time-energy coordinatet8 enables to resolve recurrence
which overlap in the time domain.~a! The center of the initial Gaussian
wave function is localized in the regular region of the classical phase sp
The parameter of the transformation isa5p/15. ~b! The center of the initial
Gaussian wave function is localized in the chaotic region of the class
phase space. The parameter of the transformationa5p/30. The thick line
stands foruC8(t8)u while the thin line represents ReC8(t8).

FIG. 4. The recurrences in the quantum autocorrelation functions isol
by forward and backward transformations performed in the time-energy
main. The center of the initial Gaussian wave function is localized:~a! in the
regular region of the classical phase space;~b! in the chaotic region.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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The recurrences are separable in the mixed time-en
representation@Eqs. ~7! and ~8!#. This fact is an indication
that each one of the recurrences occupies a different re
in the two-dimensional time-energy ‘‘phase space.’’ The p
jection of the time-dependent complex autocorrelation fu
tion C(t) and recurrencesCm(t) into the two-dimensiona
time-energy domain is intermediated by the Wigner tra
form. The Wigner transform of functions and operators re
resents an alternative tool to the exact formulation of qu
tum mechanics.16 It has been widely used for rendering wa
functions and time-dependent signals in a phase spac
conjugate variables. The physical meaning of the Wig
transformZ(t,E) of the autocorrelation function is the su
vival quasi-probability at the energy ‘‘shell’’E. The defini-
tion of the functionZ(t,E) is as follows:

Z~ t,E!5
1

2p\ E
2`

1`

A~ t,t!e2 iEt/\dt, ~13!

whereA is related to the density matrix by the equation

A~ t,t!5C* S t1
t

2DCS t2
t

2D . ~14!

The transform of the functionZ(t,E) back toC(t) is pos-
sible, up to a time-independent phase factor, which is los
Eq. ~14!. It follows from the Eq.~13! that the density matrix
is the Fourier transform of the Wigner distribution

A~ t,t!5E
2`

1`

dEZ~ t,E!eiEt/\. ~15!

The derivatives@]nA(t,t)/]tn#t50 can be evaluated from
Eqs. ~14! and ~15!. A comparison between the two type o
calculations provides

F]nC* ~ t1t/2!C~ t2t/2!

]tn G
t50

5S i

\ D n

Z~n!~ t !, ~16!

where the ‘‘hydrodynamical moments’’Z(n)(t) of the Wigner
distribution are defined as,

Z~n!~ t !5E
2`

1`

EnZ~ t,E!dE. ~17!

For n50 we obtain the survival probability as the zero-ord
‘‘hydrodynamical moment’’ ofZ(t,E)

uC~ t !u25E
2`

1`

Z~ t,E!dE. ~18!

For n51 we obtain an expression for the phase of the au
correlation function,C(t)5uC(t)uexp@i/\f(t)#

df

dt
52

*2`
1`EZ~ t,E!dE

*2`
1`Z~ t,E!dE

. ~19!

Therefore,

C~ t !5eiKAZ~0!~ t ! expF i

\ E t Z~1!~ t8!

Z~0!~ t8!
dt8G , ~20!

whereK is a time-independent phase factor. In general,
Wigner transform does not provide a positive definite fun
tion. The Wigner transform of the autocorrelation functi
Downloaded 11 Feb 2002 to 132.68.1.29. Redistribution subject to AIP
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Z(t,E) is a highly oscillatory function for any periodic
system.22 On the other hand, the amplitude and the phase
recurrencesCm(t) are smooth time-dependent function
which acquire positive definite Wigner transforms,Zm(t,E),
defined by the equation:

Zm~ t,E!5
1

2p\ E
2`

1`

Cm* S t1
t

2DCmS t2
t

2De2 iEt/\dt.

~21!

Using the definition ofZm(t,E) we can write the function
Z(t,E) as a sum of the ‘‘auto-terms’’Zm(t,E) and oscillatory
‘‘cross-terms’’Zm,m8 , which are defined by,

Zm,m8~ t,E!5
1

2p\ E
2`

1`

Cm* S t1
t

2D
3Cm8S t2

t

2De2 iEt/\dt. ~22!

The auto-terms carry the information about the autocorre
tion function up to time-independent phase factors of
recurrences. Thecross-term deletedWigner transform of the
autocorrelation function can be defined as a sum of
auto-terms23

Zmod~ t,E!5(
m

Zm~ t,E!. ~23!

The positive definite functionZmod(t,E) is associated with
the survival probability for the energy shellE. We refer to it
as ‘‘the partial survival probability’’ throughout our paper. I
Figs. 5~a! and 5~b! we represent contour plots o
@2 logZmod(t,E)#. They are characterized by a sequence
isolated recurrences. The result presented in Fig. 5~a! is ob-
tained for the case where the initial state is a Gaussian w
packet which is localized in the regular regime. For the c
of regular motion we observe evidence for a single freque
per energy shell. A small portion ofZmod(t,E) gets an oscil-
latory behavior which is a consequence of the imperf
separation of minor recurrences~see the discussion above!.
The partial survival probability which is presented in Fi
5~b! is obtained for the case where the initial wave packe
located in the chaotic regime of the classical phase sp
For the chaotic motion we observe a contribution of differe
frequencies to each one of the energy shells.

The Husimi transform of the autocorrelation functio
which is another positive definite representation of the au
correlation function in the time-energy domain, is defin
by16

H~ t,E!5
1

Ap
U E dt8C* ~ t !expF2

~ t82t !2

2s
1 i

t8E

\ GU2

.

~24!

The Husimi transform leads to a lower resolution in the tim
energy domain than the proposed algorithm when we use
Wigner transforms of the individual recurrences. The Hus
transform of the autocorrelation function for the case wh
the initial wave packet is localized in the regular region
the classical phase space is represented in Fig. 6~a!. The
recurrences observed in Fig. 6~a! are significantly broadened
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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10613J. Chem. Phys., Vol. 115, No. 23, 15 December 2001 Phases and amplitudes of recurrences
compared to the recurrences observed in Fig. 5~a!. The Hu-
simi transform of the autocorrelation function for the ca
where the initial wave packet is localized in the chaotic
gion of the classical phase space is represented in Fig.~b!.
Similarly as for the regular case, the recurrences obtaine
the Husimi transform are broader than the widths of the
currences obtained by the Wigner transform@Fig. 5~b!#. As
one can see from the results presented in Fig. 6~b!, the re-
currence pattern is totally suppressed in Husimi represe
tion of C(t) the propagation time which is longer than 2
a.u. Note that on the other hand a clear recurrence pa
provided holds on the partial survival probability@Fig. 5~b!#.

III. THE CLASSICAL ANALOG OF THE QUANTUM
PARTIAL SURVIVAL PROBABILITY

The partial survival probabilityZmod(t,E) provides the
survival probability for a specific energy shellE. Let us de-
fine a classical functionS(t,E) which has the same physica
interpretation. In this section we give an intuitive approa

FIG. 5. The quantum partial survival probabilityZmod(t,E). The sequence
of clearly isolated recurrences is obtained by carrying out the Wigner tr
forms of Cm(t). The center of the initial Gaussian wave function is loc
ized: ~a! in the regular region of the classical phase space;~b! in the chaotic
region.
Downloaded 11 Feb 2002 to 132.68.1.29. Redistribution subject to AIP
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and in the Appendix we give a rigorous proof. Let us st
with the quantum definition of the survival probability usin
the Wigner distribution of the initial and the final wave pac
ets

uC~ t !u25E dqdpW~q,p!W~q,p,t !, ~25!

whereW(q,p) is the Wigner distribution of the initial wave
packetC~q!, defined as follows:

W~q,p!5
1

~2p\!F E dDqC* S q1
Dq

2 D
3CS q2

Dq

2 DeipDq/\, ~26!

whereF is the number of degrees of freedom of the mu
dimensional system. Similarly,W(q,p,t) is the Wigner dis-
tribution of the quantum wave packet exp(2iĤt/\)C(q).
Note that Eq.~25! is the exact quantum survival probability
Within the Wigner phase space method,15 the quantum

s-
FIG. 6. The Husimi transforms of the quantum autocorrelation function. T
center of the initial Gaussian wave function is localized:~a! in the regular
region of the classical phase space;~b! in the chaotic region.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Wigner functionW(q,p,t) is replaced by a classical time
dependent distribution functionW(qt ,pt). The survival prob-
ability within this approximation is given by

uCWPS~ t !u25E dq0dp0W~q0 ,p0!W~qt ,pt!, ~27!

whereq0 , p0 are initial positions and momenta of classic
trajectories andqt(q0 ,p0 ,t), pt(q0 ,p0 ,t) are the correspond
ing classical positions and momenta at timet. In order to
obtain the survival probability in both coordinatest and E,
we integrate only over a subspace for whichH(q0 ,p0)5E:

S~ t,E!5E8dq0dp0W~q0 ,p0!W~qt ,pt!d@H~q0 ,p0!2E#,

~28!

whereH is the classical Hamiltonian. Equation~28! repre-
sents the classical definition of the partial survival proba
ity Zmod(t,E).

When the Monte Carlo integration is used, the init
positions and momentaq0

j , p0
j , are preferentially distributed

in the region of the phase space where the initial wave pa
is localized. The algorithm of choosing the Monte Ca
points is described as follows: A random position in t
phase spaceq0

j , p0
j is generated; the value of the initia

Wigner distributionW(q0
j ,p0

j ) is compared with a random
number: the random number: spans evenly the range o
possible values ofW; if W(q0

j ,p0
j ).:, the pointq0

j , p0
j is

accepted. The functionS(t,E) is calculated on a two-
dimensional grid. Let us denote the energy grid points
Ek . From the Monte Carlo points which are associated w
the energiesE5H(q0

j ,p0
j ), we select only those for which

Ek2DE<E<Ek1DE where DE!uEk112Eku. Following
this procedure we generate ‘‘families’’ of classical trajec
ries. Each ‘‘family’’ is associated with different energy,Ek .
The number of classical trajectories in each family isNk . Let
us denote the trajectories by two indexes,k andn. Where,k
stands forkth ‘‘family’’ of the classical trajectories andn is
an internal family index notation. The initial classical traje
tories are denoted as,q0

k,n , p0
k,n . S(t,E) is obtained by the

Monte Carlo integration

S~ t,Ek!5 (
n51

Nk

W~qt
k,n ,pt

k,n!. ~29!

The presented semiclassical method has been applie
the Pullen–Edmonds model Hamiltonian for the same t
initial wave packets which are described in the previous s
tion. 50 000 trajectories have been used to obtain conve
results, whenuEk112Eku51 a.u. andDE51025 a.u. Con-
tour plots of @2 logS(t,E)# @Figs. 7~a! and 7~b!# can be di-
rectly compared with the contour plots ofZmod(t,E) @see
Figs. 5~a! and 5~b!#. The classical and quantum results are
a remarkable agreement. Well isolated recurrences are
served all the way to the end of the propagation. The re
rences can be interpreted as the trace of a quasiperiodic
tion. In the case of regular regime, the equal spacing
recurrences indicates only one type of a quasiperiodic
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tion. In the case of chaotic regime, the recurrences are sp
out irregularly which is an evidence for various types
quasiperiodic motions.

IV. A COMPARISON BETWEEN AUTOCORRELATION
FUNCTIONS OBTAINED FROM CLASSICAL
AND QUANTUM CALCULATIONS

The fact that the classical functionS(t,E) is a very good
approximation of the quantum partial survival probabili
Zmod(t,E), indicates on the possibility to evaluate the com
plex recurrencesCm(t) in the autocorrelation function from
classical calculations. Unfortunately, the autocorrelat
function cannot be obtained from our classical calculat
since the time-independent phase factors of the recurre
are not included in the partial survival probability. The fun
tion S(t,E) contains very well isolated recurrence comp
nents Sm(t,E) ~see Fig. 7!. Each one of the functions
Sm(t,E) is transformed into the time-domain by using E
~20!. The transformation provides themth recurrenceCm

S(t)
up to the time-independent phase factorKm

FIG. 7. The partial survival probabilityS(t,E) obtained by classical trajec
tory propagations. The center of the initial Gaussian wave function is lo
ized: ~a! in the regular region of the classical phase space;~b! in the chaotic
region.
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Cm
S~ t !5ASm

~0!~ t ! expF i

\ E t

Ēm~ t8!dt8G . ~30!

Ēm(t) stands for the averaged energy of those classical
jectories which contribute to themth recurrence at timet. It
is calculated by

Ēm~ t !5
Sm

~1!~ t !

Sm
~0!~ t !

. ~31!

The ‘‘hydrodynamical moments’’ of the functionSm(t,E) are
defined as

Sm
~n!~ t !5E

2`

1`

EnSm~ t,E!dE. ~32!

Borrowing the missing time-independent phase factorsKm

from the quantum calculations we can evaluate the class
autocorrelation functionCS(t). According to Eq.~12!, the
classical complex quantum autocorrelation function is giv
by

CS~ t !5(
m

Cm
SeiK m. ~33!

In Figs. 8~a! and 8~b! we represent the results ofCS(t) which
were obtained for the Pullen–Edmonds model Hamiltoni
Figure 6~a! represents the result obtained when the class
dynamics starts from an initial Gaussian wave packet wh
is localized in the regular part of the phase space. In Fig. 6~b!
we represent the result obtained when the initial wavepa
is localized in the chaotic region. In both cases the agreem
between the classical and the quantum results is remark
Let us discuss two aspects of this calculation. The first on
the recovering of the time-dependent phase from the clas
trajectory calculation. The second aspect is the contribu
of interference between recurrences to the amplitude of
autocorrelation function.

For the calculation of the time-dependent phase, i
crucial to take into account the quantum interference
tween individual classical trajectories. Applying the rigoro

FIG. 8. The autocorrelation function calculated from classical traject
calculations,CS(t), using the quantum time-independent phase factors.
center of the initial Gaussian wave function is localized:~a! in the regular
region of the classical phase space;~b! in the chaotic region.
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semiclassical propagation, the phase is calculated for e
one of the classical trajectories as the classical action a
the classical path. Although the classical actions(q0 ,p0 ,t) is
a smooth function of the phase space variables, the im
nary exponential exp@is(q0 ,p0 ,t)/\# is very oscillatory. The
integration over the oscillatory exponential leads to a n
merical convergence problem. In our approach, the inter
ence between the trajectories is introduced by calculating
the averaged classical energyĒm(t) @Eqs.~30! and~31!#. The
fact that the interference between trajectories is provided
the integration of energy, which a smooth function of t
phase space variables and a constant of motion, conside
reduces the computational effort to evaluate the tim
dependent phase.

The recurrences in the time-energy domain are ass
ated with a quasi-periodic motion in the classical pha
space. The sets of trajectories which form each one of
peaks inS(t,E) are characterized by diverse classical pa
through the phase space. Therefore, the overlap of re
rences in the time-domain is an indication for a9long-range9
interference. Strictly speaking, and as shown in the App
dix, the long-range interference is the interference betw
trajectories which have visited a different number of caus
points on their paths. The long-range interference canno
treated correctly within the Wigner phase space method.
calculate the classical survival probability which is obtain
from the Wigner phase space method, as defined in Eq.~25!.
The results are compared with the exact quantum calc
tions and with the results obtained from our ‘‘modified
Wigner phase space method. The results are presented in
9~a! for the case of a regular motion and in Fig. 9~b! for the
case of a chaotic motion. As one can see, the Wigner ph
space method provides a very good result for a short pe
of time, until the interference between the recurrences ta
an important role in the autocorrelation function.

A question may arise, for how long time of propagatio

y
e
FIG. 9. The amplitude of the autocorrelation function obtained:~I! from the
exact quantum calculations;~II ! from the modified Wigner phase spac
method represented in our paper, using the quantum time-independent
factors of the recurrences;~III ! from the Wigner phase space method. T
center of the initial Gaussian wave function is localized:~a! in the regular
region of the classical phase space;~b! in the chaotic region.
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the new method is applicable. Does the approximation br
down, for example, when seriously nonlinear effects set
In Figs. 1~a! and 1~b! we demonstrate that the time
dependent wave function visits all regions of the mixed c
otic and regular phase space within a short propagation
of 40 a.u. This creates a significant difference between
trajectory when the time needed to visit the same phase s
region is four orders of magnitude longer. This fact, toget
with the agreement between the quantum and the clas
simulations reported below, give evidence that our metho
able to capture the nonlinear effects. On the other han
should be noted that as the time of propagation grows,
possibility to separate individual recurrences in the tim
energy plane slowly decreases. The intuitive conclusion
that after a very long time of classical propagation,t lim , the
recurrences start to overlap in the time-energy plane.
time t lim is associated with a measure of the chaotic beha
of multidimensional systems. For one-dimensional syste
t lim→` due to the conservation of the phase space volu

V. POTENTIAL ENERGY SURFACES FROM
CLASSICAL TRAJECTORY CALCULATIONS

The sensitivity of the calculated 2D functionS(t,E) to
small variations of the potential parameters indicates on
possibility to determine the values of these parameters
matching the structures ofS(t,E) and Zmod(t,E), where
Zmod(t,E) can be derived from a measured absorption
emission spectrum.24 We use the Pullen–Edmonds mod
Hamiltonian to test this idea. We introduce two unknow
potential parameters: The strength of the harmonic oscill
K and the nonlinear strength coupling parameterl

V~q1 ,q2 ;K,l!5
K

2
~q1

21q2
2!1lq1

2q2
2. ~34!

In order to fit the parametersK and l we search for the
global minimum of the standard deviations(K,l)

s~K,l!5E dEdt@S~ t,E;K,l!2Zmod~ t,E!#2. ~35!

The functionS(t,E;K,l) is calculated on a two-dimensiona
equidistant grid, 0,t,22.5 a.u. and 8,E,43 a.u. 2500
points for t and 8 points forE are used in our calculation
The initial wave function is a Gaussian wave packet which
localized in the chaotic region of the classical phase spac
discussed in Sec. II. For the classical calculations only
trajectories are employed in order to obtain the funct
S(t,E;K,l). The global minimum of the surface ofs(K,l)
is found using the random walk approach since the ca
lated values ofs(K,l) include a stochastic error. The algo
rithm which we used is as follows:~i! The initial guess of the
potential parameters serves as the first position of the ‘‘r
dom walker:’’ Ki 50 , l i 50 . ~ii ! s(Ki

j ,l i
j ) is evaluated at

points which are randomly distributed in a small rectan
(Ki2DK),Ki

j,(Ki1DK), (l i2Dl),l i
j,(l i1Dl).

~iii ! The successive point of the random walkerKi 115Ki
j ,

l i 115l i
j is chosen such thats(Ki

j ,l i
j ),s(Ki

j 21,l i
j 21).

The effectiveness of the random walker is demonstrated
Fig. 10. The potential parameters are set initially far aw
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from the expected minimum,l50.2, K52. For the initial
potential parameters the standard deviation between the
sical and the reference quantum partial survival probability
s~2.0,0.2!.10. The random walker is moved by steps
Dl50.01, DK50.1. The random walker spends about 1
classical evaluations before it finds a flat minimum char
terized by the values ofs,3. This region is explored by the
rest of total 3000 evaluated points. The values ofs(K,l) are
used to obtain a smoothed incomplete surface which is
played in Figs. 11~a! and 11~b!. The global minimum is ob-
tained for the expected potential parametersK5160.1,
l50.0560.01. A more precise determination of the potent
parameters might be obtained by a secondary calcula
starting close to the minimum found by the present calcu
tion. To conclude, we demonstrate that from classical tra
tory calculations one is able to find the correct potential
rameters. We suggest this fitting procedure to find poten
parameters of real systems in the regime of their semicla
cal limit. A suitable problem is of a molecule which absor
light in the visible or ultraviolet~UV! range and is electroni
cally excited to an adiabatic potential energy surface.24 From
the vibrationally resolved absorption spectrum and from
knowledge of the initial vibrational state, we can calcula
the quantum functionZmod(t,E). If a reasonable functiona
form of the potential of the electronically excited state
available, its parameters can be optimized to fit the funct
S(t,E) to the experimental data. The method may be se
tive to the precision of the initial wave packet and to t
transition moments, too. This sensitivity is supposed to
rather negligible for the cases where the initial wave pac
is a localized vibrational ground state. For other cases wh
the uncertainty in the knowledge of the initial wave pack
and in the transition moments is expected to compete or e

FIG. 10. The potential parametersK andl of the Pullen–Edmonds mode
Hamiltonian are determined by classical calculations. The random walk
gorithm is employed to find the potential parameters which correspond
the minimum difference between the classical and quantum partial surv
probabilities,s(K,l)5* dtdEuS(t,E;K,l)2Zmod(t,E)u2. m marks the ini-
tial guess of the potential parameters,K52 a.u., l50.2 a.u.j marks the
potential parameters used in the quantum calculation,K51 a.u., l50.05
a.u. The dots mark all the potential parameters for which the differe
s(K,l) has been evaluated. The successive points of the ‘‘random wal
are connected by a line.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 11. The difference between the partial surviv
probabilitiess(K,l) as obtained during the optimiza
tion calculation. The initial guess of the potential p
rameters is marked bym and the potential parameter
of the benchmark quantum calculation are signed byj.
~a! Shows the incomplete surface obtained from
classical propagations, while~b! represents a zoom
around the global minimum.
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exceed the uncertainty of the fitted potential, the initial wa
function and the transition moments must be parametri
and fitted together with the potential surface. Since class
trajectory calculations scale linearly with the size of the s
tem, the method we propose is supposed to be useful als
large molecules. The applications for real systems are un
current study.

VI. CONCLUDING REMARKS

The autocorrelation function is expanded as a lin
combination of time dependent terms which are associa
with the recurrences. The method we developed enables
identification of the recurrences even when their fingerpr
are not observed in the autocorrelation function due to
interference phenomena. This method is based on forw
and backward transformations in the time-energy pla
which perhaps has a general use in other types of signal f
noise analysis.

As an illustrative numerical example we studied t
quantum dynamics of a mixed chaotic/regular system. In
case the proposed method enables the identification of
individual recurrences even after many~classical! periods.

The recurrences are very suitable objects for the ap
cation of the Wigner phase space method. In spite of the
that this method is based on classical trajectory calculat
only, after a modification it provides the correct amplitud
and phases of the recurrences as obtained from quan
mechanical calculations. The Wigner phase space me
has been widely used before for calculating the amplitude
the autocorrelation functions. In our modified approach
calculate the partial survival probabilities on different ener
shells. We have shown that without doing semiclassical
culations we can evaluate the amplitudes and phases o
recurrences.

Moreover, we have shown that by association a tim
independent phase factor to each one of the recurrence
quantum amplitude and phase of the autocorrelation func
can be obtained. Therefore, we have obtained the quan
information up to a set of time independent phase factor
seems very unlikely that these phase factors can be ca
lated from classical calculations only. However, even with
knowing them, just by calculating the amplitudes and pha
of the recurrences by using classical mechanics and by c
paring them to the results obtained from the analysis of
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measured absorption spectra, we can determine the pote
energy surface parameters. Under current studies is the
of this method to calculate the molecular potential ene
surfaces of three atomic molecular systems.

The modified Wigner phase space method is derived
orously as a linearization of the semiclassical hydrodyna
cal moments of the Wigner transform of the recurrences
the autocorrelation function. We show that the Wigner ph
space method provides correct results as long as the re
rences do not overlap. The condition under which the mo
fied Wigner phase space method provides correct results
its application to a simple analytically soluble case are un
current studies.
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APPENDIX:

The underlying idea of the proof is that each one of t
recurrences of the classical partial survival probabili
Sm(t,E), is formed by a group of close classical trajectori
which occupy a small continuous region in phase spa
Therefore, trajectories formingSm(t,E) get the same value
of the Maslov index. For the Ehrenfest time of propagati
the functionsSm(t,E) appear in disjunct time intervals.

Lemma: Zeroth and first ‘‘hydrodynamical moments’’ o
the quantumZ(t,E) are evaluated in the semiclassical a
proximation for the condition that the initial wave packetC
occupies a compact small region in the phase space.
zeroth and the first hydrodynamical moments of the quan
Zm(t,E) can be approximated by the zeroth and the fi
hydrodynamical moments ofSm(t,E).

Proof: Using the initial value representation of the Va
Vleck–Gutzwiller propagator we express the autocorrelat
functionC(t) @Eq. ~1!# in the semiclassical approximation1,2
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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CSC~ t !5E dq0dp0

AdetMqp~q0,p0,t !

~2p i\!F

3expF i

\
s~q0,p0,t !GC~qt!C* ~q0!, ~A1!

whereq0, p0 are initial position and momentum of a classic
trajectory andqt5q(q0,p0,t), pt5p(q0,p0,t) are final posi-
tion and momentum.F is the number of degrees of freedo
of the studied system.Mqp is one of the Monodromy matri
ces defined by

Mqq~q0,p0,t !5
]q~q0,p0,t !

]q0
,

~A2!
Mqp~q0,p0,t !5

]q~q0,p0,t !

]p0
.

The phase of the semiclassical propagator is given by

s~q0,p0,t !5E
0

t

dt8@pt8
T q̇t82H~q0,p0!#2

\

2
pn~q0,p0,t !.

~A3!

The Maslov indexn(q0,p0,t) is equal to number of zero
attained by detMqp in the time interval (0,t). The semiclas-
sical expression for the autocorrelation function@Eq. ~A1!# is
substituted into the definitions of the hydrodynamical m
ments@Eq. ~16!#

ZSC
~n!~ t !5

~2 i\!n

~2p\!2F F ]n

]tn E dq08dp08dq09dp09

3AdetMqpS q08 ,p08 ,t2
t

2DdetMqpS q09 ,p09 ,t1
t

2D
3expH i

\ FsS q08 ,p08 ,t2
t

2D2sS q09 ,p09 ,t1
t

2D G J
3C~qt2t/28 !C* ~q08!C* ~qt1t/29 !C~q09!G

t50

~A4!

The integral in Eq.~A4! comprises correlations between a
pairs of classical points, differing in their initial position
initial momenta, and times. The following change of integ
tion variables introduces the difference between the ini
positions and initial momenta (Dq0,Dp0) and the mean ini-
tial position and momentum (q0,p0)

q085q02
Dq0

2
,

q095q01
Dq0

2
,

~A5!
p085p02

Dp0

2
,

p095p01
Dp0

2
.

All functions appearing in the integral Eq.~A4! can be ex-
panded by means of Taylor series byDq0, Dp0, andt. Fol-
lowing the approach of Sun, Wang, and Miller18 we study the
first-order term of this expansion inDq0 andDp0. The first-
order ~linear! approximation in the initial positions and mo
menta is justified for the case where the initial wave pac
C occupies a small compact region in phase space. Note
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in the work of Sun, Wang, and Miller the correlation in tim
~introduced in our calculations by carrying out the derivati
over t! has not been studied. Obviously, the first-order e
pansion int is sufficient to obtain correctly onlyZSC

(0)(t) and
ZSC

(1)(t). The coordinatesqt2t/28 and qt1t/29 which appear in
the arguments of the initial wave packetC in the Eq.~A4!
are expressed by the first-order expansion in the dista
between the two coupled trajectoriesDq0, Dp0, andt:

qS q08 ,p08 ,t2
t

2D5q~q0,p0,t !2
]q

]q0
~q0,p0,t !

Dq0

2

2
]q

]p0
~q0,p0,t !

Dp0

2
2

]q

]t
~q0,p0,t !

t

2
,

~A6!

qS q09 ,p09 ,t1
t

2D5q~q0,p0,t !1
]q

]q0
~q0,p0,t !

Dq0

2

1
]q

]p0
~q0,p0,t !

Dp0

2
1

]q

]t
~q0,p0,t !

t

2
.

~A7!

The integral terms in the classical phasess(q08 ,p08 ,t2t/2)
ands(q09 ,p09 ,t1t/2) are expanded by up to the second ord
of Dq0, Dp0, andt in the Taylor series expansion. By virtu
of symmetry, zeroth- and second-order terms of the exp
sions are canceled out of the propagator phase

sS q08 ,p08 ,t2
t

2D2sS q09 ,p09 ,t1
t

2D
52

]s

]q0
~q0,p0,t !Dq02

]s

]p0
~q0,p0,t !Dp0

2
]s

]t
~q0,p0,t !t2

\

2
pDn. ~A8!

The difference between the Maslov indices of the two co
tributing trajectories is denoted byDn. The value ofDn de-
pends on the initial positions and initial momenta of bo
involved trajectories and on the classical propagation tim
In order to simplify the notation from now we skip on the li
of arguments ofDn. The first derivatives of the classica
phases(q0,p0,t) are equal to

]s

]q0
~q0,p0,t !5pt

TMqq~q0,p0,t !2p0
T ,

]s

]p0
~q0,p0,t !5pt

TMqp~q0,p0,t !, ~A9!

]s

]t
~q0,p0,t !5pt

Tq̇t2H~q0,p0!.

Consistent with the linear approximation of the trajector
qt2t/28 and qt1t/29 , the Monodromy matrices@Eq. ~A2!# are
thus independent ofDq0, Dp0, andt

MqpS q08 ,p08 ,t2
t

2D5Mqp~q0,p0,t !,

~A10!
MqpS q09 ,p09 ,t1

t

2D5Mqp~q0,p0,t !.

The linearized semiclassical approximation to the zeroth
first hydrodynamical moments of the Wigner transform
the autocorrelation function reads
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ZLSC
~n! ~ t !5

~2 i\!n

~2p\!2F F ]n

]tn E dq0dp0dDq0dDp0 detMqp~q0,p0,t !expS i

2
pDn D

3expH 2
i

\
~@pt

TMqq~q0,p0,t !2p0
T#Dq01pt

TMqp~q0,p0,t !Dp0!J expH 2
i

\
~@pt

Tq̇t2H~q0,p0!#t!J CS q01
Dq0

2 D
3C* S q02

Dq0

2 DCS qt2Mqq

Dq0

2
2Mqp

Dp0

2
2q̇t

t

2 DC* S qt1Mqq

Dq0

2
1Mqp

Dp0

2
1q̇t

t

2 D G
t50

. ~A11!

In order to simplify the arguments of the functions which appear in Eq.~A11!, we change the integration variableDp0 for Dqt
defined by

Dqt5MqqDq01MqpDp01q̇tt, ~A12!

ZLSC
~n! ~ t !5

~2 i\!n

~2p\!2F F ]n

]tn E dq0dp0E dDq0CS q01
Dq0

2 DC* S q02
Dq0

2 Deip0
TDq0 /\E dDqtCS qt2

Dqt

2 D
3C* S qt1

Dqt

2 De2 ipt
TDqt /\ expH i

\
H~q0,p0!tJ eipDn/2G

t50

. ~A13!

By taking thet derivatives Eq.~A13! is reduced to

ZLSC
~n! ~ t !5

1

~2p\!2F E dq0dp0E dDq0CS q01
Dq0

2 DC* S q02
Dq0

2 Deip0
TDq0 /\E dDqtCS qt2

Dqt

2 D
3C* S qt1

Dqt

2 De2 ipt
TDqt /\@H~q0,p0!#

n expS ipDnt50

2 D . ~A14!

For the Ehrenfest propagation time the recurrences onS(t,E) appear in disjunct time intervals. For the given timet within the
time interval of the recurrenceSm(t,E), all trajectories acquire the same Maslov index. Therefore,Dn50 and we obtain from
Eq. ~A14! the semiclassical approximation for the first and second hydrodynamical moments given by

Zm,LSC
~n! ~ t !5

1

~2p\!2F E dq0dp0E dDq0CS q01
Dq0

2 DC* S q02
Dq0

2 Deip0
TDq0 /\E dDqtCS qt2

Dqt

2 D
3C* S qt1

Dqt

2 De2 ipt
TDqt /\@H~q0,p0!#

n. ~A15!
m
a
x

y

o
an
tio
Hence proved

Zm,LSC
~n! ~ t !5Sm

~n!~ t !, n5$0,1%. ~A16!

For the propagation after the lapse of the Ehrenfest ti
the trajectories are divided into groups according to the v
ues of their Maslov index. Then, the semiclassical appro
mation to the autocorrelation functionCSC(t) is a sum over
contributions,Cn

SC(t), given by

Cn
SC~ t !5E

n
dq0dp0

AdetMqp~q0,p0,t !

~2p i\!F

3expF2
i

\
s~q0,p0,t !GC* ~qt!C~q0!. ~A17!

The linear approximation of the zeroth and first hydrod
namical moments of the componentCn

SC(t) leads to

Zn,LSC
~n! ~ t !5Sm

~n!~ t !, n5$0,1%. ~A18!

Since from the zeroth and first hydrodynamical moments
Z(t,E) one can calculate the time-dependent amplitude
phase of the recurrences of the autocorrelation func
Downloaded 11 Feb 2002 to 132.68.1.29. Redistribution subject to AIP
e,
l-
i-

-

f
d
n

Cm(t) ~up to time-independent phase factor!, it is clear that
on the basis of Eq.~A18! one can evaluateCm(t) from clas-
sical trajectory calculations only.
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