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Restricted Ramification

Prime decomposition
Let G be a finite group.

Recall: p is ramified if e > 1.

Problem
Given a group G and a finite set S of rational primes. When is there a
G-extension ramified only at primes of S?
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The Minimal Ramification Problem

Problem
Given a finite group G:

What is the minimal number of ramified primes in a G-extension of Q?

Open cases:

Nilpotent groups,

Dihedral groups Dn,

Symmetric groups Sn.
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A lower bound

Consequences from Minkowski’s Theorem
In any non-trivial extension of Q there exists a ramified prime.

If G is abelian there are at least rk(G) ramified primes (including the
infinite prime).

Generally, for a group G 6= {1} the number of ramified primes is at least:

d(G) :=

{
rk(G/[G,G])

if G 6= [G,G]
1 if G = [G,G].
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The Conjecture

The Boston-Markin Conjecture (2009)
Every finite group G can be realized over Q with d(G) ramified primes.

Previous Evidence
The conjecture holds for:

abelian groups,

odd order groups of nilpotency class 2 (Plans 2004),

Dn for even n (Plans 2004),

3-groups of order dividing 35 (Nomura 2008),

Sn for a few small values of n (Jones-Roberts 2008, Rebayev 2009),

groups of order at most 32 (Boston-Markin 2009),

many other small order groups.
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Semiabelian groups

Definition
The family of semiabelian groups S is the minimal family for which:

1 S contains all abelian groups;

2 if G ∈ S and G � H then H ∈ S.
3 if H ∈ S and A is an abelian group then any A o H ∈ S;

Frequency (Dentzer, Schneps)

All groups of order dividing p4 or 25 are semiabelian.

Order Total Non-semiabelian
26 267 10
27 2328 82
35 67 10
36 504 54
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Minimal ramification for semiabelian p-groups

A subfamily
The family Gp is the minimal family for which:

1 Gp contains all abelian p-groups;

2 if H,G ∈ Gp then H o G = H|G| o G ∈ Gp;
3 if G ∈ Gp and G � H with d(G) = d(H), then H ∈ Gp.

Theorem (Kisilevsky, Sonn)
Every G ∈ Gp can be realized over Q with d(G)-ramified primes.

Theorem (N)
Gp is the family of semiabelian p-groups.
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An upper bound for semiabelian groups

The wreath length
A group G is semiabelian if and only if it is an epimorphic image of an
iterated wreath product of cyclic groups G1, . . . ,Gr:

G1 o (G2 o (. . . o Gr) . . .)→ G.

Let wl(G) denote the minimal r for which such an epimorphism exists.

Theorem (KNS)

1 Every semiabelian group G can be realized with wl(G) ramified primes.
2 For every nilpotent semiabelian group G, wl(G) = d(G).

Consequences Proof Other groups End
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Consequences

Corollary I - The Boston-Markin conjecture for nilpotent semiabelian
groups
Every nilpotent semiabelian group G is realizable over Q with d(G) ramified
primes.

Corollary II
Every group G of nilpotency class 2 is realizable over Q with d(G) ramified
primes.

Iterated wreath products
Let G = G1 o (G2 o . . . o Gr) for non-trivial cyclic groups G1, . . . ,Gr.

wl(G) = r.

d(G) = rk(G1 × · · · × Gr).

wl(G) = d(G) if and only if there is a prime p that divides all |Gi|.
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Example

G = Cp o Cp with two ramified primes

LLσ . . . Lσp−1

hhhhhhhhhhhhhhh

nnnnnnnnn
�
�

RRRRRRRR

ap
1a2 . . . ap

L

Cp VVVVVVVVVVVVVVVVVVV Lσ

QQQQQQQQQQQ . . .

�

� Lσp−1

lllllllllll

p1 . . . pp

K
Cp=〈σ〉

qp

p

Q q

To find such a p we use:

Splitting Lemma, Kisilevsky-Sonn (2005)
Let K be a number field and r ∈ N. There is a number field Kr ⊇ K such that
for every prime p of K that splits completely in Kr there is a Cpr -extension of
K that is ramified at p and only at p.
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Other semiabelian groups

Open cases
G = Cp o Cq for distinct primes p, q.

For n odd and G = Dn the tame minimal ramification problem is
equivalent to:

K
Cn -unramified

M
2 -with prime discriminant

Q

Only finitely many S3-extensions with 1 ramified prime are known.
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Questions?

You can find both the slides and the paper at
http://www.technion.ac.il/~neftind
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