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Continuity conditions for the wave function of a particle with a position-dependent mass
in a laser field
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The continuity conditions for the wave function of a particle with a position-dependent mass and interacting
with an oscillating field are derived. One-dimensional motion is assumed and the potential is represented as a
series of constant steps. The method introduces discontinuities in the potential and the mass and the matching
conditions need to be reformulated to take into account the presence of the field. An application is made to the
calculation of the transmissivity of an electron with a sector-dependent effective mass in a nanostructure. The
use in each sector of the wave equation without theA2 term is necessary to ensure convergence with respect
to the number of channels.
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I. INTRODUCTION

The matching conditions to be fulfilled by the wave fun
tion at a potential discontinuity are discussed in all quant
mechanics textbooks~see, for example,@1,2#!. For one-
dimensional motion, the conditions are very simple: t
wave function and its derivative with respect to the coor
nate have to be continuous. This is the basis for the solu
of elementary bound and scattering-state problems suc
the square well, the potential step or tunneling throug
barrier. An extension is needed for the treatment of reson
tunneling through a double-barrier nanostructure when
variation with composition of the effective electron mass
taken into account@3#: the ratio derivative of the wave func
tion over mass has to be continuous in order to ensure
tinuity of the current. We have in view a further extensio
the particle is assumed to interact with an oscillating fie
The Hamiltonian is now time dependent. This is the case
laser is used to modify the transmissivity, with the laser fi
being represented classically. Although a very simple mo
fication of the matching conditions used in the field-free c
with variable mass is needed, it does not appear that
literature mentions it, not to speak of its implementation
effective calculations. Section II derives the new match
conditions, with a minimum number of assumptions ab
the problem at hand. One-dimensional motion is assum
and the potential is represented as a series of steps, w
mass that may change with the step. We give in Sec. III,
form of the functions to be used in each step~called also a
sector!. Some applications are given in Sec. IV to demo
strate the validity of the proposed relations.

II. MATCHING AT A DISCONTINUITY AND CONTINUITY
OF CURRENT

A discontinuity in the present context concerns both
potential and the mass. We consider a solution of a w
equation with a time-dependent Hamiltonian and we look
the conditions to be satisfied at the discontinuity. We have
ensure two types of continuity to match the wave functio
1050-2947/2001/64~5!/052711~6!/$20.00 64 0527
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on both sides of the discontinuity:

~1! Continuity of the wave functionC(x,t) in space and
time.

~2! Continuity in space and time of some function of i
derivative to ensure continuity of current.

Continuity of the wave function in space is easily satisfi
by writing, if Xj is the point that is common to sectorsj and
j 11,

C j~x,t !ux5Xj
5C j 11~x,t !ux5Xj

. ~1!

Before discussing how to impose continuity in time, w
discuss the matching conditions involving the derivative
the wave function with respect to space. Continuity in tim
will be done in the same way for the two categories of co
ditions. The derivation follows, with appropriate change
that made for a position-dependent massm(x) in the field-
free case@3#. We start from the wave equation, integra
across the discontinuityXj of the potential between sectorsj
and j 11 and perform a limiting procedure

lime→0 E
Xj 2e

Xj 1eFH2E2 i
]

]t GC~x,t !dx50. ~2!

This relation is a direct consequence of the time-depend
wave equation. In the case where the fieldf (t) is a periodic
function of time, we can look at it as an equation satisfied
the Floquet eigenfunction. The Hamiltonian can be deriv
from that of the field-free case@4#

H05
1

2
px

1

m~x!
px1V~x!, ~3!

by the substitutionpx→px2 f (t), thus producing

H5
1

2
@px2 f ~ t !#

1

m~x!
@px2 f ~ t !#1V~x!. ~4!

Let us explicit the kinetic term
©2001 The American Physical Society11-1



t

rit

lef

w

on

e
m
d

r-
tte

on

eld

of

N. MOISEYEV AND R. LEFEBVRE PHYSICAL REVIEW A64 052711
T5@px2 f ~ t !#
1

2m~x!
@px2 f ~ t !#5

1

2
px

1

m~x!
px

2
f ~ t !

2 Fpx

1

m~x!
1

1

m~x!
pxG1

f 2~ t !

2m~x!
. ~5!

The function m(x) has a discontinuity atx5Xj . All the
integrals present in Eq.~2! involve bounded functions excep
those containing the derivative of 1/m(x). The former type
of integrals go, therefore, to zero ase→0. To examine the
nature of the singularity present in the latter class, we w
close to the discontinuity

1

m~x!
5S 1

mR2
1

mLD u~x2Xj !1
1

mL , ~6!

u(x2Xj ) being the Heaviside function, 0 forx,Xj and 1 for
x.Xj . mR andmL are the masses on the right and on the
of the discontinuity. We have for the derivative of 1/m(x),

d

dx

1

m~x!
5S 1

mR2
1

mLD d~x2Xj !. ~7!

Retaining only the terms depending on this derivative,
are left with

lime→0 E
Xj 2e

Xj 1eF2
1

2

]

]x

1

m~x!

]C~x,t !

]x

1 i
f ~ t !

2

]

]x

1

m~x!
C~x,t !Gdx50. ~8!

Equation~7! is in fact not needed, because the integrals c
tain only derivatives of functions with respect tox. The in-
tegration is straightforward and produces

2
C8R

2mR 1
C8L

2mL 1 i
f ~ t !

2 S CR

2mR2
CL

2mLD . ~9!

Another instructive way to write this relation is

1

mR @px2 f ~ t !#CR~x,t !ux5Xj
5

1

mL @px2 f ~ t !#CL~x,t !ux5Xj
.

~10!

This is the matching relation involving the derivative of th
wave function with respect to position. It is obtained fro
that of the field-free case by the same substitution as use
derive the Hamiltonian.

We now investigate the condition for continuity of cu
rent. We start from the time-dependent wave equation wri

F2 i
]

]x
2 f ~ t !G 1

2m~x! F2 i
]

]x
2 f ~ t !GC~x,t !5 i

]C~x,t !

]t
.

~11!

Multiplication of this equation byC* (x,t), of its complex
conjugate byC(x,t) and subtracting the second equati
from the first produces the conservation relation
05271
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]C* ~x,t !C~x,t !

]t
1

]Jx

]x
50, ~12!

with, after some rearrangement

]Jx

]x
5

1

2i

]

]x FC* ~x,t !
1

m~x!

]C~x,t !

]x

2C~x,t !
1

m~x!

]C* ~x,t !

]x G
2 f ~ t !

]

]x FC* ~x,t !C~x,t !

m~x! G . ~13!

Integration of this relation provides us with

Jx5
1

2i FC* ~x,t !
1

m~x!

]C~x,t !

]x
2C~x,t !

1

m~x!

]C* ~x,t !

]x G
2 f ~ t !FC* ~x,t !C~x,t !

m~x! G . ~14!

If m(x)5m and f (t)50 the usual current is recovered

Jx5
1

2mi FC* ~x,t !
]C~x,t !

]x
2C~x,t !

]C* ~x,t !

]x G . ~15!

If m(x)5m and f (t)Þ0 the current has an additional term

Jx5
1

2mi FC* ~x,t !
]C~x,t !

]x
2C~x,t !

]C* ~x,t !

]x G
2

f ~ t !

2m
C* ~x,t !C~x,t !. ~16!

This is the current in the presence of an electromagnetic fi
discussed in the literature@2,5#, f (t) being in that case the
vector potential.

Continuity of current requires that

Jx~Xj2e!5Jx~Xj1e!. ~17!

This condition gives immediately

CR* @~1/i !CR82 f ~ t !CR#~1/mR!

2CR@~1/i !CR8* 1 f ~ t !CR* #1/mR

5CL* @~1/i !CL82 f ~ t !CL#~1/mL!

2CL@~1/i !CL8* 1 f ~ t !CL* #1/mL, ~18!

or also

~CR* /mR!@px2 f ~ t !#cR2~CR/mR!@px1 f ~ t !#CR*

5~CL* /mL!@px2 f ~ t !#cL2~CL/mL!@px1 f ~ t !#CL* .

~19!

We can now observe that using the matching condition@Eq.
~10!# and its complex conjugate we prove the continuity
1-2



r-
le

of
tw

-
e

in
ar
e

a
la
n

t,
t p
ea
t
b

p

h
s
f

er
to
o
rm

he
l
in

n
a-

.
f

t is
e

ns-
-

he

ow

the
e. It
the
be-
sec-
re-

ed

ctor

. For
of

the
alf
trix.

CONTINUITY CONDITIONS FOR THE WAVE FUNCTION . . . PHYSICAL REVIEW A64 052711
current. However, from the condition for continuity of cu
rent alone, because of its complex nature, we are not ab
derive the matching conditions.

Continuity in time could be imposed by identification
the Fourier expansions of the functions present in the
types of space matching@Eqs. ~1! and ~10! @6–9##. It has
been shown previously@10# that a simple and efficient pro
cedure consists in equaling the functions at a set of tim
distributed uniformly along a period of the field.

III. SECTOR GORDON-VOLKOV WAVE FUNCTIONS

The previous matching conditions will now be applied
the context of the calculation of the transmissivity of a p
ticle interacting with an oscillating field. The method w
follow goes back to Sacks and Szo¨ke @6# and Kaminski@7#
who developed a formalism to treat the scattering of a p
ticle incident on a stepwise constant potential. The oscil
ing field can be of arbitrary intensity. Kaminski has show
@7#, through the use of transfer matrices@1,11,12# how to
treat a potential of arbitrary shape, considered as the limi
the number of steps is increased, of a stepwise constan
tential. In each step, the wave function is written as a lin
combination of Gordon-Volkov~GV! waves for a constan
potential. The number of such waves depends on the num
of quanta that can be effectively exchanged between the
ticle and the field. We have described elsewhere@13# our
own implementation of the transfer-matrix procedure. T
method was applied to resonant tunneling through a bia
double barrier by ‘‘slicing’’ the potential into a series o
steps. The mass was assumed to be the same everywh

A sector is a region of constant potential. In each sec
the time-dependent wave function is a linear combination
solutions of the wave equation with a time-dependent te
f (t) in the Hamiltonian. For an electromagnetic field in t
long wavelength approximationf (t) is the vector potentia
A(t). Let j be the index of a sector. The wave equation
velocity gauge is, in sectorj, in atomic units

i
]c j~x,t !

]t
5F 1

2mj
S 1

i

]

]x
2 f ~ t ! D 2

1Vj Gc j~x,t !, ~20!

whereVj andmj are the values assumed by the potential a
the mass in this region. A solution with unit flux normaliz
tion is

c j ,n
6 ~x,t !5Amj

kj ,n
exp@2 iEnt#expF2

i

2mj
E t

f 2~ t8!dt8G
3expF6 ik j ,n~x1mj

21!E t

f ~ t8!dt8G . ~21!

The energy isEn5E1nv, whereE is the incident energy
This means that we have allowed for an exchange on
quanta, n being either positive~absorption! or negative
~emission!. We have for the wave numbers the relationkj ,n

2

52mj@En2Vj #. If f (t)5A0 cos(vt), the explicit form of
this function is
05271
to

o

s

-

r-
t-

as
o-
r

er
ar-

e
ed

e.
r
f

d

c j ,n
6 ~x,t !5Amj

kj ,n
exp@2 iEnt#expF2

iA0
2t

4mj
G

3expF2 i
A0

2 sin~2vt !

8mjv
G

3expF6 ik j ,nS x1
A0 sin~vt !

mjv
D G . ~22!

The normalization is easily checked through the fact that i
determined only by thex-dependent factor, which is the sam
as that of a free wave of a free electron,Am0 /k exp@6ikx#.

We also note, for further discussion, that a unitary tra
formation can eliminate thef 2(t) term from the wave equa
tion. The new wave function is

c̃ j ,n
6 ~x,t !5expF2

i

2mj
E t

f 2~ t8!dt8Gc j ,n
6 ~x,t !. ~23!

The solution takes the simple form

c̃ j ,n
6 ~x,t !5Amj

kj ,n
exp@2 iEnt#

3expF6 ik j ,nS x1
A0 sin~vt !

mjv
D G . ~24!

When referring to such sector functions we will speak of t
reduced velocity gauge to emphasize that thef 2(t) @or A2(t)#
term has been eliminated from the wave equation that n
reads

i
]c̃ j~x,t !

]t
5F2

1

2mj

]2

]x2 1
i

mj
f ~ t !

]

]x
1Vj G c̃ j~x,t !,

~25!

The discussion of the matching condition to be given in
previous section does not depend on the choice of gaug
would appear that the velocity gauge is to be preferred to
reduced velocity gauge, since the unitary transformation
tween the two gauges is mass-dependent and, therefore,
tor dependent: however, the numerical studies to be p
sented in Sec. IV point to a definitive superiority of reduc
velocity gauge.

We can give now the general solution to be used in se
j. This is, in velocity gauge

C j~x,t !5 (
n52N

n51N

@ tn
j c j ,n

1 ~x,t !1r n
j c j ,n

2 ~x,t !#. ~26!

In reduced velocity gauge, the sector functions of Eq.~22!
are to be replaced by those of Eq.~24!. N is the maximum of
quanta that can be exchanged between particle and field
simplicity we assume equality of the maximum numbers
either absorbed or emitted photons. Continuity in time of
wave function and of its derivative should provide each h
the number of the relations needed to obtain a square ma
The times are t i5@2p( i 21)#/(2N11)v, with i
1-3
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N. MOISEYEV AND R. LEFEBVRE PHYSICAL REVIEW A64 052711
51,2, . . . ,2N11. There are 2(2N11) amplitudes in the
wave functions on both sides of a discontinuity.

The amplitudes of the GV waves on the left and on
right of the discontinuity can be arranged as two colu
vectors

aL5S tL

rL D , aR5S tR

rRD , ~27!

where t and r are column vectors made of all transmissi
and reflection amplitudes present in the function given in
~26!. The matching conditions at discontinuityXj can be
arranged in matrix form

MR~Xj !a
R5ML~Xj !a

L. ~28!

Once the propagation from left to right has been achiev
whatever method is being used, the result relating the am
tudes in the left and right asymptotic regions can be giv
the compact form

aRight5MaLeft. ~29!

M is the global transfer matrix obtained from the seque
of matching operations. The usual boundary conditions
be introduced at this stage: unit amplitude in the incom
channel with zero photon (t0

Left51) and no reflected wave
in the right region (r n

Right50). This determines allr n
Left and

all tn
Right. Assuming that in the left and right asymptotic r

gions the potentials are constant~but not necessarily identi
cal!, the reflection and transmission probabilities are given
terms of ther n’s in the region of the incident wave and of th
tn’s in the region of the transmitted waves as

Rn5ur n
Leftu2, Tn5utn

Rightu2. ~30!

This simple form is due to our choice of normalization.

IV. TRANSMISSIVITY THROUGH A NANOSTRUCTURE

The study of the transmissivity of a particle through
system of barriers and wells is of great importance for
understanding of many semiconductors devices@14#. The
variation of the potential is obtained by using semicond
tors of various structures. For instance, for a AlxGa12xAs
material, according to Adachi@15#, the potential is

V50.6~1.15x10.37x2!, ~31!

in eV. The corresponding effective mass is

m~x!50.06710.083x, ~32!

in units of the free electron massm0 . The sectors introduced
previously can be associated to physically distinct poten
regions, with eventually different effective masses. Fo
complicated potential the sectors represent an approxima
to the true potential, to be tested later by increasing the n
ber of sectors until there is convergence of the transit
probabilities An example of the first case is a double-bar
device without a bias voltage and with barriers made
05271
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Al0.4Ga0.5As, with effective mass 0.1m0 , and the contacts
and the well made of GaAs, with effective mass 0.067m0 .
The second case is realized withx of Eqs. ~31! and ~32!
being a function of the coordinatex along the structure, say
x(x), chosen to produce a potential of a desired shape,
instance, parabolic@16,17#. The steps are introduced as
calculational intermediate. The effective mass is also cha
ing with position.

Calculations were done previously for a double-barr
potential, with different masses and in the presence of a fi
@18#. The matching condition was taken the same as in
field-free case. We observed that the sum of all transmiss
and reflection probabilities was not summing exactly to o
It is this kind of defect that motivated the present study.

Our two examples are the scattering of an electron o
potential-free region, but with a sector-dependent effect
mass and the scattering of an electron by a double bar
also with a sector-dependent effective mass. In the two ca
the particle interacts with an oscillating field. This field h
an amplitude large enough to produce transitions eithe
reflection or in transmission with a large number of e
changed quanta.

~a! An example with variable mass and no potent
change. Although this situation is not compatible with t
two relations given by Eqs.~31! and~32!, it is interesting to
realize that a change in mass alone can accelerate or d
erate the particle, and, therefore, be the source for en
exchanges between the particle and the field. We cons
two sectors of width 20 Å, with mass 0.09m0 enclosing a
sector of width 80 Å with mass 0.067m0 . The mass is also
0.067m0 in the two asymptotic regions. The amplitude of th
oscillating electric field is 231025 a.u., so that the intensity
is 1.43107 W/cm2. The energy of the incident electron
110 meV. The frequency of the field is 50 meV. Table
shows the transmission and reflection probabilities with
sector wave functions being either those of the reduced
locity gauge@Eq. ~22!# or of the velocity gauge@Eq. ~24!#.
Table II gives the sum of all probabilities in the differe
possible options: choice of gauge and field-dependent m
fication of the matching condition@Eq. ~10!#. This is done for
two values of the maximum number of exchanged quan
N515 andN530. The results in the reduced velocity gau
are satisfactory for two reasons.~i! the probabilities decreas
strongly as the number of absorbed photons increases, so
convergence with respect to the number of channels
achieved.~ii ! The sum of all probabilities is one to a ver
good approximation. It is just the opposite for the veloc
gauge results: no convergence, no fulfilment of the summ
tion rule. Let us insist at this point that the usual argum
about the invariance of results with respect to the choice
gauge does not apply here, because in the effective m
approximation to the real problem theA2 term of the Hamil-
tonian cannot be eliminated with a sector-independent u
tary operator.

~b! An example with variable mass and a double barr
The potential in the two sectors with mass 0.09m0 is raised
to the value 250 meV, so that the structure is now a dou
barrier. All other parameters remain the same. We give o
the sums of all probabilities for two values ofN: 15 and 30.
1-4
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TABLE I. Transition probabilities for a particle meeting a region of zero potential, but with sec
dependent masses. Two sectors of width 20 Å with effective mass 0.09m0 enclose a sector of width 80 Å with
mass 0.067m0 , which is also the mass in the left and right asymptotic regions. The incident energy i
meV, the quantum 50 meV, and the amplitude of the electric field 231025 a.u.Tn or Rn are transmission or
reflection probabilities with emission~n negative! or absorption~n positive! of n quanta.v denotes results
with sector functions written in the velocity gauge~with the A2 term!, while ṽ corresponds to calculation
with sector functions in the reduced velocity gauge~without theA2 term!. Maximum number of absorbed
photons: 15. All channels withn,22 are closed. Parentheses are powers of 10.

Probability v ṽ Probability v ṽ

T22 0.666 799 84~24! 0.440 928 99~24! R22 0.176 826 00~21! 0.141 143 38~21!

T21 0.496 267 04~22! 0.294 683 66~22! R21 0.985 462 65~23! 0.544 958 03~23!

T0 0.924 028 09~10! 0.937 085 60~10! R0 0.280 662 08~23! 0.405 441 19~23!

T1 0.396 952 53~22! 0.224 024 35~22! R1 0.320 305 16~23! 0.235 828 39~23!

T2 0.576 507 75~23! 0.404 831 58~23! R2 0.560 501 10~23! 0.377 567 28~23!

T3 0.259 790 72~23! 0.130 995 65~23! R3 0.654 691 76~22! 0.712 516 02~22!

T4 0.555 954 18~24! 0.408 149 91~24! R4 0.134 632 76~21! 0.143 257 91~21!

T5 0.820 788 34~25! 0.110 239 39~24! R5 0.108 459 66~21! 0.120 121 35~21!

T6 0.785 447 22~24! 0.237 465 38~25! R6 0.511 507 85~22! 0.575 040 96~22!

T7 0.203 612 67~23! 0.403 531 23~26! R7 0.159 722 61~22! 0.177 762 47~22!

T8 0.104 254 78~23! 0.560 628 55~27! R8 0.255 210 51~23! 0.369 615 20~23!

T9 0.191 421 92~23! 0.574 850 75~28! R9 0.948 860 44~24! 0.500 576 87~24!

T10 0.561 256 03~22! 0.161 557 69~28! R10 0.119 218 69~23! 0.363 250 66~25!

T11 0.989 673 08~23! 0.275 748 64~210! R11 0.913 639 19~24! 0.507 008 46~27!

T12 0.116 673 76~23! 0.625 468 03~210! R12 0.437 091 85~23! 0.530 163 96~27!

T13 0.819 235 93~23! 0.288 719 88~29! R13 0.134 436 56~22! 0.396 115 20~27!

T14 0.122 445 14~21! 0.546 804 94~29! R14 0.654 487 75~22! 0.166 490 35~27!

T15 0.593 356 68~23! 0.268 596 32~29! R15 0.612 848 24~22! 0.269 774 70~28!
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The conclusions drawn from Table II indicate again an ob
ous superiority of the reduced velocity gauge. Increasing
number of channels in the velocity gauge leads to a diverg
sum of probabilities.

As for the effect of the new matching conditions it mu
be indicated that with the changes of mass that are me
practical cases, the total transmissivity or reflectivity can
affected by up to 5%. Much larger changes are observed
some probabilities corresponding to particular values of
number of exchanged quanta. For instance, the probab
T2 , which in the second column of Table I has the val
;0.4048~23! goes down to;0.1965~23! when the match-
ing is done without the field correction.

Very similar conclusions are reached when a bias po
tial is applied. The sector wave functions become linear co
binations of Airy functions with a time-dependent argume
05271
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-

t

@7,18#. Lack of convergence with respect toN is observed
again when the sector functions are written is the veloc
gauge. Accurate fulfilment of the sum rule is obtained only
the reduced velocity gauge.

V. CONCLUSIONS

We have examined how the matching conditions to
obeyed by a time-dependent wave function at a potential
mass discontinuity are to be modified to ensure continuity
current when the particle interacts with an oscillating elec
field. This discussion does not imply a choice of gauge.
the application made to the transition probabilities of a s
tem having the usual parameters met in the study of na
structures, we remain with an open question: the redu
velocity gauge appears to be appropriate both from the p
ty
the

l

TABLE II. Sum of transition probabilities with different options for the matching:ṽ andv stand for sector functions in reduced veloci
and velocity gauges~that is, without and with theA2 term!. cmanducmstand for corrected and uncorrected matching, with reference to
presence or absence off (t) in Eq. ~10!. N is the maximum number of exchanged quanta. The first two lines concern the zero potentia@case
~a! of the text#, while the next two lines concern a double barrier@case~b! of the text#.

N ṽ1cm v1cm ṽ1ucm v1ucm

15 1.000 0000 1.027 2944 1.027 2236 1.061 6847
30 1.000 0000 2.166 6935 1.027 2236 2.726 4120
15 0.999 999 98 1.011 0517 0.958 871 45 0.968 165 87
30 1.000 0000 32.647 374 0.958 871 46 9.140 2090
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of view of convergence with respect to the number of e
changed quanta and the requirement about the sum o
probabilities. This is a curious result, since no unitary ope
tor can be written to eliminate theA2 term in all sectors
simultaneously. However, it must be stressed that the cha
of gauges is not introduced at the level of the primiti
Hamiltonian with the electrons and the nuclei~where invari-
ance of any observable is easily proved!, but with the
,

y

05271
-
all
-

ge

effective-mass Hamiltonian that is the result of a very ela
rate set of operations@19#.
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