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Continuity conditions for the wave function of a particle with a position-dependent mass
in a laser field
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The continuity conditions for the wave function of a particle with a position-dependent mass and interacting
with an oscillating field are derived. One-dimensional motion is assumed and the potential is represented as a
series of constant steps. The method introduces discontinuities in the potential and the mass and the matching
conditions need to be reformulated to take into account the presence of the field. An application is made to the
calculation of the transmissivity of an electron with a sector-dependent effective mass in a nanostructure. The
use in each sector of the wave equation withoutAReerm is necessary to ensure convergence with respect
to the number of channels.
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I. INTRODUCTION on both sides of the discontinuity:

The matching conditions to be fulfilled by the wave func- . (1) Continuity of the wave functio?(x,t) in space and
tion at a potential discontinuity are discussed in all quantunf'mMe- o _ , _
mechanics textbookgsee, for example[1,2)). For one- (.2) (;ontmwty in space and time of some function of its
dimensional motion, the conditions are very simple: thederivative to ensure continuity of current.
wave function and its derivative with respect to the coordi-
nate have to be continuous. This is the basis for the solutio
of elementary bound and scattering-state problems such
the square well, the potential step or tunneling through
barrier. An extension is needed for the treatment of resonant ‘I’j(X,t)|x:x-:‘1’j+1(X't)|x=x-- (1)
tunneling through a double-barrier nanostructure when the ! !
variation with composition of the effective electron mass is  Before discussing how to impose continuity in time, we
taken into accourf3]: the ratio derivative of the wave func- discuss the matching conditions involving the derivative of
tion over mass has to be continuous in order to ensure conhe wave function with respect to space. Continuity in time
tinuity of the current. We have in view a further extension: will be done in the same way for the two categories of con-
the particle is assumed to interact with an oscillating field.ditions. The derivation follows, with appropriate changes,
The Hamiltonian is now time dependent. This is the case if ahat made for a position-dependent mas&) in the field-
laser is used to modify the transmissivity, with the laser fieldfree case[3]. We start from the wave equation, integrate

being represented classically. Although a very simple modiacross the discontinuit; of the potential between sectdrs
fication of the matching conditions used in the field-free caseyindj + 1 and perform a limiting procedure

with variable mass is needed, it does not appear that the
literature mentions it, not to speak of its implementation in im ij+6
IMe_o

Continuity of the wave function in space is easily satisfied
B{ writing, if X; is the point that is common to sectgrand
lv

4
effective calculations. Section Il derives the new matching H-E-i—|¥(x,0)dx=0. @

conditions, with a minimum number of assumptions about
the problem at hand. One-dimensional motion is assumethis relation is a direct consequence of the time-dependent
and the potential is represented as a series of steps, withygave equation. In the case where the fig{t) is a periodic
mass that may change with the step. We give in Sec. Ill, theunction of time, we can look at it as an equation satisfied by
form of the functions to be used in each steplled also a the Floquet eigenfunction. The Hamiltonian can be derived
sectoj. Some applications are given in Sec. IV to demon-from that of the field-free cadet]

strate the validity of the proposed relations.

Xj—e

1

1
HO== py——py+ V(X), 3
II. MATCHING AT A DISCONTINUITY AND CONTINUITY 2 pxm(X) P ) ®

OF CURRENT o _
by the substitutiorp,— p,— f(t), thus producing

A discontinuity in the present context concerns both the
potential and the mass. We consider a solution of a wave B
equation with a time-dependent Hamiltonian and we look for H= E[px_ f(0)] m(x) [Px=F(O]+V(X). 4
the conditions to be satisfied at the discontinuity. We have to
ensure two types of continuity to match the wave functiond_et us explicit the kinetic term
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T ; 1 )= 1 1 aV*(x,t)W(x,t) aJX_O 12
=[px— (t)]m[Px— (t)]_ipxmpx — Tt 0 (12)
f(t) 1 1 N f2(t) 5 with, after some rearrangement
pXm(x) m(x) Px 2m(x)
Ay L af 1 9¥(x,t)
The functionm(x) has a discontinuity ak=X;. All the X2 ax U )m(x) IX
integrals present in E@2) involve bounded functions except .
those containing the derivative ofrii(x). The former type —W(x.t) 1 v (x1)
of integrals go, therefore, to zero as-»0. To examine the " m(x) X
nature of the singularity present in the latter class, we write
close to the discontinuity —£( FARAMSA LN (13)
X m(X)
1 1 1 1
m) MRt OX=X)+ 1. (6) Integration of this relation provides us with
*
O(x— X)bemg the Heaviside function, 0 far<X; and 1 for J.= [qf*( t) —— 1 M_ X, LM
x>X; . mR andm" are the masses on the right and on the left 2 m(x)  dx m(x) X
of the discontinuity. We have for the derivative ofri(k), W (x, 0 W (x,1)
—f(t)| ————— 14
d 1 (1 1)5( X @ ()[ m(x) a9
I i) R L | OWX = A).
dxm(x) \m™ m : If m(x)=m andf(t)=0 the usual current is recovered
Retaining only the terms depending on this derivative, we \If(x t) IW* (x,1)
i . _
are left with Jy= mi T*(x,t) P (x,t )—&x (15
lim, o fx"ﬂ - E 7 i M If m(x)=m andf(t)#0 the current has an additional term
T Ix—el 2xm(x) dx
a\If(x t) aV* (x,t)
f(t) J 1 T Wit d 0 8 Jy= 2m| \P*(X t) —\I’(X,I)T
5 o Yoot fdx= ®
f(ty .
Equation(7) is in fact not needed, because the integrals con- - ﬁq’ (X O¥(X,1). (16)
tain only derivatives of functions with respect xoThe in-
tegration is straightforward and produces This is the current in the presence of an electromagnetic field

discussed in the literatuf,5], f(t) being in that case the

PR N vt L 1O wR oot (g  Vector potential
2mR  2mt 2 \2mR 2mt- Continuity of current requires that
Another instructive way to write this relation is I(Xj—€)=I(Xj+e). (17)

1 1 This condition gives immediately
—RIP FOTTROGD [eox = [P O e ,

(10) WRA(1Lh) PR — (1) TR)(1/mR)
This is the matching relation involving the derivative of the —WRLIHWR* ()W ] 1m*
wave function with respect to position. It is obtained from
that of the field-free case by the same substitution as used to
derive the Hamiltonian. _\PL[(lﬁ)\I’L'* +f(t)\I,L~k]1/mL’ (18)

We now investigate the condition for continuity of cur-

rent. We start from the time-dependent wave equation writtegy also

=L (1)L —f()PL])(1/mb)

IV (x,t) (WR* M) p— £ (1) 1R — (W RIMR) [ py+ (1) [ W R*
& — (W I[Py F(0) g — (WHmb) [Pt F(1) ],
(19

1 4 N
—f(t) |z=—— 2mix) |&—f(t) P(x,t)=i

(11)

Multiplication of this equation by"* (x,t), of its complex
conjugate byW(x,t) and subtracting the second equationWe can now observe that using the matching condif©a.
from the first produces the conservation relation (10)] and its complex conjugate we prove the continuity of
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current. However, from the condition for continuity of cur- m; iA2t
rent alone, because of its complex nature, we are not able to dia(x, )=\ —exd —iEpt]exp — —
: . o ' Ki n am;
derive the matching conditions. 5 )
Continuity in time could be imposed by identification of AZsin(2wt)
the Fourier expansions of the functions present in the two Xexg —i “ema
]

types of space matching=gs. (1) and (10) [6-9]]. It has
been shown previouslyl0] that a simple and efficient pro- A, sin(wt)
Xex tikj,n(x )

cedure consists in equaling the functions at a set of times Mo (22
distributed uniformly along a period of the field. !

The normalization is easily checked through the fact that it is
IIl. SECTOR GORDON-VOLKOV WAVE FUNCTIONS determined only by the-dependent factor, which is the same

. . o . . asthat of a free wave of a free electrafim,/k exd *ikx].
The previous matching conditions will now be applied in -~ \yg 4150 note, for further discussion, that a unitary trans-

the context of the calculation of the transmissivity of a Partormation can eliminate th€?(t) term from the wave equa-
ticle interacting with an oscillating field. The method we 401 The new wave function is

follow goes back to Sacks and &y 6] and Kaminski[7]

who developed a formalism to treat the scattering of a par- _ i t

ticle incident on a stepwise constant potential. The oscillat- z//jfn(x,t)zexp{ — ﬁf fz(t’)dt’}l/jin(x,t). (23
ing field can be of arbitrary intensity. Kaminski has shown J

[7], through t'he use pf transfer matrlcéhll,la how 10 The solution takes the simple form
treat a potential of arbitrary shape, considered as the limit, as

the number of steps is increased, of a stepwise constant po- m

tential. In each step, the wave function is written as a linear :ﬁn(x,t)z 4 /—'exp:—iEnt]

combination of Gordon-Volko\GV) waves for a constant b Kj.n

potential. The number of such waves depends on the number A sin(wt)

of quanta that can be effectively exchanged between the par- % exp{ ik, n( ot 0 ) (24)
ticle and the field. We have described elsewhgr®| our ' mjw

own implementation of the transfer-matrix procedure. The

method was applied to resonant tunneling through a biaseWhen referring to such sector funqtions we will spe?k of the
double barrier by “slicing” the potential into a series of réduced velocity gauge to emphasize thatfth(e) [or A%(t)]

steps. The mass was assumed to be the same everywheret.erm has been eliminated from the wave equation that now

A sector is a region of constant potential. In each sectof€2ds
the time-dependent wave function is a linear combination of ~
i

i i i ime- A (x,t 1 ¢ i d ~
solutions of the wave equation with a time-dependent term . 9¥;( ):[ ft) 5+V]}l/lj(x,t),

. L L, ————t+—
f(t) in the Hamiltonian. For an electromagnetic field in the at 2m; x> m;
long wavelength approximatiof(t) is the vector potential (25
A(t). Letj be the index of a sector. The wave equation in _ . . - .
velocity gauge is, in sectgr in atomic units The discussion of the matching condition to be given in the

previous section does not depend on the choice of gauge. It
would appear that the velocity gauge is to be preferred to the
(X0,  (20) reduced velocity gauge, since the unitary transformation be-
tween the two gauges is mass-dependent and, therefore, sec-
tor dependent: however, the numerical studies to be pre-
whereV; andm; are the values assumed by the potential andsented in Sec. IV point to a definitive superiority of reduced
the mass in this region. A solution with unit flux normaliza- velocity gauge.
tion s We can give now the general solution to be used in sector
j. This is, in velocity gauge

= —mj i I ! 2041 ’ _
lﬂj‘n(x,t): K eX[;[—IEnt]eX _ﬁf f (t )dt n=+N
J,n j

qu(x,t)zn;N[tinl//jfn(x,t)+rin¢jjn(x,t)]. (26)

2
+V;

1 (19
—(———f(t)

i api(x,t)
2m, i ox

a

t

Xex;{iikj,n(m mj‘l)f f(t’)dt’}. (22) , _
In reduced velocity gauge, the sector functions of E9)

are to be replaced by those of Eg4). N is the maximum of

The energy isE,=E+nw, whereE is the incident energy. quanta that can be exchanged between particle and field. For

This means that we have allowed for an exchangenof simplicity we assume equality of the maximum numbers of

quanta, n being either positive(absorption or negative either absorbed or emitted photons. Continuity in time of the

(emission. We have for the wave numbers the relatkfr)‘ wave function and of its derivative should provide each half

=2m[E,—V,]. If f(t)=Agcost), the explicit form of the number of the relations needed to obtain a square matrix.

this function is The times are 7=[27(i—1)]/(2N+1)w, with i
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=1,2,...,N+1. There are 2(R+1) amplitudes in the Al,,Ga, sAs, with effective mass Oriy, and the contacts
wave functions on both sides of a discontinuity. and the well made of GaAs, with effective mass 019§7

The amplitudes of the GV waves on the left and on theThe second case is realized withof Egs. (31) and (32)
right of the discontinuity can be arranged as two columnpeing a function of the coordinatealong the structure, say
vectors x(X), chosen to produce a potential of a desired shape, for

instance, paraboli¢16,17. The steps are introduced as a
, (27)  calculational intermediate. The effective mass is also chang-
ing with position.

Calculations were done previously for a double-barrier
potential, with different masses and in the presence of a field
[18]. The matching condition was taken the same as in the
field-free case. We observed that the sum of all transmission
and reflection probabilities was not summing exactly to one.

Ry YaR— nMLy \al It is this kind of defect that motivated the present study.
MPXp)a"=M=(x))a. 28 Our two examples are the scattering of an electron on a
Once the propagation from left to right has been achievedpotential-free region, but with a sector-dependent effective
whatever method is being used, the result relating the amplinass and the scattering of an electron by a double barrier,

tudes in the left and right asymptotic regions can be giverlso with a sector-dependent effective mass. In the two cases
the compact form the particle interacts with an oscillating field. This field has

an amplitude large enough to produce transitions either in
aRioht= Aqateft, (29)  reflection or in transmission with a large number of ex-

changed quanta.
M is the global transfer matrix obtained from the sequence (3) An example with variable mass and no potential
of matching operations. The usual boundary conditions caghange. Although this situation is not compatible with the
be introduced at this stage: unit amplitude in the incomingo relations given by Eq€31) and(32), it is interesting to
channel with zero photort{®"=1) and no reflected waves realize that a change in mass alone can accelerate or decel-
in the right region (E'ght: 0). This determines aﬂhe“t and erate the particle, and, therefore, be the source for energy
all tﬁ'ght. Assuming that in the left and right asymptotic re- exchanges between the particle and the field. We consider
gions the potentials are constabut not necessarily identi- two sectors of width 20 A, with mass 0,89 enclosing a
cal), the reflection and transmission probabilities are given irsector of width 80 A with mass 0.06%. The mass is also
terms of ther ;s in the region of the incident wave and of the 0.067m, in the two asymptotic regions. The amplitude of the

tR
R

tL
rL

L

at= R

1 a =

r

wheret andr are column vectors made of all transmission
and reflection amplitudes present in the function given in Eq
(26). The matching conditions at discontinuiby; can be
arranged in matrix form

t,’s in the region of the transmitted waves as oscillating electric field is X 10™° a.u., so that the intensity
_ is 1.4x 10" W/cn?. The energy of the incident electron is
Ry=rie"2,  T,=[tR9"2. (300 110 meV. The frequency of the field is 50 meV. Table |
o ) ) o shows the transmission and reflection probabilities with the
This simple form is due to our choice of normalization.  sector wave functions being either those of the reduced ve-
locity gauge[Eg. (22)] or of the velocity gaug€Eq. (24)].
IV. TRANSMISSIVITY THROUGH A NANOSTRUCTURE Table Il gives the sum of all probabilities in the different

possible options: choice of gauge and field-dependent modi-
fication of the matching conditiofEq. (10)]. This is done for

Gwo values of the maximum number of exchanged quanta:
N=15 andN=30. The results in the reduced velocity gauge
‘are satisfactory for two reasor(). the probabilities decrease
strongly as the number of absorbed photons increases, so that
convergence with respect to the number of channels is

The study of the transmissivity of a particle through a
system of barriers and wells is of great importance for th
understanding of many semiconductors devifg4]. The
variation of the potential is obtained by using semiconduc
tors of various structures. For instance, for a@d_,As
material, according to Adachil5], the potential is

V=0.6(1.15¢+0.37x?) (31) achieved.(ii) The sum of all probabilities is one to a very

' good approximation. It is just the opposite for the velocity
in eV, The corresponding effective mass is gauge results: no convergence, no fulfilment of the summa-
tion rule. Let us insist at this point that the usual argument
m(x)=0.067+0.083, (32 about the invariance of results with respect to the choice of

gauge does not apply here, because in the effective mass

in units of the free electron mass,. The sectors introduced approximation to the real problem ti¢ term of the Hamil-
previously can be associated to physically distinct potentiatonian cannot be eliminated with a sector-independent uni-
regions, with eventually different effective masses. For aary operator.

complicated potential the sectors represent an approximation (b) An example with variable mass and a double barrier.
to the true potential, to be tested later by increasing the numFhe potential in the two sectors with mass 0r@9is raised

ber of sectors until there is convergence of the transitiorio the value 250 meV, so that the structure is now a double
probabilities An example of the first case is a double-barrietbarrier. All other parameters remain the same. We give only
device without a bias voltage and with barriers made ofthe sums of all probabilities for two values Nf 15 and 30.
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TABLE I. Transition probabilities for a particle meeting a region of zero potential, but with sector-
dependent masses. Two sectors of width 20 A with effective maseg @8close a sector of width 80 A with
mass 0.06M,, which is also the mass in the left and right asymptotic regions. The incident energy is 110
meV, the quantum 50 meV, and the amplitude of the electric fietd@ ° a.u.T, or R, are transmission or
reflection probabilities with emissiofn negative or absorption(n positive of n quanta.w denotes results
with sector functions written in the velocity gau@eith the A? term), while 7 corresponds to calculations
with sector functions in the reduced velocity gaugéthout the A, term). Maximum number of absorbed
photons: 15. All channels with<<—2 are closed. Parentheses are powers of 10.

Probability v v Probability v v
T, 0.666 799 84—4) 0.440928 99-4) R_, 0.176 826 00—1) 0.14114338-1)
T_4 0.496 267 04—-2) 0.294 683 66-2) R_; 0.98546266-3) 0.544 958 08-3)
To 0.924 028 00+0) 0.937 085 60+0) Ro 0.28066208-3) 0.40544119-3)
T, 0.39695258-2) 0.224 024 36-2) R, 0.32030516-3) 0.23582839-3)
T, 0.576507 76-3) 0.404 83158-3) R, 0.56050110-3) 0.377567 28-3)
T, 0.25979072-3) 0.13099566-3) Rs 0.65469176-2) 0.71251602-2)
Ta 0.555954 18-4) 0.408 149 9(1-4) R4 0.13463276-1) 0.1432579(1-1)
Ts 0.82078834-5 0.11023939-4) Rs 0.10845966-1) 0.12012136-1)
Ts 0.7854472p—4) 0.237 465 38-5) Rs 0.51150786-2) 0.57504096-2)
T, 0.20361267-3) 0.40353128-6) R, 0.1597226(-2) 0.177 762 47-2)
Tg 0.10425478-3) 0.56062856-7) Rg 0.25521051-3) 0.36961520-3)
Ty 0.19142192-3) 0.57485076-8) Ro 0.94886044—4) 0.500576 87—4)
T1o 0.56125608-2) 0.16155769-8) Rio 0.11921866-3) 0.36325066-5)
T 0.98967308-3) 0.27574864—10) Rq1 0.91363916-4) 0.507008 46-7)
T 0.11667376-3) 0.625468 08—-10) R 0.43709186-3) 0.53016396-7)
T3 0.81923598-3) 0.28871988-9) Ris 0.13443656-2) 0.39611520-7)
T 0.12244514-1) 0.546 804 94-9) Ri4 0.654 487 76—-2) 0.166 490 36-7)
Tis 0.593 356 68-3) 0.268596 32—9) Ris 0.61284824—2) 0.26977470-8)

The conclusions drawn from Table Il indicate again an obvi{7,18]. Lack of convergence with respect b is observed
ous superiority of the reduced velocity gauge. Increasing thagain when the sector functions are written is the velocity
number of channels in the velocity gauge leads to a divergingauge. Accurate fulfilment of the sum rule is obtained only in
sum of probabilities. the reduced velocity gauge.

As for the effect of the new matching conditions it must
be indicated that with the changes of mass that are met in
practical cases, the total transmissivity or reflectivity can be
affected by up to 5%. Much larger changes are observed for We have examined how the matching conditions to be
some probabilities corresponding to particular values of thebeyed by a time-dependent wave function at a potential and
number of exchanged quanta. For instance, the probabilithass discontinuity are to be modified to ensure continuity of
T,, which in the second column of Table | has the valuecurrent when the particle interacts with an oscillating electric
~0.4048—3) goes down to~0.1965—3) when the match- field. This discussion does not imply a choice of gauge. In
ing is done without the field correction. the application made to the transition probabilities of a sys-

Very similar conclusions are reached when a bias potentem having the usual parameters met in the study of nano-
tial is applied. The sector wave functions become linear comstructures, we remain with an open question: the reduced
binations of Airy functions with a time-dependent argumentvelocity gauge appears to be appropriate both from the point

V. CONCLUSIONS

TABLE II. Sum of transition probabilities with different options for the matchifigandv stand for sector functions in reduced velocity
and velocity gaugeghat is, without and with thé\? term). cmanducmstand for corrected and uncorrected matching, with reference to the
presence or absence fqftt) in Eq. (10). N is the maximum number of exchanged quanta. The first two lines concern the zero ppoastal
(a) of the texi, while the next two lines concern a double barfiease(b) of the tex.

N 7+cm v+cm 7+ucm v+ucm

15 1.000 0000 1.027 2944 1.027 2236 1.061 6847
30 1.000 0000 2.166 6935 1.027 2236 2.726 4120
15 0.999 999 98 1.011 0517 0.958871 45 0.968 165 87
30 1.000 0000 32.647 374 0.958871 46 9.140 2090
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of view of convergence with respect to the number of ex-effective-mass Hamiltonian that is the result of a very elabo-
changed quanta and the requirement about the sum of alhte set of operations9].

probabilities. This is a curious result, since no unitary opera-

tor can be written to eliminate tha? term in all sectors

simultaneously. However, it must be stressed that the change ACKNOWLEDGMENTS
of gauges is not introduced at the level of the primitive
Hamiltonian with the electrons and the nudl@ihere invari- R.L. acknowledges stimulating discussions with Carlos

ance of any observable is easily proyedut with the Peaez del Valle and Osman Atabek.
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