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Analysis of an Intermediate-Mode-Assisted
Directional Coupler Using Bloch Theory

Alexander M. Kenis, llya Vorobeichik, and Nimrod Moiseyev

Abstract—The exact numerical solution of the interme- a large number of grating periods. In the case of long-range
diate-mode-assisted directional coupler problem is obtained using periodic inhomogeneities of the refractive index, an alternative
the Bloch wave approach. The approach is based on a calculation Bloch wave approach (see, e.g., [16]-[19]) can be used. The

of the Bloch waves and their matching with the ideal modes of Bloch h invol first obtaining the full set of
an uniform waveguide. The approximate results obtained from och wave approach Involves irst obtaining the Tull Set o

the paraxial wave equation and from the three-mode model nNormal modes that are permitted in the periodic medium,
are compared with the exact ones. It is shown that the paraxial and then identifying those that are excited by matching to
approximation, as well as the three-mode approximation, provide the incident-plane-waves along the boundaries. Although this
only a qualitatively correct physical picture. Using the Blochwave - 35103ch can only be applied to uniform (periodic) gratings, the
approach, however, one obtains quantitatively correct results. It is Bloch h larify feat f tion i iodi
demonstrated that one can control the exchange of power between och approach can ¢ arlfy_ eatures o propagation in periodic
two distant identical coupled waveguides using an embedded Mmedia that are not immediately clear and sometimes difficult
periodic structure along the z direction. The power exchange to interpret when the coupled-wave approach is adopted [16].
control is based on a symmetry of Bloch waves and results from Thijs is true, particularly, in cases where the Bloch waves are
thr;ehlr(])tsjrearckoondg the lowest order waveguide modes with the gjgnificantly different from the modes of the uniform wave-
gn ' guide. Then, the number of ideal (or local) modes needed for
the description of propagation in the periodic medium may be
quite large, thus making both the numerical computation and
physical interpretation of the results using CMT more difficult.
|. INTRODUCTION In this paper, we apply the Bloch wave approach to the

O PTICAL waveguides with embedded periodic Structureg'gtermediate-mode-assisted optical coupler formerly studied

Index Terms—Directional couplers, numerical analysis, optical
waveguides, periodic structures.

are important for many applications in integrated optic' the framework of the paraxial approximation [20]. It was

and optical communications. They can be used for mode- a
power-coupling in optical devices, such as couplers, wavelen

filters, light switches, and modulators [1]-[11]. Calculation o

the amplitudes of forward- and backward-propagating wavdés explained by stgdying the depender}ce.of the eigenphases
is the most important part in performance simulations & forward-propagating modes of the periodic structure on the

these devices. The common approach to the solution of tlgi?ting parameters. The enhancement and suppression of the

problem is coupled-mode theory (CMT) (see, e.g., [1], [2 irectional coupling were shown to be due to the avoided or
[12]-[15]), which is based on the expansion of the solution act crossing between the eigenphases. We use the Bloch

the wave equation in terms of ideal or local modes of a uniforma(\j/ebapllzroazh to caICl:!ate é?ea\r/]e\ectors Of(?(ith forward- th
optical waveguide. The coupled differential equations for th@"n¢ bacxward-propagating Bioch waves and fo compare the
coefficients of these modes are then solved by a numeri@éimer'ca”y exact results with the approximate results obtained

propagation. CMT is an efficient method that can be applied che framework of the pargxial approximation. The amplitudes
both periodic and nonperiodic gratings. For periodic grating ,the reflected and transmitted waves are calculated as well.

In Section Il, the Bloch wave technique is described. In Sec-

one can also use approximate closed-form solutions for the Il th thod i lied to the int diat d isted
coupled-mode equations [1]. However, the implementation B?n » (N€ method IS applied to the intermediate-mode-assiste
ical coupler. In Section IV, we conclude.

the analytical expressions of CMT becomes problematic as R

number of coupled modes increases. The numerical solution

of the coupled-mode equations by step-by-step propagation Il. BLOCH WAVES AND MATCHING

also becomes difficult for periodic structures that consist of We consider planar opticalaveguide structures, where the
transverse Cartesian component of the electric figldz, »)
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Fig. 1. A schematic representation of the refractive index distribution. In region I: the refractive indedispendentr = n(x)), a right arrow stands for the
incoming wave, and a left arrow for the reflected waves. In region II: the refractive index is pefiogicn(z, z) = n(z,z + A)) and a right/left arrow stands
for the forward-/backward-propagating Bloch waves. In region IlI: the refractive indexridependent and a right arrow stands for the transmitted waves.

a three-dimensional (3-D) aveguide is studied, then, in gen-of the coupled differential equations for the expansion coeffi-
eral, polarization effects should be taken into account. For sicients by a numerical propagation. However, for periodic struc-
plicity, we studied the scalar wave equation (1), but the generalires that consist of many periods, one can use the refractive
ization of the method for the vector wave equation is straightfardex periodicity to avoid a long-distance propagation. Since,
ward. Moreover, the scalar wave approximation can be usedfor 0 < z < L, the refractive index is periodic, the solu-
weakly guiding waveguides with moderate gratings (i.e., gratitipn of the wave equation in this region of space is given in
periods which are much larger than the optical wavelength atetms of Bloch waves. Therefore, in this region, one can apply
small grating amplitudes) in which the polarization effects cahe Bloch theorem [21] to analytically “propagate” the solution

be neglected. fromz =0toz = L.
The index of refraction distribution(x, ) is schematically =~ According to the Bloch theorem [21], the solution of (1) for
shown in Fig. 1. a periodic refractive index
Formally,
n(x) whenz < 0 n(@ =+ A) =nlz, 2) 7
n(xz,z) =< n(x,z)=n(z,z+A) when0<z<L (2) jg given by
n(z) whenz > L

_ ikz
whereA is the period of the refractive index variations ahd Vi (w,2) = €7 Dy (w, 2) (8)

is th_e length of the penodm_structgre. Since the refractive md%were@k(ac, 2)is a periodic Bloch function such that
is z-independent asymptotically (i.e., fer< 0 andz > L),

one can eaS|_Iy calf:ulate the solut|0_ns of the wave equation in Oy (z,2) = Bp(z, 2 + A) ©)
the asymptotic regions. These solutions are given by

and k is the Bloch vaveector that varies continuously in the
first Brillouin zone of the reciprocal lattice, i.e., fromn /A to
7 /A. Substitution of (8) into (1) leads to

:I:(O) _ o Ei i% (0)
Vi =e ’ @, (), ®3)

(0) ifi
where®, " () satisfies

o N\ 9 W

2, @ ] O — 5200
Vx+ czn (I) q)] (x)_ﬁ_]q)g (I) (4)

and we have replacedl, («, z) in (1) for ¥(z, z). We assume agter (10) is solved and the Bloch solutions in region Il are ob-
thatan optical wave arrives from= —oc such that the solution tained, the amplitudes of the reflected and transmitted waves
in region | (= < 0) is given by the linear combination of thecan, pe calculated by matching the asymptotic and Bloch solu-

incoming and reflected waves tions (and their derivatives) at the region boundaries, .e:,0
_ (0)y +(0) = (0) andz = L. However, the main advantage of the Bloch wave
Ui = Z Civi T+ Z 75 (5) approach is the insight into theaweguide properties gained by
J J

understanding of the dependence of the Blo@vewectors on

WhereCJ(.O) is the coefficient of ideal mod@!”’ contributing the parameters of the grating and on the wavelength.
to the incoming wave an&; is the amplitude of the reflected  Unfortunately, (10) is not an eigenvalue problem and cannot

Wave\I!j_(O). The optical wave in region Iz > L) is given by beI soIvEd b)l/ str:alglhtf_orward dlagor:cgllzatl(l)n methods. To cal-
the linear combination of transmitted waves culate the Bloch solutions, one can first solve

Uy =S 7wt 6 R
I z]: 7= () a—z—i—lk +W+c—2n2(2?,2) q)k :gkq)k (11)

whereT} is the amplitude of the transmitted Wa\I@(O). Ifone and then find the Bloch awveectors as the roots of
were to follow the CMT scheme [12], one would expand the so-
lution in region Il in terms of ideal modeEE.O) and solve the set &, =0, 1=1,2,--- (12)
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One may adopt a different strategy for the solution of (10) bpold face letters and arrows denote matrices and vectors, re-

rewriting it in the following form: spectively, and a prime denotes the first derivative with respect
to z). Thus,
% l— (5—2 + ik>2 - ;—;] %ék = ‘;—jék (13) T (0) = (C§0>, s, ~,c}$>) (21)
where F(0) =i (B0, B, ) @)
by (x, 2) = n(x, 2)Pr(x, 2). (14) R=(Ry, Ry, Ry). (23)

Unlike (10), (13) is a typical eigenvalue problem and, therefor&_(0) is a diagonal matrix witfiE”_(0)]; ; = —¢4;, andE_(0)
this strategy is preferable when one is interested in calculatiizga unit matrix.

the dispersion relatiom (k) of a periodic structure (as itis done Similarly, the asymptotic solution and its derivative in region
in photonic bandgap studies [22]). This approach, however, Hsat z = L are given by

a disadvantage that is due to the fact that the operator on the

left-hand side of (13) is not separable and couples different di- V(L) = E4(L)T (24)
rections even if: is separable. This makes the use of ideal modes
as a basis set impractical. Therefore, when a CW case is studied V(L) = B (L)T (25)

and a relatively small number of ideal modes can be used to

describe the optical wave, then (10) is usually a better waywdere

calculate the Bloch solutions. 4
The solution of (1) fol) < z < I, can be written as I'=(,1,. .., Iv) (26)

E; (L) andE/ (L) are diagonal matrices wWitfE (Z)]; ; =

Uy =Y CHU (e, 2) + C7 V5 (2, 2) (15) exp(if; L) and[E/ (L)];; = if;j exp(if; L). The Bloch solu-
J tion and its derivative in region Il at = 0 andz = L are given
by
where
, Vi (0) = ¥ (0)Ct +T_(0)C™ (27)
W (2, 2) = 00 (2, 2) (16)
Wi (0) = ®(0)CF + 8 (0)C- (28)

and@j(r, z) and®; (z, z) are the Bloch functions that corre-

spond to forward- and backward-traveling waves, respectively. . . .

Since the operator on the left-hand side of both (10) and (13) is V(L) = @ (L)CT +®_(L)C™ (29)

Hermitian, then

Wi (L) = @' (L)CT + @' (L)C~ 30

q);r:(q)j_)*. 17) (L) HLCT + ¥ (L) (30)
where® L are matrices of coefficients of ideal mod@%o) in

+ . . B —
C;~ are coefficients of different Bloch WaV@*% (z,z) thatcon-  the expansion of the Bloch solutiolﬁE , andC* are vectors of

tribute to the solution of the wave equation in region 1. unknown coefficients
In order to calculate the reflection and transmission ampli-
tudes for the incoming wave of interest, we represent the solu- c* = (Cf‘, (15‘, R Cﬁ) (31)
tion of the wave equation in each of the three regions in a basis
set of the asymptotic ideal modéég»o)(ac); j=12---/N) [®1(0)];; = DE, (32)
[see (4)]. Then one can write the solution in each region in a I ”
vector form, in which ath component of a vector represents
the coefficient of<I>§»0) in the expansion of the solution. In this kDY ... kyDE
form, the asymptotic solution and its derivative in region | at ) , 1 NN
z = 0 are given by 1 (0) = i
k1 DE, knDE
i(0) = ¥D(0) + E_(0)R (18) DE D&
+ (33)
Wi (0) = $9'(0) + E_(0)R (19) DE ... D
where®¥(?) is the incoming wave introduced into (5) as Tiki L Siknl i
e=t""1E D eTINE )
gl — Z CJ(O)\II;—(O) (20) P, (L)= : : (34)
; 6ilk1LDJj\:, . 6:I:szLD:i:
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and 8.65 ‘ : ‘ o . ‘
kleiileDii:l o k,Ne:I:ikNLDiI:N (@) \ /\-/\
! . . . ~ 2 {
L (L) ==+d : : 3 \
keI DE ekl pE 8% '
6iik1LDlﬂ: . e:l:ikNLD'l:Ji:V 5 ______.__
+ : . : (%) = (©
. ' . ' X 845 T
€ilk1LDJ\:ftl . eiZkNLD]\:ftN N
. . . . . 1
whereD is the coefficient of the ideal mogien the expansion
of the Bloch solution such that
8.35 : ‘ ‘ —
+ _ + 0 -40 20 0 20 40 40 20 0 20 40
OF(x,2) = 3 DE(2)](@). (36) X (um) X (um)
J
. . Fig. 2. (a)k = function for as defined in (38) fon, =
The length of the periodic structuieis chosen to be equal to 2.8’ n (:) 2(.962;, A(w:/cm(?m (free spaﬁéﬁavdengm :( 210 Zm,
an integral number of periods, and, therefdﬂ% (z = 0) = 2 =10um, ands = 0.015 um~2. Horizontal lines stand for the propagation

.. _ — nt ; ; onstants?; [see (4)]. For first five linegk(z = 0) < B; < kn1), each line
Dij (z=1)= Dij - From the requirement that the solution (an orresponds to two almost degenerafealues (associated with even—odd pair

its derivative) in each region are equal at the region boundagyimodes). (b) The first even—odd pair of lowest order modes as a functian of

we obtain (c) Thirteenth trapped mode as a functionrof
W(0) = ¥ (0) The exchange of power between two identical coupled
U1(0) = ¥i;(0) waveguides with embedded periodic structure along the
\i}m(L) — @’H(L) direction was studied in [20]. It was shown that, due to special
- - symmetry properties of optical modes, a strong enhancement
(L) = ¥y (L). (37) o & total sum ; X

or a total suppression of power exchange can be obtained.

Solving the four vector equations of (37), one can easily calclin® power exchange control is realized by the interaction of
late the Bloch wave coefficients®, the reflection amplitudes the lowest order aveguide modes with high-order modes.

R, and the transmission amplitudgshat correspond to the in- AN incoming wave which is localized in oneaweguide and
coming wave of interest. is a linear combination of even and odd modes interacts with

The main numerical difficulty of this scheme is the calcula? third high-order mode, such that two modes with the same
tion of the Bloch solutions which requires several diagonaliz&Mmetry are strongly coupled. The mode coupling is induced
tions of the Bloch operator matrix [see (11)]. However, ond®y @ periodic grating with a long period and small amplitude.
the Bloch solutions are calculated, the transmission and refldé1e numerical study in [20] was performed in the framework of
tion amplitudes can be easily calculated &my length of the _the paraxial approximation. When the paraxial wave equation
periodic structure, since it is important only at the numerically Solved, the reflected waves are neglected and &wewctors
simple matching stage. Therefore, the advantages of this pthe forward-propagating waves are not exact. In this section,
proach are profound when the periodicity region (Il in Fig. 1%/€ compare the exact results obtained using the method de-
includes many periods. Moreover, in this case, the Bloch sofeeribed in Se_zct|on Il W!th th_e results obtained in the framework
tions (obtained under the assumption of an infinite number 8f the paraxial approximation. S
periods) provide a good approximation to the actual properties/Ve consider aaveguide structure composed of two identical
of light propagation in a finite periodic structure. The examplgaussian gradedaveguides in proximity to each other, i.e.,
of such a system is the optical coupler discussed in [20]. (52117 | —a(z—54)?

In the ne};(t section, Wel?mplemerl?t the numerical nEetr]md de-nz(x) - <n% B ng) (6 ( T : ) +n5. (38)
scr_ibed in Section Il to the i_ntermediate-mode-assisted (_:ouplﬁ{ek(x) = (w/e)n(z) function forng = 2.0, n; = 2.06, A =
which was formerly studied in the framework of the paraxial ap- 5 um (free space wavelength); = —10 um, z» = 10 um,

proximation [20]. anda = 0.015 um~? is plotted in Fig. 2(a). The propagation
constantsg; [see (4)] of bound modes obtained for such an
index of refraction distribution are shown as horizontal lines.
The trapped modes of the structure with the refractive index pro-
Directional couplers are important for many applications ifie shown in Fig. 2(a) can be divided into two classes. One is
optical communications and integrated optics. In its simpletste modes with propagation constants higher them = 0)
form, a directional coupler consists of two parallel dielectritwo modes with the highest; are plotted in Fig. 2(b)]. These
waveguides in close proximity. The power coupling is basedodes form even—odd pairs such that the difference in propa-
on optical interference, or beating, between the modal fields gdition constants within each pair is much smaller than the dif-
the waveguides, such that a light wave launched into one of tleeences between the pairs. Such modes are localized near the
waveguides can be coupled completely into the opposite guidaveguides centers:{ and x») and essentially vanish in be-
[1], [2]- tween(x = 0). The other type is high-order trapped modes

Il. | NTERMEDIATE-MODE-ASSISTED OPTICAL
DIRECTIONAL COUPLER
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with ko < f; < k(z = 0), wherek, is the waveector in enhancement is based on the coupling of the almost degen-
the uniform cladding. These modes do not form pairs and azeate lowest order modes with a high-order mode. Since these
“common” modes of the two aveguides, i.e., they are spreadwo modes have different symmetry and the third mode has the
over the two-vaveguide structure. One such mode is plotted Bame symmetry as one of them, only one of the lowest order
Fig. 2(c). modes is coupled. As aresult, the splitting between tieewec-

For az-independent refractive index, the reflected waves arers of the two almost degenerate modes grows and the beat
not important and the solution of the wave equation (1) is givéength is significantly shortened. The coupling is realized by an
by embedded periodic structure, the period of which is chosen to

(0) ipsz 4 (0) couple the lowest order modes with a specific high-order mode.

Y(w,z) = Z G e o (z) (39)  In our studied case, the period of the refractive index variations

J A = 50 pm that corresponds to a coupling between the two

WhereCJ(.O) =/, <I>§0)(as)\11(i)(x,0)dx is a projection of the Isor:/(\/)svsr: (i)r:dFeignzo((i\;s shown in Fig. 2(b) and the 13th-order mode

. . Z) . - . ) . .

incoming wavey (I’.O) onto the trapped mo_dﬁano!Aoo 1S The embedded periodic structure can be induced either by not

the infinite cross section. If one takes as an incoming wavegging real-time methods—a fixed periodic structure and a pos-
[

z = 0 alinear combination of the two lowest order trapped;, "o ntrol of the structure functionality is qai :
. A i ; ' y is gained by changing
modes (Fig. 2(b)) such that the field is localized in the ”g%e refractive index profile of the aweguide structure using

waveguide (sum field) the electrooptic effect—or by using real-time methods such as

; 1 1 tic waves that are launched into the media to produce tran-
(@) _ _ 1 &0 B acous p
W@, 0) = Wr(@) = \/iq)l (=) + \/5@2 () (40) sient pressure waves.
We consider a-dependent refractive index model such that
then, because of the 0rthonormality<bj‘0), the z-dependence
of the optical wavel(z, z) is given by n¥(z, 2) = n? (x + aosin [QA_WZD
1 12 50 1 B2z 5 (0
U(z,z) = ik P29 () + 7 P2 (). (41) — (n? = n2) (e_a[x_mu)r n 6-a[x_m<z>12> 4 n?
A difference field localized in the left waveguide is defined as (45)
V(o) = Lq)(o)(x) _ LCI)(O)(I). (42) Wherezis(z) =15+ agsin([2m/A]z). In this model, the in-
V2 ! V2 ! dices of refraction do not change as a function,dfut the struc-

SinceW (x) and ¥, (¢) are spatially far apart one can Olefineture is bent periodically with a periatland an amplitude,. In_
LT . . contrast to the well-known case of Bragg reflectors, the direc-
the directional coupling probability as . : o o
tional coupling mechanism is based on a moderate grating, i.e.,
a grating with a period which is much larger than the wavelength
/A U(x, )W (z)de| . (43)  and an amplitude which is small compared to the transverse di-
- mensions of the aveguide structure. If both these conditions

Substituting (41) into (43) one obtains that the directional codre kept, we can assume that back-reflection effects are small

P(z)=

pling probability is given by and Bloch wave®;(z, z) [see (8) and (10)] are very similar to
1 1 the ideal modes of the uniformaveguide [see (4)]. In this case,
P(z) = 373 cos((f2 — Pr)z). (44)  the solution of the wave equation (1) can be approximated by

a linear combination of two Bloch waves corresponding to two

'I_'herefore,_ the I_ight power (defineq B, U(z, 2)dxl?), ini- |5 pest order modes that constitute the incoming wiie(z, 0)
tially localized in the right vaveguide, couples to the left oneyqfined in (40)

and the complete exchange of light power is obtained, at

7 /(1 — F=) (beat length) [1], [2]. In our studied casg, values

corresponding t@go)(x) and <I>(20)(x) are very close and the
. A A —10 -1

splitingAo = 5>—f, isvery smallAo = 5.95x 107 pm™, where®,, and®,, are Bloch waves corresponding to the two

which results in a beat length of more than 5 km. In [20], it Wal%west order modeé(lo)(az) and@(zo)(x). In this case. the beat

shown that the directional coupling can be enhanced by ordggth is inversely proportional to the splitting between the

1, 1,
Uip(z, 2) ~ ﬁelklz@kl(aﬁ, z)+ ﬁe”@z@h(r, z) (46)

of magnitude by using an embedded periodic structure. Unli

grating assisted directional couplers [1], [4]-[11], in which th och waverectors
periodic thickness variations are applied to a nonsynchronous A = |ky — kal. (47)
coupler (e.g., in coupled aveguides with nonidentical core re-

fractive indices), we study the case in which the periodic struror moderate gratings, one can use the paraxial approximation
ture is used to enhance the directional coupling of synchrongi the solution of the wave equation [20]. In the framework of

couplers with very large beat lengths. In this case, in the alfis approximation, one assumes that the solution of the wave
sence of the grating, the directional coupling is negligible angguation is given by

therefore, this coupling mechanism can be used both as an op- '
tical coupler and as an optical switch. The directional coupling U(z,z2) = e*0? d(, 2) (48)
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where k is the waveector in the cladding an@(z, z) is a 107 , ;
weakly z-dependent function. Substituting (48) into (1) and ne —— SWE (exact) | N
glecting the second derivative @, ~) with respect tor, we 10 —— SWE (3 modes) |
obtain
Gk K V24 e )| By =0 ag)
Zoﬁz 0 o czn x,z x,z)=0. .

For az-independent refractive index, the solution of (49) i §_ 10
given by a

' 10°

O(z,2)= elkodizégo)(az) (50)
10°

such that

wZ ~10
[vz+c—zn2<x>] o) = k3(1+ 240" (@) (1) 10

a, (um)

and the solution of the wave equation (1) is
e (1ad. (0) Fig. 3. The splitting between the two Bloch wavevectors (on a logarithmic
U(x,2)=¢' o(1+d;)z P, (x). (52) scale) that corresponds to the two lowest order optical modes as a function of
the grating amplitude for the grating periad= 50 um (see (45)). The solid
The relation between propagation consta@)tsdefined in (4), line represents the splitting value as obtained from the solution of the scalar wave

] . . L equation [see (10) and (47)]. The dashed line represents the approximate value
andd] values defined in (51) IS given by of the splitting as obtained from the solution of the paraxial wave equation [see

8; = koy/T T 24;. (53)  from the saltion of the scalar wave equation when oy thrce corresponding.

ideal modes are used to describe the Bloch waves. The inset is a zoomed view

By comparing the exact solution of the wave equation given figareo = 0 to show the splitting value of the uniform waveguide.

(3) with the approximate solution in (52), one can see that in

the framework of the E)araxial approximation the back-travelirgnd the eigenvalues of the Floquet-Bloch operator in (57). A

wavesexp(—if; z)<I>§.0 (z) are neglected and the propagatiofypical eigenvalue problem in (57) can be solved by straight-

constants of the forward-traveling waves are approximated bigrward diagonalization methods or, more efficiently, by calcu-
lating the one-period propagator [20], [25]. The approximate so-

Bj = ko(1+d;). (54) Ilution of the wave equation is given by
(54) is an approximation to (53) that is correct up to a second- V(z,z) = Z c+eik0(1+ﬁj)2&)j($J z) (58)
order termdjz». d; is a dimensionless eigenvalue of [see (51)] ; ’

[LVZ + 1 (m - 1)] o9 — 7.9 (55) Wherec;r =/, <I>§0)(a:)\11(x, 0) dz is a projection of the ini-

2k5 7 2\ ng ’ I tial state¥ (z, 0) onto the trapped modeandA., is the infinite

and it measures the relative difference between the propagafféSS section. In this case, the beat length is inversely propor-
constants and theavewector in the cladding,. This difference tional to the splitting between the eigenphases

is small for a single-mode awegum_le, but can be quite large for A = kolep — ea]. (59)

the lowest order modes of a multi-mode one.

The paraxial approximation provides very significant numer- Since the Bloch formalism allows us to calculate the Bloch
ical advantages. First, it transforms the wave equation inton@ve\ectors (eigenphases) explicitly, we first study the depen-
propagation problem which can be solved efficiently by theéence of the phases on parameters of the grating. The splitting
beam propagation method [23], [24]. Second, when moderaigtween the aveectors corresponding to the two lowest order
periodic structures are studied and Bloch theorem is appligtbdes of the \aveguide structure as a function of the grating
to (49), then the Bloch waves can be calculated in a simplamplitude is shown in Fig. 3. As one can see that tagevec-
fashion. For a periodic refractive index the solution of (49) iors splitting grows very fast as the amplitude of the grating
given by amplitude is increased. In addition, for specific valueagf
the splitting exhibits a maximal value associated with a peak

®;(x,2) = "0 Dy (z, 2) (56) " in the plot. In the framework of the paraxial approximation, one
whered; (z, z) = ®;(x, 2 + A) and can use perturbation theory to estimate traveectors' split-
ting [20]. Perturbation theory with the one-period average ef-
i n va n 1 <n2(gg, z) 1)] &;(x, 2) fective refractive index as a zeroth-order approximation [20],
ko 0z = 2k3 T 2 n3 A [26] shows that the splitting growth is due to the nonresonant
=¢;0;(x,2). (57) and resonant coupling between one of the lowest order modes

and a high-order mode. To illustrate this, we plot three rele-
In contrast to (10), when the paraxial approximation is used, tiiant Bloch vavewectorsk; as a function oty in Fig. 4. Two
Bloch waves®; (z, z) and eigenphases are the eigenvectors of them (labeled:; andk-) form a pair of almost degenerate
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order modes of a multimodeaveguide structure. Since, in our
case, the two almost degenerate lowest order modes are the rel-
evant ones, the paraxial approximation gives a poor estimation
for the grating amplitude for which the resonant coupling is ob-
tained.

In order for the splittingA = |k; — k2| to describe the di-
rectional coupling enhancement, we need two conditions to be
fulfilled. First, reflected waves should not be important and,
second, two Bloch waves should dominate the expansion of the
solution of the wave equation in the region where the refractive
index is periodic. In this context, two cases can be considered.
One is the nonresonant coupling between the lowest order mode
0.0629, 5 203 206 2.09 212 and a high-order mode. In this case, theverectors splitting is

o, (um) not maximal, but only two Bloch waves contribute to the solu-
Fia. 4. The Bloch . function of th i it tion of the wave equation in the region where the refractive index
. loch avevecto, @ & functon of e grang ampltude, i periodic. Second, i the resonant-coupling case in which the
with the maximal value of the wavevectors' splitting shown in Fig. 2. Theplitting is maximal, one of the lowest order modes is mixed
traj'ectories of the wavevectors labeled and k- belong to two Bloch waves with the high-order mode. Therefore, in resonance, the optical
‘gﬂ'ﬁ’h correspond to two almost degenerate trapped mddz) and oy g expected to be given by a linear combination of three
s’ (x) shown in Fig. 2(b). The wavevector trajectory labeled belongs ..
o the third Bloch wave which correspond to the 13th trapped () ~ Bloch waves. We calculate the coefficients of the forward/back-
shown in Fig. 2(c). ward propagating Bloch waves and transmission/reflection co-
efficients for both cases using the matching procedure described
Bloch waves that corresponds to the even—odd pair of modes>ection II. The incoming wave vector [see (18)] is defined as
with highest3;, shown in Fig. 2(b). The third one (labelég) . 1 1
corresponds to one of the Bloch waves that evolved from the v;(0) = (7, —0,.. ~,0>
high-order mode shown in Fig. 2(c). The two almost degenerate 2 V2
Bloch waves have a different parity and the third has the samvéich corresponds to the sum field given by (40).
parity as one of them. Since the trajectories afrectors that  The results of the matching procedure for the nonresonant
correspond to Bloch waves with identical parity cannot crossgupling case fotry; = 1.7 um are shown in Fig. 5. The length
the avoided crossing with only one of them occurs. As a ref the grating is chosen to be equal to the beat length value
sult, the splitting between the two almost degenerateewec- corresponding to the awewectors' splitting shown in Fig. 3:
tors grows and it has a maximal value at the avoided crossihg= 7/|k1 — k2|. As one can see in Fig. 5(a), the coefficients of
point, at which the two states with the same parity are resilie back-propagating Bloch wavés; , are much smaller than
nantly coupled. Since the enhancement and suppression oftbese of the forward propagating on€st. Therefore, in this
rectional coupling is based on interaction of three Bloch wavezse, the paraxial approximation that takes into account only
one can attempt to use only three modes of the uniform waverward-propagating Bloch waves is very good. In addition, as
guide to model it. This would enable, for example, the use of tigge can see in Fig. 5(a), the coefficients of the first two Bloch
coupled-mode approach based on a coupling of only three ideslves that correspond to the two almost degenerate lowest order
modes. However, since initially theawewector splitting is very modes,C;t andCy, are much larger than the coefficients of
small, the three-mode model is able to give only a qualitativgher Bloch waves. Thus, a two-wave approximation given in
picture, but is unable to give quantitatively correct results f¢#6) is also a good one. Therefore, the beat length is inversely
the fast change of theave\ectors' difference. Theawewectors' proportional to the splitting betweerawewectorsk; andk;. As
difference obtained when only three ideal modes are used to dee can see in Fig. 3\ = |k; — k»| has grown from~10-° to
scribe the Bloch waves is shown in Fig. 3 by the dotted—dashed0~°. Therefore, in the region where the refractive index is pe-
line. As one can see, the three-mode model can give a relativéfydic, the directional coupling is enhanced by more than three
good prediction for the value of the grating amplitude for whichrders of magnitude. An additional important piece of informa-
the waveectors' splitting gets a maximal value. However, faiion is the transmission and reflection coefficients that describe
from the avoided crossing point, the three-mode model gives tthe solution of the wave equation before and after the grating.
waveectors' splitting that is up to 10 times smaller than the cofs one can see in Fig. 5(b), the reflection coefficients are negli-
rect result. Therefore, the coupling distance obtained with ordyble and the transmitted waves are mai@ﬁ)(}) and<I>(20). Thus,
three-modes is up to 10 times larger than the correct one. Similae coupling between the modes of the incoming wave and other
results are obtained in the framework of the paraxial approximaodes of the \aveguide is small and the directional coupling is
tion. In this case, the splitting growth is relatively similar to theery close to 100%. In our studied case, the nonresonant cou-
correct one (shown by a dashed line in Fig. 3). However, tipfing leads to a beat length which is still very large2( m).
value of the grating amplitude, for which the resonant cou- However, in this case, one can use the nonresonant coupling
pling is obtained is not correct when the paraxial approximatianechanism to transfer a small portion of the light power from
is used. The discrepancy is due to the fact that the approxinoae waveguide to another in a controllable fashion, where the
tion for the wavewectors given in (54) is a poor one for the lowestontrol is gained by varying the length of the periodic structure.

0.0626

0.0624 |

K (um™)

0.0622

(60)
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_Flg. 5._ The result_s of _the matching proce_dure as obtained from (37) for the 0 5 10 15 20 25
incoming wave defined in (60) and the grating period= 50 xm, the grating mode number j

amplitudeas = 1.7 um, and the length of the periodic structure= 1.95 m.

(a) Coefficients of the Bloch waves (see (31)) on a logarithmic scale versus ‘{]8 6. The results of the matching procedure as obtained from (37) for the

. 0 .
numt_)er_of the ideal modé§ ) to which they corr(_espond. Dots connected ancoming wave defined in (60), the grating peritd= 50 «m, and the grating
a solid line correspond to the forward-propagating Bloch waves and squa litudearo = 2.0631 um corresponding to the peak in the(cvo) function

connected by a dashed line correspond to the backward-propagating BIQRRyn in Fig. 3. (a) The directional coupling probability defined in (43) as a
waves. (b) Transmission coefficients (dots connected by a solid line) (see ( tion of the length of the periodic structure. (b) The same as in Fig. 5(a) for
and reflection coefficients (squares connected by a dashed line) (see (23)y of 5 55 om. (c) The same as in Fig. 5(b) fér = 2.25 cm corresponding

different ideal modes versus the mode number. to the first filled circle in theP(z) plot in (a). (d) The same as in Fig. 5(b) for
L = 4.5 cm corresponding to the second filled circle in #igz) plot in (a).
Moreover, if one would choose a synchronous coupler with a

relatively small beat length without a periodic structure, the@h(x, z) and &, (x, ) are Bloch waves that correspond to

using the nonresonant coupling induced by a periodic structUgag| modegl)(zo)(x) and @S%)(x) that are resonantly coupled,
one could reduce the beat length to an even smaller value. gych that

The beat length is further shortened by the resonant coupling
mechanism. The results of the matching procedure for the res- 1 (0) (0)
onant enhancement are shown in Fig. 6. As one can see in Fig. Ppy(w,0) = /2 (@2 () + @33 (f)) (64)
6(b), the coefficients of the three forward-propagating Bloch
waves,C{, Cf andC1h, are much larger than all other coeffi-and
cients. Infact|C]|? ~ 0.5 and|Cf |2 ~ |Cf5|* ~ 0.25. There-

fore, in the case of a resonant mode coupling, one can write the By, (1,0) = 1 (@(20)(37) _ (D(l%)(x)) . (65)
optical wave in the region where the refractive index is periodic
as
Hence,
1, 1,
U(z, z) ~ ﬁelklz@kl(aﬁ,z)—i— 562k22<1>k2(a?,z) )
+ §elk32<1>k3(a?, z) (61) 2

and
where®;, (z, z) is the Bloch wave that corresponds to the third

high-order mode(]é(lg), in our case) that is coupled to the Bloch L(@k (
wave of the same parit®;,(z, z). One can rearrange (61) in NI
the following form:

2,0) = ®p, (2,0)) = 1Y) (x). (67)

From (66) and (67), one obtains thg, .(x, ) defined in (63)

U(x, z) ez’klzi (@kl teilhamk)zg, 3) (62) oscillates betwees')(x) and®'") (x) with a periodr/(ks —
V2 ’ ks). Therefore, at = 2mn/(ks — k), m = 0,1,2,---, the
h third high-order mode does not contribute to the optical wave,
where which, to a good approximation, is given by a linear combina-
1 i(ka—ka)z tion of two Bloch waves that correspond to the two lowest order
Pros = V2 (CI)’62 +e'l : <I>k3) ' (63)  modes. The Bloch functiof, (=, z) is uncoupled because of
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symmetry and, therefor&@y, (z,0) =~ <I>(10)(as). Thus, the op- periodic, thec;»r coefficients do not depend ah if it is given

tical wave atthe beatlength = 2m=/(ks—k2),m=1,2,... Dby anintegral number of the grating periods. Although it is dif-
is approximately given by ficult to obtain a similar condition fo€'* calculated from the
matching procedure [see (37)], for moderate gratings, the cor-
(2, z) respondence between the coefficients of exact Bloch waves and

ikyz, © (q)(10) 4 622m7r(k2—k1)/(kg,—kg)q)(zo)> . (68) app_rom_mate Bloch waves obtained from the paraxial approxi
V2 mation is preserved.

At the avoided crossing, however, there exists a special relationIn the previous examples, the reflected waves were not im-

. ) portant, and the paraxial approximation could provide a physi-
between the Bloch averectors (see Fig. 4), i.e., cally correct picture for the behavior of the optical wave. This

~e

ks —ky = ki — kv (69) s due to the fact that a moderate grating was considered, i.e.,
a grating with a period much larger than the wavelength and
and, therefore, a small grating amplitude. To illustrate the efficiency of the
numerical method described in Section Il for the case where
ks — ky = =2(ks — k1). (70) the paraxial approximation cannot be applied, we consider a

grating with a period comparable to the wavelength. The direc-
tional coupling enhancement described in this section is based
, 1 on the mode coupling induced by the periodic structure. A pe-
~ oikizn 1 (5(0) _ £(0) . ' S
Ua,zp) e (q>1 0y ) : (1) fiodic structure with a large period is chosen such that two for-

V2 : _
) ward-propagating waves are coupled, i.e.,
Consequently, although three Bloch waves contribute to the so-

lution of the wave equation, at, = mn/(k1 — k2), m = A~ m (72)
0,1,2,--- the optical wave is to a good approximation given B2 — Pis

by ¥ (x) defined in (42). Hence, at this distance, a complete _ )
directional coupling is obtained and the beat length is inverséﬁ\ﬁjnereﬁ2 is the propagation constant of one of the almost degen-

proportional to the splitting betweenawewectors of two Bloch erate Iowegt order modes afich i_s the propagation constant _Of
waves [see (47)]. Since the splitting grows significantly due {86 13th h'gh'order mode._ A different kind of mode coupling
the resonance coupling between Bloch waves, the directioGgf Pe achieved by choosing

coupling is enhanced by many orders of magnitude. The direc- T

tional coupling probability defined in (43) for the resonant en- A=~ 8o+ iz’ (73)
hancement case is shown in Fig. 6(a). As one can see, an almost

total power transfer fr_or_n oneawegui_de to another is obfcainedln this case, the forward-propagating optical moﬁg) is
afterz, = 4.5 cm. This is more thafive orders of magnitude
faster than without the periodic structure. The transmission
reflection coefficients for two different lengths of the periodi

Using (70) and (68), one obtains

coupled to the backward-propagating optical md!.@ The
in difference is that the grating period given by (73) is

- ) uch smaller than that given by (72) and the reflected waves
structure are shown in Fig. 6(c) and (d). InFig. 6(c),thelength8 come important. Moreover, for a small grating period, the

the periodic structuré = 2.25 cm th‘fﬂ corresponds to the halfa'Ulispersion relations(k) has a structure which does not appear
beatlength; /2 = ﬁ/(k_?’_kz) atwhich one oft(hoe)lowestorderwhen the grating period is much larger than the wavelength.
modes does not contribute afid,, , (x,0) ~ ¥, [see (63)]. The dispersion relation of the periodic structure given by (45)
Indeed_, as one can see in Fig. 6(c), if one chooses_ the length pfihe grating period\ = 0.367 55 um that corresponds to the
the periodic structure such that= z; /2, then the optical wave .,ndition in (73) andvo = 1.544 um is shown in Fig. 7(a). As
after the grating is given mainly by a linear combinatio®?  one can see in Fig. 7(a), two Bloch waves with the same parity
and®!? . However, if the length of the periodic structure is equalre coupled and the avoided crossing between them takes place.
to the beat length defined in (47) [see Fig. 6(d)], then the opticas a result, there exists a grating amplitude for which a gap in
wave after the grating is given mainly by a linear combinatiofhew (k) values of these two modes is formed. For these grating
of the two lowest order modes!” and®}”. In addition, be- parameters only one of the three Bloch waves is propagating in
cause of the grating, one of the mooj@éo)) changes its phase, the periodic structure, while the other two are not. A similar sit-
such that the sum field transforms to the difference field and thation is obtained if one varies the grating amplitude for a fixed
directional coupling takes place. wavelength. As one can see in Fig. 7(b), the avoided crossing
One should notice that, in general, the coefficients of tHeetween the Bloch awvewectors is very different from the one
Bloch waves~# also depend on the length of the periodic strushown in Fig. 4. As the grating amplitudey, is increased
ture L. However, for the moderate grating case the dependerme of the lowest order modes couples to the back-propagating
is very weak and can be neglected. This is related to the faigh-order mode. For a certain value of the grating amplitude,
that for the moderate grating case the paraxial approximatitire waves are resonantly coupled and they mix. If one further
is a good one. In the framework of the paraxial approximatiancreasesy,, the two coupled modes disappear and only the
the coefficients of forward-propagating Bloch waves are detarncoupled mode remains. For a certain higher amplitude,
mined by the overlap integral between the initial state, = = however, the two coupled modes return and for even higher
0) and the Bloch waves [see (58)]. Since the Bloch waves axg two Bloch waves are decoupled again. The reflection and
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be used for directional coupling enhancement, it illustrates the
applicability of the Bloch wave approach to the cases where re-
flected waves are important.

IV. CONCLUSIONS

A numerical method for the solution of the wave equation for
optical waveguides with periodic inhomogeneities is presented.
The method is based on a calculation of the Bloch waves in the
region in space where the refractive index is periodic. The trans-
mission and reflection amplitudes are calculated by matching
the Bloch waves and the ideal modes of the uniforaveg-
uides before and after the periodicity region. The Bloch wave
approach can be efficiently used to study the properties of a
waveguide with an embedded periodic structure and to avoid
the numerical long-distance propagation through the periodic
medium. The method is applied to the intermediate-mode-as-
sisted directional coupler. The exact results obtained using the
Bloch wave approach are compared with those obtained in the
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framework of the paraxial approximation. It is shown that the

paraxial approximation provides a physically correct picture,
Fig. 7. (a) The dispersion relation(k) defined in (13) for the grating period but there is a significant discrepancy between the grating pa-

A = 0.36755 um and the grating amplitude, = 1.544 um. The plot is
zoomed near/c = 4.1888 um~* (shown by the dashed line) that correspond

rameters for which an optimal directional coupling is achieved.

to a free space wavelength= 1.5 »m used in the intermediate-mode-assistedt iS demonstrated that, although the directional coupling fea-
directional coupling calculations. (b) The Bloch wavevectersas function of tyres can be explained by interaction of three Bloch waves, three

the grating amplitude, forw/c = 4.1888 um~*. The frequencies labeled 1,2
in (a) and the wavevectors labeled andk- in (b) belong to two Bloch waves

ideal modes only are not sufficient for the correct calculation of

which correspond to two forward-propagating almost degenerate trapped molié€ Bloch vavewectors. The Bloch wave approach is shown to
®{”) (=) and®{” (=) shown in Fig. 2(b). The frequency labeled 3 in () and thpe efficient also in the case in which the reflection effects are

wavevector labeled & 5 in (b) belongs to the third backward-propagating Blocrgtron
wave which corresponds to the 13th trapped mbéfé(x) shown in Fig. 2(c). 9.
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