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AbstractThis work deals with geometric permutations for families of disjoint con-vex sets in Euclidean spaces.Denote byRd the d-dimensional Euclidean space. Let F = fA1; A2; : : : ; Angbe a �nite family of pairwise disjoint convex sets in Rd. A straight line l isa transversal of F if it intersects every member of F . Each transversal in-tersects the members of F in an order which can be described by a pair ofpermutations of [n] = f1; 2; : : : ; ng, which are reverses of each other. Sucha pair is called a geometric permutation (the two permutations that form itare referred to as representatives of the geometric permutation).The study of geometric permutations was used in solving several problemsin Geometric Transversal Theory.In this work we obtain some new results on geometric permutations.The following result refutes a conjecture by Katchalski, Lewis and Liu,showing that the maximal number of geometric permutations in a family ofdisjoint translates of a convex set is not bounded by a constant:� For each n 2 N, n > 1, there exists a convex set X = X(n) in R3 anda family F = F(n) of 2n disjoint translates of X that admits at leastn+ 1 geometric permutations.A family P of permutations of n sets is realizable in Rd if there exists afamily F of n disjoint convex sets in Rd that has all the members of P asgeometric permutations; otherwise P is non-realizable, or forbidden, in Rd.We �nd for which values of k there are families of k permutations forbid-den in Rd:� If d � 2k � 1 then each family of k permutations is realizable in Rd.� If d � 2k�2 then there is a family of k permutations which is forbiddenin Rd.We study families of permutations realizable and non-realizable in R2.We �nd necessary and su�cient conditions for realizability in R2 for familiesof two permutations fp; qg� A family fp; qg of permutations of [n] is forbidden in R2 if and onlyif there are i; j; k; l 2 [n] so that p = h: : : i : : : j : : : k : : : l : : : i, q =h: : : j : : : i : : : l : : : k : : : i. 1



� A family fp = (1; 2; : : : ; n); q = (q1; q2; : : : ; qn)g of permutations for[n] is realizable in R2 if and only if q is decomposable to an ascendingand a descending sub-permutations.� A family fp = (p1; p2; : : : ; pn); q = (q1; q2; : : : ; qn)g of two permuta-tions for [n] is realizable in R2 if and only if [n] can be partitioned intotwo subsets so that the members of one part appear in the same orderin p and q, and the members of the second part appear in oppositeorders in p and q.We provide a linear algorithm which checks whether a given family of twopermutations of [n] is realizable in R2.Then we study realizability in R2 of families of permutations with morethan two members. We �nd two necessary conditions for realizability:� Let P = f~p1; ~p2; : : : ; ~pkg be a family of permutations realizable in R2.Then:1. No two of them form a forbidden pair.2. It is possible to choose a representative pj of each ~pj and to orderthem, pi1 � pi2 � � � � � pik , so that there are no x; y; z 2 [k],x < y < z, so that for some a; b 2 [n], pix : (a � b), piy : (b � a),piz : (a � b).We give an example which shows that these necessary conditions togetherare not su�cient: the family of permutationsP = fh123456i; h412563i; h541632igsatis�es both the conditions, but it is non-realizable in R2.
2



Chapter 1Introduction1.1 Background on Geometric PermutationsThis work deals with geometric permutations for families of disjoint convexsets in Euclidean spaces Rd.Let F = fA1; A2; : : : ; Ang be a �nite family of pairwise disjoint convexsets in Rd. A straight line l is a transversal of F if it intersects every memberof F . Each transversal intersects the members of F in an order which canbe described by an undirected permutation, i.e. a pair of permutations of[n] = f1; 2; : : : ; ng, which are reverses of each other. Such a pair is called ageometric permutation.We shall use the following notations. If a directed transversal l meetsthe sets in a certain order, this order will be denoted by �, and we shallwrite l : (Ax1 � Ax2 � � � � � Axn), or just l : (x1 � x2 � � � � � xn),where fx1; x2; : : : ; xng = f1; 2; : : : ; ng. This order is described by the per-mutation p = (x1; x2; : : : ; xn). Then �l denotes the same line orientedconversely: �l : (Axn � Axn�1 � � � � � Ax1), and �p denotes the reverse ofthe permutation p: �p = (xn; xn�1; : : : ; x1). If l is not directed, we shalldenote the order by � and we shall write l : (Ax1 � Ax2 � � � � � Axn), or justl : (x1 � x2 � � � � � xn), and denote the corresponding geometric permutationby ~p = fp;�pg = f(x1; x2; : : : ; xn); (xn; xn�1; : : : ; x1)g = hx1; x2; : : : ; xni.The permutations p, �p are representatives of ~p. Where this is not essential,we shall not distinguish between geometric permutations and their represen-tatives. Figure 1.1 presents a planar family of four sets A1; A2; A3; A4 withsix geometric permutations: h3412i; h3142i; h1342i; h1432i; h1423i; h1243i.3
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4Figure 1.1: A family of four sets that admits six geometric permutations.Geometric permutations were introduced by Katchalski, Lewis and Liu[16] as a tool for dealing with problems in Geometric Transversal Theory. Thefollowing two Helly-type results were proved using geometric permutations.� Let F be a family of pairwise disjoint translates of a convex set in R2.If every 5 members of F have a common transversal, then the wholefamily F has a common transversal (Tverberg, 1989 [26]).This theorem con�rms Gr�unbaum's conjecture from 1958 [11]. The Hellynumber 5 is the best possible. A weaker version of this result (with 128instead 5) was proved by Katchalski in 1986 [15].� Let F be a �nite family of pairwise disjoint unit balls in R3. If every11 members of F have a common transversal, then the whole family Fhas a common transversal (Cheong, Goaoc and Holmsen, 2005 [5]).It is not known whether the Helly number 11 is the best possible. Aweaker version of this result (with Helly number 46) was proved by Holmsen,Katchalski and Lewis in 2003 [13], and then it was improved (with Hellynumber 18) by Cheong, Goaoc and Na in 2004 [6]. There is no Helly-typeresult of this type with transversal lines for disjoint translates of a generalset in R3 (Holmsen and Matou�sek, 2001, [14]).Survey articles on Geometric Transversal Theory [7, 8, 10, 12, 27, 29]contain other generalizations and related results.4



1.2 Results presented in this workSeveral papers on geometric permutations deal with a maximal number ofgeometric permutations that a family of n disjoint convex sets in Rd canadmit. The known bounds are the following:� The maximal number of geometric permutations for families of n dis-joint convex sets in R2 is 2n�2 (for n � 4) (as an upper bound: Edels-brunner and Sharir, 1990 [9]; as a lower bound: Katchalski, Lewis andZaks, 1985 [19]).� The maximal number of geometric permutations for families of n dis-joint convex sets in Rd is O(n2d�2) and 
(nd�1) (the upper bound:Wenger, 1990 [28]; the lower bound: Katchalski, Lewis and Liu, 1992[18]).� The maximal number of geometric permutations for families of n dis-joint balls in Rd is �(nd�1). (Smorodinsky, Mitchell and Sharir, 2000[25]).Several results deal with geometric permutations for families of disjointconvex sets with several restrictions on sets or on transversal lines involved:� The maximal number of geometric permutations for families of n fatdisjoint sets in Rd is �(nd�1) (Katz and Varadarajan, 2001 [21]).(A fat set is a set with the bounded ratio of the radius of the smallestball containing the set to the radius of the largest ball contained in theset.)� The maximal number of geometric permutations for families of n dis-joint convex sets in Rd, induced by lines passing through a �xed point,is �(nd�1) (Aronov and Smorodinsky, 2004 [2]).In particular, several results deal with families of disjoint translates of aconvex set:� The maximal number of geometric permutations for families of n dis-joint translates of a convex set in R2 is 3 (for n � 3) (Katchalski, Lewisand Liu, 1987-92 [17, 18]). 5



It was conjectured [18] that similar results exist in higher dimensions aswell. That is, for each natural d there exists a constant number � = �(d)such that the maximal number of geometric permutations for families of ndisjoint translates of any convex set in Rd is �. It was found that such anumber exists for families of disjoint congruent balls:� For each natural d, the maximal number of geometric permutations forfamilies of n disjoint congruent balls in Rd is 2 (for n � 9) (Cheong,Goaoc and Na, 2004 [6]).In Chapter 2 we disprove the mentioned above conjecture, proving thatthere is no such result for a general set in R3 (and therefore in Rd for eachd � 3):Theorem 2.1. For each n 2 N, n > 1, there exists a convex set X =X(n) in R3 and a family F = F(n) of 2n disjoint translates of X that admitsat least n+ 1 geometric permutations.Then we show that a stronger result holds: the same can be done with aset that does not depend on n:Theorem 2.2. There exists a convex set Y in R3 such that for eachn 2 N, n > 1, there exists a family F = F(n) of 2n disjoint translates of Ythat admits at least n+ 1 geometric permutations.Chapters 3 and 4 deal with another aspect of geometric permutations.Let P = fp1; p2; : : : ; pkg be a family of permutations for n sets. If thereis a family F of disjoint convex sets in Rd that has all the members ofP as geometric permutations, we say that P is realizable in Rd, otherwisewe say that P is non-realizable, or forbidden, in Rd. It was noted in theearliest paper on geometric permutations [16] that the family of permutationsfh1234i; h2143ig is forbidden in R2. We study the property of families ofpermutations of being realizable or forbidden in Rd.In Chapter 3 we �nd a necessary and su�cient condition on the relationbetween d and k for the existence of a forbidden family of k permutations(of some set [n]) in Rd:Theorem 3.1. If d � 2k � 1 then each family of k permutations isrealizable in Rd. 6



Theorem 3.2. If d � 2k � 2 then there is a family of k permutationswhich is forbidden in Rd.In Chapter 4 we investigate the realizability of families of permutationsin R2. In Sections 4.2 { 4.3 we �nd a necessary and su�cient condition forrealizability of families of two permutations fp; qg. The condition is thatno restriction of p; q to some 4 sets results in a family isomorphic to thementioned above \forbidden pair" fh1234i; h2143ig:Theorem 4.9 A family fp; qg of permutations for [n] is forbidden in R2if and only if there are i; j; k; l 2 [n] so that p = h: : : i : : : j : : : k : : : l : : : i,q = h: : : j : : : i : : : l : : : k : : : i.In order to prove this, we show a correspondence between realizable fami-lies of two geometric permutations and permutations that can be partitionedinto an ascending and a descending sub-permutations:Theorem 4.7 A family fp = (1; 2; : : : ; n); q = (q1; q2; : : : ; qn)g of per-mutations for [n] is realizable in R2 if and only if q is decomposable to anascending and a descending sub-permutations.This result can be generalized (by relabeling the sets) to a more generalstatement:Corollary 4.8 A family fp = (p1; p2; : : : ; pn); q = (q1; q2; : : : ; qn)g oftwo permutations for [n] is realizable in R2 if and only if [n] can be partitionedinto two subsets so that the members of one part appear in the same order inp and q, and the members of the second part appear in opposite orders in pand q.In Section 4.4 we provide a linear-time (in terms of n) algorithm whichchecks whether a given family of two permutations is realizable in R2.In Section 4.5 we study realizability in R2 of families of permutationswith more than two members. We give two necessary conditions on P =f~p1; ~p2; : : : ; ~pkg for being realizable in R2 (�rst of them is trivial):Theorems 4.11 and 4.12. Let P = f~p1; ~p2; : : : ; ~pkg be a family ofpermutations realizable in R2. Then:1. No two of them form a forbidden pair.2. It is possible to choose a representative pj of each ~pj and to order them,7



pi1 � pi2 � � � � � pik , so that there are no x; y; z 2 [k], x < y < z, sothat for some a; b 2 [n], pix : (a � b), piy : (b � a), piz : (a � b).We show that these necessary conditions are independent. However, eventogether they are not su�cient: in Section 4.6 we give an example of a familyof three permutations for six sets which satis�es both the conditions but isforbidden in R2:Claim 4.13. P = fh123456i; h412563i; h541632ig is not realizable in R2.All the chapters are concluded by a discussion on related open problemsand suggestions for a future research.
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Chapter 2The maximal number ofgeometric permutations for ndisjoint translates of a convexset in R3 is 
(n)In this chapter1 we deal with geometric permutations for families of dis-joint translates of a convex set. Several results are known for such families.Katchalski, Lewis and Liu proved that for such families in R2, the maximalnumber of geometric permutations is 3 [17, 18]. They also conjectured [18]that for each natural d, there is a constant upper bound on the number ofgeometric permutations for such families in Rd (the conjectured bound was(d+1)!2 ). However, the only known upper bound in Rd is O(nd�1) (this followsfrom [21]). A constant upper bound is known in a special case: for familiesof congruent balls in Rd [20] (improved in [6]; the bound is 2 when n � 9).We refute the conjecture mentioned above by proving that there is no con-stant bound for the maximal number of geometric permutations of translatesof a general set:Theorem 2.1 For each n 2 N, n > 1, there exists a convex set X = X(n)in R3 and a family F = F(n) of 2n disjoint translates of X that admits atleast n+ 1 geometric permutations.1The results from this chapter appear in the paper The maximal number of geometricpermutations for n disjoint translates of a convex set in R3 is 
(n) [4], accepted forpublication in Discrete and Computational Geometry.9



In Section 2.2 we show that a stronger results holds: there is a set Y thatdoes not depend on n and satis�es Theorem 2.1:Theorem 2.2 There exists a convex set Y in R3 such that for each n 2 N,n > 1, there is a family F = F(n) of 2n disjoint translates of Y that admitsat least n+ 1 geometric permutations.Our constructions use an idea of Holmsen and Matou�sek. They showed[14] that in R3 there is no Helly-type theorem analogous to Tverberg's resultmentioned in the Introduction (the solution of Gr�unbaum's conjecture, seepage 4). For each n 2 N they construct a family of disjoint translates of aconvex set such that each n members of the family have a transversal line,while the entire family does not. In general, the idea of their constructionis to take �rst a family of disjoint sets that have the desired transversalproperties, but are not translates of each other, and then to append themone to another in order to obtain translates, preserving their disjointness andtransversal properties. Both constructions use the hyperbolic paraboloid� = f(x; y; z) 2 R3 : z = xyg. This surface has been used earlier forthe construction of several examples with translersal lines (see, for example,Theorem 2.9 by Aronov, Goodman, Pollack and Wenger, in [10], p. 171, andthe construction desrcibed there).2.1 The construction (Proof of Theorem 2.1)Let n 2 N.Planes and LinesDenote by � the hyperbolic paraboloid � = f(x; y; z) 2 R3 : z = xyg.For each i 2 f0; 1; : : : ; ng, let �i be the plane y = i, and let li be the line�i \� = f(x; y; z) : y = i; z = xig. These n+1 lines will be transversal linesfor F , inducing di�erent geometric permutations.For each m 2 f1; 2; : : : ; ng, let um denote the plane x = 2mn2, u0m theplane x = 2mn2 + 1, and wm the plane x = 2mn2 + n2 + 1=2. These planeswill be used in the construction of F , and in the proof of the disjointness ofits members. 10



The set XFor each m 2 f1; 2; : : : ; ng, de�ne four points on � as follows:Pm;1 = lm�1 \ um = (2mn2;m� 1; 2mn2 � (m� 1)),Pm;2 = lm \ u0m = (2mn2 + 1;m; (2mn2 + 1) �m);Qm;1 = lm \ um = (2mn2;m; 2mn2 �m),Qm;2 = lm�1 \ u0m = (2mn2 + 1;m� 1; (2mn2 + 1) � (m� 1)).Note that Pm;1; Pm;2 2 �m, and Qm;1; Qm;2 2 �m, where �m is the planey = x� 2mn2+m� 1 and �m is the plane y = �x+ 2mn2+m. The planes�m and �m are parallel to the planes y = x and y = �x respectively.Let am be the segment that contains Pm;1 and Pm;2 with endpoints in theplanes �0 and �n, and let bm be the segment that contains Qm;1 and Qm;2with endpoints in the planes �0 and �n. Figures 2.1 and 2.2 show ai-s andbi-s for n = 3 (In these �gures, the solid parts of the segments are above �,and the dashed are below it. Note that the �gures are not drawn to scale: infact, the segments are much further apart).
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O x
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Figure 2.1: The segments ai and bi, for n = 3. The solid parts are above �,and the dashed are below it.In what follows, \the highest (lowest) point" (of a set) means \the pointwith the maximal (minimal) z-coordinate". (This is used only when suchpoints are unique.)Now de�ne two sets XL and XU . Each of them is a polygonal line:XL = ~a1 [ ~a2 [ � � � [ ~an, XU = ~b1 [~b2 [ � � � [~bn, where each ~am is a translateof am, and each ~bi is a translate of bi, so that:11
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b 1Figure 2.2: The segments ai and bi, for n = 3, viewed from above.� the lowest point of ~a1 is (0; 0; 0), and for each m 2 f2; 3; : : : ; ng thelowest point of ~am coincides with the highest point of ~am�1;� the highest point of ~b1 is (0; n2;HL+H+HU ) (whereHL andHU are thez-heights of XL and XU respectively, andH is a large positive number),and for each m 2 f2; 3; : : : ; ng the highest point of ~bm coincides withthe lowest point of ~bm�1.We make some observations on XL and XU .1. Each am lies in �m, and each bm lies in �m. It follows that XL lies inthe plane y = x, and XU lies in the plane y = �x+ n2.2. Each am contributes n to the lengths of the x- and y-projections of XL,and each bm contributes n to the lengths of the x- and y-projections ofXU . Thus the x- and y-projections of XL and of XU are [0; n2].3. The slopes of am and bm, relative to the plane z = 0, are, respectively,1p2((2mn2 + 1)m� 2mn2(m� 1)) = 1p2(2n2 + 1)m and1p2((2mn2 + 1)(m� 1)� 2m2n2) = � 1p2((2n2 � 1)m+ 1).This means that if m < m0 then the slope of am is smaller than that ofam0, and the slope of bm is smaller than that of bm0 . It follows that XLis downward convex, and XU is upward convex polygonal line.Let X = conv(XL [XU ) (see Figure 2.3; note that in fact XU is situatedhigh above XL). It is clear that X is a convex set.The family F of disjoint translates of XFor eachm 2 f1; 2; : : : ; ng, de�neAm to be a translate ofX such that ~amis translated to am, and Bm to be a translate of X such that ~bm is translated12



UX

L
XFigure 2.3: The set X for n = 3: the bold polygonal lines are XL and XU ;X is their convex hull.to bm. Denote by AUm (ALm) the polygonal line on Am that corresponds to XU(XL) on X, and by BUm (BLm) the polygonal line on Bm that corresponds toXU (XL) on X.The family F = fA1; A2; : : : ; An; B1; B2; : : : ; Bng is a family of 2ntranslates of X. We prove that they are pairwise disjoint, and that F has atleast n+ 1 geometric permutations.Disjointness of the members of FFirst, note that for each m 2 f1; 2; : : : ; n � 1g, the sets Am and Bmhave points (Pm;1 and Qm;1 respectively) with x-coordinate 2mn2, and thesets Am+1 and Bm+1 have points (Pm+1;2 and Qm+1;2 respectively) with x-coordinate 2(m + 1)n2 + 1. The x-lengths of the sets are n2. It followsthat Am and Bm are to the left of the plane wm (recall that this plane isx = 2mn2 + n2 + 1=2), while Am+1 and Bm+1 are to its right. Hence form 6= m0, Am \Am0 , Am \ Bm0 and Bm \Bm0 are ;.It remains to prove that Am\Bm = ; for each m 2 f1; 2; : : : ; ng. Let �mbe the plane that contains the point (2mn2+1=2;m�1=2; (2mn2+1=2)(m�1=2)), and parallel to am and bm. We claim that this plane separates Amfrom Bm. Let tm = �m \ �m, sm = �m \ �m (the planes �m and �m were13
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Figure 2.4: Illustration to the proof of the disjointness of Am and Bm: thesegment am is above bm.de�ned in the beginning of this section). The segment am is parallel to �mand lies in �m, hence am is parallel to tm, and it is easy to check that am isabove tm in the vertical plane �m. We have observed that XL is downwardconvex. Hence ALm, being a translate of XL, is also above tm, and thus above�m. Similarly, the segment bm is parallel to sm and is below it in the verticalplane �m. We have observed that XU is upward convex. Hence BUm, being atranslate of XU , is also below sm, and thus above �m (see Figure 2.4).If H in the de�nition of XU is large enough, then also AUm is above �m,and BLm is below �m. Since Am = conv(ALm [AUm) and Bm = conv(BLm [BUm),it follows that Am is above �m, and Bm is below �m. Hence Am \ Bm = ;.Transversal propertiesWe prove that each Am and each Bm meets each li.� For Am:For i = m� 1, Pm;1 = lm�1 \ am; for i = m, Pm;2 = lm \ am.For each i 6= m�1;m: since the curve �\�m is downward convex, thepoint �i \ am, which belongs to ALm, lies below � and hence below li.Since the projection of AUm on the y-axis is equal to the projection ofALm, there is a point of AUm that belongs to �i. Since AUm is high aboveALm, this point is above li, and it follows that Am meets li.14



� For Bm:For i = m� 1, Qm;2 = lm�1 \ bm; for i = m, Qm;1 = lm \ bm.For each i 6= m � 1;m: since the curve � \ �m is upward convex, thepoint �i \ bm, which belongs to BUm, lies above � and hence above li.Since the projection of BLm on the y-axis is equal to the projection ofBUm, there is a point of BLm that belongs to �i. Since BUm is high aboveBLm, this point is below li, and it follows that Bm meets li.Geometric permutationsLet TAm and TBm be the open halfspaces bounded by �m, that contain Amand Bm respectively. Let Oi = (0; i; 0) 2 li. On each li, choose direction suchthat Oi is before all the points with positive x-coordinate. It follows that foreach m, on each li, Oi � Am and Oi � Bm. Note also that for m < m0, oneach li we have Am � Am0, Am � Bm0, Bm � Am0 and Bm � Bm0 , since theplanes wm separate such pairs of sets. However, the order of Am and Bm onli depends on i:� For i = m � 1: on lm�1, Om�1 � Pm;1 � Qm;2, and thus Am � Bm.Note that Om�1 2 TAm.� For i = m: on lm, Om � Qm;1 � Pm;2, and thus Bm � Am. Note thatOm 2 TBm .� For any i: we have observed that Om�1 2 TAm and Om 2 TBm . It followsthat Oi 2 TAm for i � m � 1, and Oi 2 TBm for i � m. Since both Amand Bm meet each li after Oi, we have Am � Bm on li for i � m � 1and Bm � Am on li for i � m.We obtain the following geometric permutations for F :l0 : (A1; B1; A2; B2; A3; B3; : : : ; An; Bn)l1 : (B1; A1; A2; B2; A3; B3; : : : ; An; Bn)l2 : (B1; A1; B2; A2; A3; B3; : : : ; An; Bn)l3 : (B1; A1; B2; A2; B3; A3; : : : ; An; Bn): : :ln : (B1; A1; B2; A2; B3; A3; : : : ; Bn; An).Thus F is a family of 2n disjoint translates of the convex set X that hasthe n+ 1 geometric permutations listed above (they are distinct if n > 1).15



2.2 Proof of Theorem 2.2The set X = X(n) that has been constructed in Section 2.1, depends on n.Here we explain, omitting some details, how to construct a set that satis�esTheorem 2.1 for all values of n 2 N.Recall the constuction of X(n). It is easy to see that it is possible tomodify the construction so that �i is the plane y = i� for some positiveconstant � � 1; li = �i \ �; all the segments am and bm are still parallel tothe planes y = x and y = �x respectively, but have x- and y-lengths n� (thenthe x- and y-lengths of X are n2�). Choosing � � 1=n2, it is possible to modifythe construction so that the planes x = 5(2m � 1) and x = 5(2m � 1) + �play the roles of um and u0m (respectively) in the de�nition of the points Pm;jand Qm;j, and the planes x = 10m play the role of wm in the proof of thedisjointness of the translates (note that in this case the x- and y-lengths of Xare less than 1). Once this is done, it is possible to \squeeze" the construction(applying the transformation (x; y; z) 7! (x; y; �z) for a constant 0 < � � 1)so that the slopes of all am's and bm's will be positive but less than a constant�. Using these observations, we construct a set Y that satis�es Theorem 2.1for each n 2 N.For each n 2 N, construct modi�ed XL(n) and XU(n) so that:1. The x- and y-lengths of XL(n) and XU (n) are 1=2n;2. The slopes of all am(n)'s and bm(n)'s are positive but less than theslopes of all am(n� 1)'s and bm(n� 1)'s, and less than 1=2n.Append XL(n)'s (XU (n)'s) in order to obtain a polygonal line Y L (Y U )in the way similar to the joining of the segments am (bm) in the constructionof XL (XU ). That is, let Y L = S1n=1 ~XL(n) and Y U = S1n=1 ~XU (n) where~XL(n) ( ~XU (n)) is a translate of modi�ed XL(n) (XU (n)), and the lowestpoint of ~XL(n) coincides with the highest point of ~XL(n + 1) (the highestpoint of ~XU (n) coincides with the lowest point of ~XU (n+1)). Because of theconditions 1 and 2 above, the sequences of the lowest points of ~XL(n) andof the highest points of ~XU (n) converge, the polygonal lines Y L and Y U are,respectively, downward and upward convex, and they have x- and y-lengths1 (=Pn2N1=2n), and �nite z-lengths. It remains to put Y U high above Y L(so that they have the same x- and y-projections, say, [0; 1]), and to de�neY = conv(Y L [ Y U). The set Y looks similar to the set from Figure 2, butthe bold polygonal lines consist of an in�nite number of segments.For each natural n, it is possible to place 2n translates of Y so that the16



segments of Y L (Y U) that correspond to am(n)'s (bm(n)'s) coincide with thesesegments in 2n translates of the modi�ed X(n).They are disjoint since the planes x = 10m separate pairs of translatesfrom each other, and two translates forming a pair are disjoint since Y L isand Y U are, respectively, downward and upward convex polygonal lines.They also admit the n+ 1 geometric permutations mentioned in the endof Section 2.1. This concludes the proof of Theorem 2.2.2.3 Concluding remarksWe have proved that the maximal number of geometric permutations forfamilies of n translates in R3 is 
(n). As was mentioned earlier, it is alsoO(n2) [21]. A natural question is: what is the exact order of this number?Obviously, for d � 3, the maximal number of geometric permutations forsuch families in Rd is also 
(n). It seems plausible that this bound can beimproved for d > 3.
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Chapter 3Forbidden families of geometricpermutations in RdIn this chapter1 we deal with the following aspect of geometric permutations.Let P = fp1; p2; : : : ; pkg be some family of permutations on n sets (we assumethat all of the permutations are distinct, and, furthermore, no two of themare reverses of each other). It can be asked whether there is a family F thatadmits all of them as its geometric permutations. The answer may dependon d (the dimension of the space). If there is such a family in Rd, we say thatP is realizable in Rd, otherwise we say that it is non-realizable (or forbidden)in Rd.For example, the pair of permutations fh1234i; h2143ig is forbidden inR2 (see Example 1 in Section 3.2.1). On the other hand, for each naturaln, any pair fp1; p2g of permutations on n sets is realizable in R3 (this is aspecial case of Theorem 3.1).Our results deal with realizable and forbidden families of permutationsin Rd:Theorem 3.1 For each natural k, each family of k permutations is realizablein R2k�1.Theorem 3.2 For each natural k, there is a family of k permutations whichis non-realizable in R2k�2.1The results from this chapter appear in the paper Forbidden families of geometricpermutations in Rd [3], accepted for publication in Discrete and Computational Geometry;published in Online First issue of DCG at July 26, 2004.18



It is clear that if a family of permutations is realizable in Rd, then it isrealizable in each Rd0 where d0 � d. Thus it follows from our theorems thateach family of k permutations is realizable in Rd for each d � 2k � 1, butthere is a family of k permutations which is non-realizable in Rd for eachd � 2k � 2.3.1 Proof of Theorem 3.1Let fp1; p2; : : : ; pkg be a family of permutations on n sets. Take k linesl1; l2; : : : ; lk in general position in R2k�1 (by general position we mean thattheir a�ne hull isR2k�1). For each j 2 f1; 2; : : : ; kg, put n points Pj1; Pj2; : : : ; Pjnon lj, according to the permutation pj . For each i 2 f1; 2; : : : ; ng, de�neSi = conv(fP1i; P2i; : : : ; Pkig). Each Si is of dimension at most k � 1.We prove that the sets S1; S2; : : : ; Sn are pairwise disjoint: supposeSx \ Sy 6= ; with x 6= y. Let � be the minimal 
at containing Sx andSy. Since Sx and Sy intersect, the dimension of � is at most 2k � 2. Thenfor each j 2 f1; 2; : : : ; kg, the points Pjx and Pjy, and therefore the line lj,belong to � . Thus all the lines l1; l2; : : : ; lk lie in � , contradicting their beingin general position.Thus fS1; S2; : : : ; Sng is a family of pairwise disjoint convex sets inR2k�1,and it has p1; p2; : : : ; pk (induced by l1; l2; : : : ; lk respectively) as geometricpermutations.3.2 Proof of Theorem 3.2We shall prove the theorem using separating hyperplanes. We shall use thefollowing notation. For two disjoint convex sets Ax and Ay in Rd, we denoteby H(xy) a hyperplane ((d � 1)-
at) that strictly separates Ax from Ay; byH(xy)x the open halfspace bounded by H(xy) that contains Ax, and by H(xy)ythe open halfspace bounded by H(xy) that contains Ay.3.2.1 Examples of forbidden families of permutationsin R2, R3 and R4In this section we provide three examples of forbidden families of permu-tations. Examples 1 and 3 illustrate the general idea used in the proof of19



Theorem 3.2; Example 2 illustrates a slightly di�erent method, applied toR3.Example 1 The pair of permutationsfp1 = h1 2 3 4i;p2 = h2 1 4 3igis forbidden in R2.Remark This example appeared already in early papers on geometric per-mutations [17, 19].Proof Suppose that this pair is realizable in R2 with F = fA1; A2; A3; A4gand transversal lines l1; l2 inducing permutations p1; p2 respectively. Sinceparallel transversals clearly induce the same permutation, l1 and l2 intersectin a point O. Note that for each possible position of O on the transversalsrelative to the members of F , there exist Ax and Ay in F so that l1 : (O�x�y)and l2 : (O � y � x), and this contradicts the disjointness of the sets:(the bar j denotes the position of O on the transversals; * is dropped)� l1 : (j1j2j34), l2 : (j2j1j43): take x = 3, y = 4.� l1 : (12j3j4j), l2 : (21j4j3j): take x = 2, y = 1.� l1 : (j1j234), l2 : (214j3j): take x = 2, y = 4.� l1 : (123j4j), l2 : (j2j143): take x = 3, y = 1.Example 2 The triple of permutationsfp1 = h1 2 3 4 5 6i;p2 = h4 5 6 1 2 3i;p3 = h2 4 6 1 3 5igis forbidden in R3.Proof Suppose that this triple is realizable inR3with F = fA1; A2; : : : ; A6gand transversal lines l1; l2; l3 inducing permutations p1; p2; p3 respectively.Using standard arguments (we mention them later in Section 3.2.3), it ispossible to assume that no two lines among l1, l2 and l3 intersect, and thatthere is no plane parallel to all of them. Then there exists a line m which isparallel to l3 and intersects both l1 and l2 { in points O1 and O2 respectively(such a line m exists since the plane � that contains l1 and is parallel to l3,intersects l2 in a point; denote this point by O2; m is the line parallel to l3that contains O2). Choose a direction for m, and the same direction for l3,so that m : (O1 � O2).Suppose that there exist Ax; Ay 2 F so that l1 : (O1 � Ax � Ay) andl2 : (O2 �Ay �Ax). This implies O1 2 H(xy)x and O2 2 H(xy)y , hence20



m : (H(xy)x � H(xy)y ), and thus also l3 : (H(xy)x � H(xy)y ). However, l3 is atransversal of F , hence l3 : (Ax � Ay).Note that for each possible position of O1 and O2 on the transversalsrelative to the members of F , we can choose two pairs of members of F sothat the previous observation contradicts the actual permutation p3:(the bar j denotes the position of Oj on the transversal lj):� l1 : (j1j23456) and l2 : (j4j5j6123).l1 : (j26) and l2 : (j62) imply l3 : (2 � 6); l1 : (j36) and l2 : (j63) imply l3 : (3 � 6).A contradiction to l3 : (2 � 6 � 3).� l1 : (12j3456) and l2 : (j4j5j6123).l1 : (j21) and l2 : (j12) imply l3 : (2 � 1); l1 : (j36) and l2 : (j63) imply l3 : (3 � 6).A contradiction to l3 : (2 � 6 � 1 � 3).� l1 : (j1j2j3j456) and l2 : (456j1j2j3j).l1 : (j46) and l2 : (j64) imply l3 : (4 � 6); l1 : (j56) and l2 : (j65) imply l3 : (5 � 6).A contradiction to l3 : (4 � 6 � 5).� l1 : (123j4j5j6j) and l2 : (j4j5j6j123).l1 : (j21) and l2 : (j12) imply l3 : (2 � 1); l1 : (j31) and l2 : (j13) imply l3 : (3 � 1).A contradiction to l3 : (2 � 1 � 3).� l1 : (1234j56) and l2 : (4561j2j3j).l1 : (j41) and l2 : (j14) imply l3 : (4 � 1); l1 : (j56) and l2 : (j65) imply l3 : (5 � 6).A contradiction to l3 : (4 � 6 � 1 � 5).� l1 : (12345j6j) and l2 : (4561j2j3j).l1 : (j41) and l2 : (j14) imply l3 : (4 � 1); l1 : (j51) and l2 : (j15) imply l3 : (5 � 1).A contradiction to l3 : (4 � 1 � 5).Remark: In this forbidden triple, replacing p3 by one of the seven permuta-tions obtained from it by rearranging some of the pairs f2; 4g, f1; 6g, f3; 5g(for example h421635i), also gives a forbidden triple. This can be provedusing the same method.Example 3 The triple of permutationsfp1 = h1 2 3 4 5 6 7 8 9i;p2 = h3 1 2 5 6 4 9 7 8i;p3 = h2 3 1 6 4 5 8 9 7igis forbidden in R4.Proof: Suppose that this triple is realizable inR4withF = fA1; A2; : : : ; A9gand transversal lines l1; l2; l3 inducing permutations p1; p2; p3 respectively. Itis possible to assume that there is a line s that intersects each of l1; l2; l3 (thisfollows from Lemma 3.4 to be proved later). For i 2 f1; 2; 3g, choose a pointOi 2 li \ s. It is also possible to assume that O3 2 conv(fO1; O2g): it is easy21



to see, using the symmetry of the permutations, that the two other possi-bilities can be obtained from this by relabeling the sets. Note that for eachpossible position of O1; O2; O3 on the transversals relative to the members ofF , there exist Ax and Ay in F so that l1 : (O1 � x � y) and l2 : (O2 � x � y),but l3 : (O3 � y � x):� l1 : (j1j2j3j4j5j6j789), l2 : (j3j1j2j5j6j4j9j78), l3 : (j2j3j1j6j4j5j897): take x = 7, y = 8.� l1 : (12j3j4j5j6j7j8j9j), l2 : (312j5j6j4j9j7j8j), l3 : (231j6j4j5j8j9j7j): take x = 2, y = 1.� l1 : (j1j2j3j4j5j6789), l2 : (j3j1j2j5j64978), l3 : (2316458j9j7j): take x = 6, y = 8.� l1 : (12345j6j7j8j9j), l2 : (3125j6j4j9j7j8j), l3 : (j2j3j1645897): take x = 5, y = 1.� l1 : (j1j2j3j456789), l2 : (j3j1j2j5j6j4978), l3 : (2316458j9j7j): take x = 4, y = 8.� l1 : (1234j5j6j7j8j9j), l2 : (312564j9j7j8j), l3 : (j2j3j1645897): take x = 4, y = 1.� l1 : (j1j2j3j456789), l2 : (312564j9j7j8j), l3 : (231645j8j9j7j): take x = 4, y = 5.� l1 : (j1j2j3j456789), l2 : (312564j9j7j8j), l3 : (j2j3j1j645897): take x = 4, y = 6.� l1 : (j1j2j3j4j5j6j789), l2 : (31256497j8j), l3 : (j2j3j1j6j4j5j8j97): take x = 7, y = 9.� l1 : (j1j23456789), l2 : (312j5j6j4j9j7j8j), l3 : (23j1j6j4j5j8j9j7j): take x = 2, y = 3.� l1 : (123456j7j8j9j), l2 : (j3j1j2j5j64978), l3 : (23164j5j8j9j7j): take x = 6, y = 4.� l1 : (12345j6j7j8j9j), l2 : (j3j1j2j564978), l3 : (j2j3j1j6j45897): take x = 5, y = 4.This contradicts the disjointness of the members of F : O1; O2 2 H(xy)x , andO3 2 H(xy)y . However, also O3 2 H(xy)x since O3 2 conv(fO1; O2g). Thus, O3belongs both to H(xy)x and to H(xy)y , a contradiction.3.2.2 A (k � 2)-
at that intersects all the transversalsWe prove two lemmas that imply the existence of a (k�2)-
at that intersectsa transversal line for each of the k geometric permutation.De�nition A family L of s-
ats in Rd is an open family if for any L 2 L,there are s+1 open balls B1; B2; : : : ; Bs+1 so that L intersects each of them,and any s-
at that intersects all these balls belongs to L.Remark This de�nition implies that for each member of an open family, asmall perturbation results in another member of the family. For s = 0, anopen family (of points) is just an open set in the usual sense.Lemma 3.3 Let k 2 N. Let L1; L2; : : : ; Lk be open families of lines, andP a point, in R2k�1. Then there exist lines li 2 Li and a (k � 1)-
at S sothat P 2 S and for each i 2 f1; 2; : : : ; kg, li intersects S.22



Lemma 3.4 Let k 2 N, k > 1. Let L1; L2; : : : ; Lk be open families of linesin R2k�2. Then there exist lines li 2 Li, and a (k� 2)-
at S so that for eachi 2 f1; 2; : : : ; kg, li intersects S.Proof of Lemma 3.3For k = 1 the statement is obvious.Suppose the Lemma holds for k � 1.For 1 � i � k, it is possible to choose li 2 Li so that: A = a�fl1; l2; : : : ; lk�1gis a (2k � 3)-
at; B = a�flk; Pg is a 2-
at; and A \B is a point Q di�erentfrom P , so that the line PQ intersects lk.For 1 � i � k � 1, let L0i = Li \ A. Each L0i is an open family of linesrelative to A. By the induction assumption applied to L01; L02; : : : ; L0k�1 andQ in the (2k � 3)-
at A, there exist l0i 2 L0i � Li (1 � i � k � 1), and a(k � 2)-
at T that contains Q and intersects each l0i.Let S = a�(T; P ). Clearly, P 2 S. The 
at S intersects each l0i sinceT � S, and it intersects lk since the line PQ lies in S. Since Q is the onlypoint in A \B, S is a (k � 1)-
at.Thus, S and the lines l01; l02; : : : ; l0k�1; lk satisfy the conclusion of theLemma.Proof of Lemma 3.4For 1 � i � k, it is possible to choose li 2 Li so that C = a�fl1; l2; : : : ; lk�1gis a (2k � 3)-
at, and lk \ C is a point P .For 1 � i � k � 1, let L0i = Li \ C. Each L0i is an open family of lines inC. By Lemma 3.3 applied to L01; L02; : : : ; L0k�1 and P in the (2k � 3)-
at C,there exist l0i 2 L0i (1 � i � k � 1), and a (k � 2)-
at S that intersects eachl0i and contains P (that belongs to lk).Thus, S and the lines l01; l02; : : : ; l0k�1; lk satisfy the conclusion of theLemma.3.2.3 Idea of the proof of Theorem 3.2Let F = fA1; A2; : : : ; Ang be a family of disjoint convex sets in R2k�2 thathas permutations p1; p2; : : : ; pk. After a slight expansion of the members ofF , for each geometric permutation there is a transversal line that intersectsall the members of F in interior points. Then, for each i, the family of allthe transversal lines that induce pi contains an open family of lines. Hence,by Lemma 3.4, it is possible to choose transversals l1; l2; : : : ; lk (inducing23



p1; p2; : : : ; pk respectively) so that there is a (k � 2)-dimensional 
at S thatintersects each of these transversals.For each j 2 f1; 2; : : : ; kg, let Oi 2 li \ S. These are k points in a(k � 2)-
at, thus by Radon's Theorem [22] they can be partitioned intotwo non-empty sets whose convex hulls intersect: f1; 2; : : : ; kg = K [ L,K \ L = ;, K;L 6= ;, and conv(fOj : j 2 Kg) \ conv(fOj : j 2 Lg) 6= ;.Suppose that there are two sets Ax and Ay in F so that for each j 2 K,lj : (Oj � Ax � Ay), and for each j 2 L, lj : (Oj � Ay � Ax). Then for eachj 2 K, Oj 2 H(xy)x , and for each j 2 L, Oj 2 H(xy)y . Since the open halfspacesH(xy)x and H(xy)y are convex sets, it follows that conv(fOj : j 2 Kg) � H(xy)xand conv(fOj : j 2 Lg) � H(xy)y . However, then each point common toconv(fOj : j 2 Kg) and conv(fOj : j 2 Lg) belongs to both H(xy)x and H(xy)y ,which is clearly impossible.Thus, we have proved the following:Observation 3.5 If a family of permutations fp1; p2; : : : ; pkg for F is suchthat for each partition of f1; 2; : : : ; kg into two disjoint non-empty sets Kand L, and for each possible position of the Oj's in the pj 's relative to themembers of F , there are two sets Ax and Ay in F (that depend on the parti-tion and on the position of the Oj 's) so that for each j 2 K, lj : (Oj �Ax�Ay),and for each j 2 L, lj : (Oj � Ay � Ax) { such a family of permutations isforbidden in R2k�2.3.2.4 Construction of a forbidden family of permuta-tionsWe construct a family of k permutations P = fp1; p2; : : : ; pkg that has theproperty mentioned in Observation 3.5. The permutations involve (k + 1) � (2k�1 + 1)sets. In the �rst step we construct their subpermutations �1; �2; : : : ; �kwhich are permutations of f0; 1; : : : ; 2k�1g.Let S1; S2; : : : ; S2k�1 be the 2k�1 subsets of f1; 2; : : : ; kg that contain1 (numbered in some way). De�ne �1; �2; : : : ; �k to be permutations off0; 1; : : : ; 2k�1g that satisfy:In �j: 0 is before i, j 2 Si.Note that the permutations �1; �2; : : : ; �k are not de�ned uniquely.After that, for each j 2 f1; 2; : : : ; kg, construct a permutation pj byduplication of �j k+1 times, as follows: for �j = (�0; �1; : : : ; �2k�1), de�ne24



pj = ((�0; 1); : : : ; (�2k�1; 1); (�0; 2); : : : ; (�2k�1 ; 2); : : : : : : ; (�0; k + 1); : : : ; (�2k�1; k + 1)).The permutations p1; p2; : : : ; pk are permutations of the members of the setf0; 1; : : : ; 2k�1g�f1; 2; : : : ; k+1g. For each m 2 f1; 2; : : : ; k+1g, we callthe subpermutation ((�0;m); : : : ; (�2k�1;m)) the m-th interval of pi.Example of the construction for k = 3: Let S1 = f1; 2; 3g, S2 = f1; 2g,S3 = f1; 3g, S4 = f1g. The permutations �1; �2; �3 should be de�ned sothat:In �1: 0 � 1, 0 � 2, 0 � 3, 0 � 4;In �2: 0 � 1, 0 � 2, 3 � 0, 4 � 0;In �3: 0 � 1, 2 � 0, 0 � 3, 4 � 0.For example, take �1 = (01234), �2 = (34012), �3 = (24013).Then, for these choices of �1, �2 and �3,p1 = ((0;1); (1;1); (2;1); (3;1); (4;1)| {z }1stinterval ; (0;2); (1;2); (2;2); (3;2); (4;2)| {z }2ndinterval ; : : : ; (0;4); (1;4); (2;4); (3;4); (4;4)| {z }4thinterval ),p2 = ((3;1); (4;1); (0;1); (1;1); (2;1); (3;2); (4;2); (0;2); (1;2); (2;2); : : : ; (3;4); (4;4); (0;4); (1;4); (2;4)),p3 = ((2;1); (4;1); (0;1); (1;1); (3;1); (2;2); (4;2); (0;2); (1;2); (3;2); : : : ; (2;4); (4;4); (0;4); (1;4); (3;4)).The family of permutations fp1; p2; p3g is forbidden in R4.3.2.5 Why the construction gives a forbidden familyWe prove that the family of permutations fp1; p2; : : : ; pkg de�ned in Sec-tion 3.2.4 is forbidden in R2k�2. Suppose that there exists a family F ofconvex disjoint sets in R2k�2 that admits p1; p2; : : : ; pk as geometric permu-tations. Let l1; l2; : : : ; lk be transversals giving these geometric permuta-tions, and let S be a (k � 2)-
at that intersects each lj, and let Oj 2 lj \ S.Since each pj consists of (k + 1) \intervals", there is m 2 f1; 2; : : : ; k + 1gso that for each j 2 f1; 2; : : : ; kg, Oj does not belong to the m-th intervalof pj . After dropping the \second component" (m), the m-th interval of pjis identical to �j, and Oj is either before or after all of its sets.Let K [ L be a partition of f1; 2; : : : ; kg into two disjoint non-emptysets. De�ne M = fj 2 f1; 2; : : : ; kg : Oj is before �jg and N = fj 2f1; 2; : : : ; kg :Oj is after �jg. De�ne K 0 = (K \M) [ (L \ N). Note that K 0 is a subsetof f1; 2; : : : ; ; kg, and it is possible to assume that 1 2 K 0 (otherwise weinterchange K and L). Hence K 0 = Sa for some a 2 f1; 2; : : : ; 2k�1g.Consider four cases: 25



� If j 2 K \M , then j 2 K 0 = Sa, hence lj : (Oj � A0 � Aa).� If j 2 K \N , then j =2 K 0 = Sa, hence lj : (Aa � A0 � Oj).� If j 2 L \M , then j =2 K 0 = Sa, hence lj : (Oj � Aa � A0).� If j 2 L \N , then j 2 K 0 = Sa, hence lj : (A0 � Aa � Oj).In each case, for each j 2 K, lj : (Oj � A0 � Aa), and for each j 2 L, lj :(Oj �Aa �A0). Then Observation 3.5 implies that the family of permutationsis forbidden.3.3 Bounds on the minimal number of sets ina forbidden familyBy Theorems 3.1 and 3.2, for each natural d, each family of dd=2e per-mutations is realizable in Rd, but there is a forbidden family of dd=2e + 1permutations. What is the minimal number of sets that must be involved insuch a forbidden family? Denote this minimal number by 'd. By our proof,'d � (dd=2e + 2) � (2dd=2e + 1). This gives '2 � 9 and '3; '4 � 20, whereas,by Examples from Section 3.2.1, '2 � 4, '3 � 6 and '4 � 9.On the other hand, for each natural d, there is a family of d+ 1 disjointconvex sets inRd that have all possible (d+1)!=2 geometric permutations [18].It follows that 'd � d + 2. Thus, '2 = 4, 5 � '3 � 6, 6 � '4 � 9. It seemsthat the exponential upper bound for 'd can be improved substantially. It isclear that d � d0 implies 'd � 'd0. However, we do not even know whether'd is strictly monotone as a function of d.
26



Chapter 4Geometric permutations in theplaneIn this chapter we study realizable and forbidden families of permutations inthe plane R2. For jPj = 2, i.e. for families of two permutations, we give acomplete characterization of realizability. For jPj > 2 we give some necessaryconditions for the realizability, and provide examples which show that theconditions are not su�cient.4.1 Notations and preliminary resultsRealization of a family of permutations; Regular realization.A realization of P = fp1; p2; : : : ; pkg in Rd is a pair (F ;L) where F =fA1; A2; : : : ; Ang is a family of disjoint convex sets inRd, L = fl1; l2; : : : ; lkgis a family of transversal lines of F so that lj induces the permutation pj onthe members of F . (Thus a family of permutations P is realizable in Rd ifand only if there is a realization of P in Rd.)Observation 4.1 Let P = fp1; p2; : : : ; pkg be a realizable family of permu-tations on n sets. Then there is a realization of P in which the sets areconvex polygons whose vertices lie on the transversal lines, and none of thevertices coincides with an intersection point of transversals.Proof Let (F = fA1; A2; : : : ; Ang; L = fl1; l2; : : : ; lkg) be a realizationof P. For each j = 1; 2; : : : ; k, i = 1; 2; : : : ; n, choose a point Pji 2 lj \ Ai.It is possible to assume that no Pji is an intersection point of transversal27



lines (a slight expansion of the members of F may be needed). For eachi = 1; 2; : : : ; n, de�ne Bi to be the polygon conv(P1i; P2i; : : : ; Pki). Then thefamily (F 0 = fB1; B2; : : : ; Bng; L) is the required realization. �A realization described in Observation 4.1 will be called regular. ForP = fp; qg, a family of two permutations, the sets in a regular realization aresegments with endpoints on the transversal lines (and none of the endpointsis the point of the intersection of the transversals).Quadrants. Let l1 and l2 be two directed nonparallel lines in R2, and let Obe the point of their intersection. For j = 1; 2, let l+j (l�j ) denote the positive(negative) part of lj. Denote the four closed quadrants formed by l1 and l2as follows: I bounded by l+1 and l+2 , II bounded by l�1 and l+2 , III bounded byl�1 and l�2 , IV bounded by l+1 and l�2 .
O

III A

II
l

2

l 1

I

IVFigure 4.1: Four quadrants de�ned by l1 and l2. The set A crosses quadrant I.We say that a set A crosses one of the quadrants de�ned by l1; l2 if itintersects both the rays that bound the quadrant, but does not contain thepoint O (see Figure 4.1). It is clear that if l1 and l2 intersect A, then eitherA contains O, or A crosses just one of the four quadrants. Therefore eachsegment in a regular realization of a family of two permutations crosses justone quadrant.The graph of a permutation. Sometimes, in order to illustrate a discus-sion on a permutation p = (p1; p2; : : : ; pn), we shall use the graph of p, thatis the set of points f(1; p1); (2; p2); : : : ; (n; pn)g in the plane. See Figure 4.2.28



1

2

3

4

5

6

1 2 3 4 5 6Figure 4.2: The graph of the permutation p = (251463)4.2 A Helly-type result on decomposable se-quencesClaim 4.2 The family of permutations P = fp = h1234i; q = h2143ig isforbidden in R2.This fact was noted in one of the earliest papers on geometric permutations[19]. A detailed proof can be found in [3]. It can be also proved usingObservation 4.14 from Section 4.6Now we de�ne a property of a permutation to be decomposable to anascending and a descending subpermutations. The de�nition is valid for awider class of objects: for �nite one to one sequences of real numbers.Let a = (a1; a2; : : : ; an) be a one to one real function (sequence) de�nedon [n] = f1; 2; : : : ; ng. For A � [n], let ajA be the the restriction of a to A.For example, if n = 5, a = (2; 6; 1; 4; 8) and A = f2; 3; 5g, then ajA = (6; 1; 8).(Note that the members of A refer to the places in p, and not to their values.)De�nition. A one to one sequence a = (a1; a2; : : : ; an) is decomposableif there exists a partition of [n],K[M = [n], K\M = ;, so that for i; j 2 K,i < j ) ai < aj, and for i; j 2 M , i < j ) ai > aj (in the other words: ajKis an ascending subsequence, and ajM is a descending subsequence).Note that a permutation is decomposable if and only if its reverse isdecomposable (K and M interchange roles), and thus the property of beingdecomposable is well de�ned for undirected permutations.Observation 4.3 For n = 1; 2; 3, each permutation of [n] is decomposable.29



Observation 4.4 For n = 4, there are just two non-decomposable permuta-tions of [4]: (2143) and (3412).Figure 4.3 shows the graphs of these permutations.
Figure 4.3: The graphs of the only non-decomposable permutations off1; 2; 3; 4g.Observation 4.5 If A = fi; j; k; lg with i < j < k < l, then ajA is non-decomposable if and only if aj < ai < al < ak or ak < al < ai < aj.Observations 4.3 and 4.4 can be proved by checking all the cases. Ob-servation 4.5 follows directly from Observation 4.4. Note that the only non-decomposable permutations of [4] are precisely the representatives of theundirected permutation h2143i mentioned in Claim 4.2.The main result of this section is the following Theorem which claims thata sequence a is decomposable if and only if no restriction of a to 4 membershas one of the types mentioned in Observation 4.5Theorem 4.6 A one to one sequence a = (a1; a2; : : : ; an) is decomposableif and only if for each A � [n], jAj = 4, the restriction ajA is decomposable.Proof. The necessity is clear. We shall prove the su�ciency.For n = 1; 2; 3, the claim holds in a trivial way.For n = 4 the claim is also trivial.It remains to prove the su�ciency for n > 4. We do it by induction on n.Let a = (a1; a2; : : : ; an) be a one to one sequence de�ned on [n] (n > 4)such that for each A � [n], jAj = 4, the restriction ajA is decomposable. It isclear that for each B � [n� 1], jBj = 4, the restriction ajB is decomposable,and thus, by the induction hypothesis, aj[n�1] is decomposable. Let (K;M)30



be a corresponding partition of [n � 1]: K [M = [n � 1], K \M = ;, sothat for i; j 2 K, i < j ) ai < aj, and for i; j 2M , i < j ) ai > aj.If K = ;, set K 0 = fng. Then (ajK0; ajM) is a decomposition of a.Similarly, if M = ;, set M 0 = fng. Then (ajK; ajM 0) is a decompositionof a.From now, assume K 6= ;, M 6= ;. Denote � = maxfi : i 2 Kg,� = maxfi : i 2 Mg. It is clear that � < n, � < n. It follows from thede�nitions of K and M that a� = maxfai : i 2 Kg, a� = minfai : i 2Mg.If an > a�, set K 0 = K [ fng. Then (ajK0; ajM) is a decomposition of a.Similarly, if an < a�, set M 0 = M [ fng. Then (ajK; ajM 0) is a decompo-sition of a.It remains to check the case a� < an < a�.There is no loss of generality in assuming that � < � since otherwise wereplace a = (a1; a2; : : : ; an) by �a = (�a1; �a2; : : : ; �an) and exchangethe roles of K and M ; it is obvious that a is decomposable if and only if�a is decomposable, and that ajA a is decomposable if and only if (�a)jA isdecomposable.To summarize, from here on we assume � < � < n, and a� < an < a�.There is no i 2 [n] such that � < i < � and ai > a� since otherwisewe have � < i < � < n and a� < an < a� < ai and thus ajf�;i;�;ng isnon-decomposable.Similarly, there is no i 2 [n] such that i < � and an < ai < a� sinceotherwise we have i < � < � < n and a� < an < ai < a� and thus ajf�;n;i;�gis non-decomposable.Besides, there there is no i 2 [n] n fng such that i > �, and there isno i 2 [n] such that � < i < � and ai < a�: these facts follow from thede�nitions of � and �, and from the assumption � < �.We summarize these observations in Figure 4.4. It presents the pointsthat correspond to a�, a� and an on the graph of the permutation a. Theshaded regions do not contain points.We consider two cases.Case 1: There is no m 2 M such that m < � and a� < am < an. Thismeans that for m 2M nf�g, if m < �, then am > a�, and if � < m < �, thena� < am < a� (see Figure 4.5). Therefore if we de�ne K 0 = (K n f�g) [ fng,M 0 = M [f�g, then the partition (K 0;M 0) of [n] gives a decomposition of a.Case 2: There is m 2 M such that m < � and a� < am < an. We note�rst that such m is unique. For if there are m1;m2 2 M , m1 6= m2, thatsatisfy this. Assume m1 < m2. Then am2 < am1 < an (since m1;m2 2 M).31
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4.3 A relation between realizable pairs of ge-ometric permutations and decomposable�nite sequencesIn this Section we prove another condition equivalent to realizability of afamily P = fp; qg of two permutations in R2. Since it is possible to relablethe sets so that p will be (1; 2; 3; : : : ; n), we shall assume this in the maintheorem of this Section (Theorem 4.7). The result without this assumptionwill be formulated as Corollary 4.8.Theorem 4.7 A family fp = (1; 2; : : : ; n); q = (q1; q2; : : : ; qn)g of permu-tations for [n] is realizable (as geometric permutations of some family) in R2if and only if q is decomposable.Proof. Necessity. Let P = fp = (1; 2; : : : ; n); q = (q1; q2; : : : ; qn)g be afamily of permutations for [n] realizable inR2. Let (F = fA1; A2; : : : ; Ang;L =flp; lqg) be a regular realization of P (each Ai is a segment).Each Ai 2 F belongs to one of the four quadrants. Denote K = fi 2 [n] :Aqi 2 I [ IIIg, M = fi 2 [n] : Aqi 2 II [ IVg. It is clear that K [M = [n],K \M = ;. Since the sets are disjoint, for i; j 2 K, i < j ) qi < qj, and fori; j 2M , i < j ) qi > qj (see Figure 4.7). Thus q is decomposable.
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Su�ciency. Suppose q is a decomposable permutation and [n] = K[M isa partition as appears in the de�nition of a decomposable sequence. For each� 2 f0:5; 1:5; : : : ; n+0:5g, letK�L = fi 2 K : i < �g, K�R = fi 2 K : i > �g,M�L = fi 2 M : i < �g, M�R = fi 2 M : i > �g, and denote (for nonemptysets) �0� = maxfi : i 2 K�Lg, �00� = maxfi : i 2 M�Lg, �0� = minfi : i 2 K�Rg,�00� = minfi : i 2M�Rg.We say that � is good if two following conditions hold:� K�L = ;, or M�L = ;, or q�0� < q�00� (� is good from the left);� K�R = ;, or M�R = ;, or q�0� < q�00� (� is good from the right).Example. Let q = (62354718), K = f2; 3; 6; 8g, M = f1; 4; 5; 7g. ThenqjK = (2378), qjM = (6541) (see Figure 4.8). The good from left values of � are
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Figure 4.8: The graph of q = (62354718) and the decomposition for K =f2; 3; 6; 8g, M = f1; 4; 5; 7g.� = 0:5; 1:5; 2:5; 3:5; 4:5; 5:5; the good from right values of � are � = 3:5; 4:5; 5:5;6:5; 7:5; 8:5. Thus the good values of � are � = 3:5 (with q�0 = 3, q�0 = 6, q�0 = 7,q�00 = 5); � = 4:5 (with q�0 = 3, q�0 = 6, q�0 = 7, q�00 = 4); and � = 5:5 (withq�0 = 3, q�0 = 4, q�0 = 7, q�00 = 1).We shall prove that there is at least one good �. Trivially, � = 0:5 isgood from the left. Let � = b + 0:5 be the maximal (the rightmost) goodfrom the left �. 35



If � = n+ 0:5 then it is trivially good from the right and thus good.Let � < n + 0:5, and suppose that it is not good from the right. Thismeans that K�R 6= ; and M�R 6= ;, and q�00� > q�0� . We claim that � + 1 is alsogood from the left, contradicting the choice of �.It can be assumed without loss of generality that b + 1 = � + 0:5 2 K(otherwise we can replace q by q0, the permutation de�ned by q0i = n � qi.Then K and M interchange their roles, and so also �0� and �00�, and �0� and �00�for each �). Then �0�+1 = b+ 1 = �0�. If M�L = ; then also M�+1L = ; (sinceb+ 1 2 K), and thus � + 1 is good from the left. If M�L 6= ; then �00�+1 = �00�(since b + 1 2 K), therefore q�0�+1 = q�0� < q�00� < q�00� = q�00�+1 and thus � + 1is good from the left.Now we construct a family F of n disjoint segments that has geometricpermutations p = (123 : : : n) and q. Let (K; M) be a decomposition of q.Choose a good � for this decomposition. Let lp and lq be two intersectingdirected lines. Put points P1; P2; : : : ; Pn on lp, and Q1; Q2; : : : ; Qn on lp inthe orders de�ned by p and q, so that1. If i 2 K�L [M�R then Pqi 2 l�p ; if i 2 K�R [M�L then Pqi 2 l+p .2. If i 2 K�L [M�L then Qqi 2 l�q ; if i 2 K�R [M�R then Qqi 2 l+q .It is possible to satisfy the �rst condition: suppose i 2 K�L [M�R andj 2 K�R [M�L . If i 2 KL, j 2 K�R, or if i 2 [M�R, j 2 [M�L then qi < qj byde�nitions of K and L. If i 2 K�L , j 2M�L then qi < qj since � is good fromleft. If i 2M�R, j 2 K�R then qi < qj since � is good from right.It is also possible to satisfy the second condition: this follows directlyfrom the de�nitions of K�L, M�L , K�R and M�R.For each s 2 [n], denote by As the segment PsQs. The segments do notintersect for the following reason. If two segments, PqiQqi and PqjQqj, withqi < qj, intersect, they belong to the same quadrant. Suppose, for example,that they belong to quadrant II (bounded by l�p and l+q ). Then i; j 2 M�R.It follows that lp : (Qqi � Qqj � O) and lq : (O � Qqj � Qqi). ThereforeAs and At do not intersect. Similar arguments prove the statement for theother quadrants. �Corollary 4.8 A family fp = (p1; p2; : : : ; pn); q = (q1; q2; : : : ; qn)g of twopermutations for [n] is realizable in R2 if and only if the members of [n] canbe partitioned into two subsets so that the members of one part appear in thesame order in p and q, and the members of the second part appear in oppositeorders in p and q. 36



Corollary 4.8 generalizes Theorem 4.7 for the case when the permutationp is not necessarily (123 : : : n), and it follows directly from this Theorem byrelabeling the sets.Combining Theorem 4.7 (fp = (123 : : : n); qg is realizable in R2 if andonly if q is decomposable) with Theorem 4.6 (q is decomposable if and onlyif each restriction of q to four sets is decomposable) and Observations 4.4and 4.5 ((2143) and (3412) are the only non-decomposable permutations for[n]), and relabeling the sets if necessary, we obtain the following Helly-typecondition of realizability of fp; qg in R2:Theorem 4.9 A family fp; qg of permutations for [n] is forbidden in R2if and only if there are i; j; k; l 2 [n] so that p = h: : : i : : : j : : : k : : : l : : : i,q = h: : : j : : : i : : : l : : : k : : : i.4.4 A linear algorithm for checking the real-izability of a pair of geometric permuta-tions in R2Let P = fp; qg be a pair of permutations on [n]. We want to check whetherit is realizable in R2. It takes linear time to relabel the members of [n]so that p = (123 : : : n). Thus we shall assume that this is the case: P =fp = (1; 2; : : : ; n); q = (q1; q2; : : : ; qn)g. By Theorem 4.7, we need onlyto check whether q is decomposable. We present a linear algorithm thatdoes this. Loosely speaking, we decompose q from left and from right, andthen we either construct a decomposition of q, or prove that that q is notdecopmposable.Left decomposition. De�ne KL;ML � [n] according to the followingrules:Step 1: i = 1; KL =ML = ;.Step 2: If maxfqjjj 2 KLg < qi < minfqjjj 2 MLg, or if KL or ML is ;,mark i as \current". Otherwise STOP.Step 3: If i = 1, i := 2 and go to step 2. If i > 1, continue.Step 4: If qi�1 < qi, add i� 1 to KL. If qi�1 > qi, add i� 1 to ML.Step 5: If i = n, STOP. If i < n, i := i+ 1, and go to step 2.Right decomposition. De�ne KR;MR � [n] according to the followingrules: 37



Step 1: i = n; KR = MR = ;.Step 2: If maxfqjjj 2 MRg < qi < minfqjjj 2 KRg, or if KR or MR is ;,mark i as \current". Otherwise STOP.Step 3: If i = n, i := n � 1 and go to step 2. If i < n, continue.Step 4: If qi < qi+1, add i+ 1 to KR. If qi > qi+1, add i� 1 to MR.Step 5: If i = 1, STOP. If i > 1, i := i� 1, and go to step 2.Denote by � the \current" i on the termination of the left decomposition,and denote by � the \current" i on the termination of the right decompo-sition. Note that the subsequences qjKL and qjKR are ascending, and thesubsequences qjML and qjMR are descending. Moreover, � is greater than allthe members of qjKL and less than all the members of qjML; � is less than allthe members of qjKR and greater than all the members of qjMR. Note alsothat always � � 2 and � � n� 1.Example. Let q = (928745361).The left decomposition: The right decomposition:9 2 8 7 4 5 3 6 1 9 2 8 7 4 5 3 6 19 2 8 7 4 5 3 6 1 9 2 8 7 4 5 3 6 19 2 8 7 4 5 3 6 1 9 2 8 7 4 5 3 6 19 2 8 7 4 5 3 6 1 9 2 8 7 4 5 3 6 19 2 8 7 4 5 3 6 1 9 2 8 7 4 5 3 6 19 2 8 7 4 5 3 6 1HereKL = f2; 5g, qjKL = (24); ML = f1; 3; 4g, qjML = (987); � = 6, q� = 5;and KR = f6; 8g, qjKR = (56); MR = f7; 9g, qjMR = (31); � = 5, q� = 4, seeFigure 4.9.In order to establish whether q is decomposable we need to analyze themutual position of � and � (and, probably, of some neighbouring members).If � 6= �, we shall assume that q� < q�. There is no loss of generalitysince if q� > q� we can consider the permutation q0 de�ned by q0i = n � qi:then q0� < q0�, and it is clear that q is decomposable if and only if q0 isdecomposable. If KL 6= ;, denote �0 = maxfi : i 2 KLg; if ML 6= ;, denote�00 = maxfi : i 2 MLg; if KR 6= ;, denote �0 = minfi : i 2 KRg; if MR 6= ;,denote �00 = minfi : i 2MRg. 38
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λ ρFigure 4.9: Left and right decompositions of p = (928745361).Claim 4.10 Compare � and � obtained in left and right decompositions. If� 6= �, assume that q� < q�. Then:1. If � > �� 1 then q is decomposable.2. If � = � � 1, then ML 6= ; and MR 6= ;. If q�00 > q�00 then q isdecomposable, and If q�00 < q�00 then q is not decomposable.3. If � < �� 1 then q is not decomposable.Proof1. � > �� 1 (or: � � �).If � = �, de�ne K = KL [ f�g [KR, M = ML [MR (of course, it isalso possible to de�ne � to be a member of M instead of K).Suppose � > �. Then, since q� < q�, � 2 ML and � 2 MR. We assertthat i 2 KL ) i < � and that i 2 KR ) i > �. We prove the �rstassertion: suppose i 2 KL (this implies i < �) and i > �. Then i 2 KRor i 2 MR. However, both these possibilities contradict qi < q� < q�:39



if i 2 KR, it must be qi > q�; if i 2 MR, it must be qi > q� (since� 2MR). The second assertion can be proved in a similar way. De�neK = KL [KR, M = ML [MR. Then (K;M) is a decomposition of q.2. � = �� 1.If ML = ;, then it is possible to continue the left decomposition byde�ning � to be \current", in contradiction to the de�nition of �.Therefore ML 6= ;. For a similar reason, MR 6= ;.If q�00 > q�00, just de�ne K = KL [ KR, M = ML [ MR, and then(K;M) is a decomposition of q.If q�00 < q�00, we have �00 < � < � < �00 with q� < q�00 < q�00 <q�. Thus the restriction of q to f�00; �; �; �00g is not decomposable (seeObservation 4.5), and therefore q is not decomposable.3. � < ��1. Denote �+ = �+1, �� = ��1. Then �+ � �� (the equalityis possible).We shall prove that in this case there are i; j; k; l 2 [n] so that i <j < k < l with qj < qi < ql < qk or qj > qi > ql > qk. Then, byObservation 4.5, q has a non-decomposabe subsequence, and thereforeq is non-decomposable.First we note the following: if q� > q�+ thenKL 6= ; and q� > q�0 > q�+,since otherwise it is possible to continue the left decomposition de�ningi = �+ to be \current". Using similar arguments, we can see that ifq� < q�+ then ML 6= ; and q� < q�00 < q�+; if q� > q�� then MR 6= ;and q� > q�00 > q��; if q� < q�� then KR 6= ; and q� < q�0 < q��.The case splits into several subcases.(3.1) q�+ < q�.We have KL 6= ; and q�+ < q�0 < q�.Suppose �rst q�� > q�.Since q� < q�, we obtain q�+ < q��. Therefore �+ < ��.Now we have � < �+ < �� < � with q�+ < q� < q� < q��, and qis not decomposable (see Figure 4.10).Now suppose q�� < q�. Then MR 6= ; and q�� < q�00 < q�.40



If q�0 < q�00 then �0 < �+ < � < �00 with q�+ < q�0 < q�00 < q�, andq is not decomposable (see Figure 4.11).If q�00 < q�0 then �0 < � < �� < �00 with q� > q�0 > q�00 > q��, andq is not decomposable (see Figure 4.12).(3.2) q� < q�+ < q�.We have ML 6= ; and q� < q�00 < q�+.If q�� > q�, replacing q with q00 de�ned by q00i = n� qn�i gives usthe case (3.1) that has already been checked.Suppose q�� < q�. Then MR 6= ; and q�� < q�00 < q�.If q�00 < q�00 then �00 < � < � < �00 with q� < q�00 < q�00 < q�, andq is not decomposable (see Figure 4.13).If q�00 < q�00 then �00 < �+ < �� < �00 with q�+ > q�00 > q�00 >q��, and q is decomposable (here �+ < �� since q�+ 6= q��) (seeFigure 4.14).(3.3) q� < q�+.We have ML 6= ; and q� < q�00 < q�+.If q�� > q�, replacing q with q00 de�ned by q00i = n � qn�i gives usthe case (3.1) that have been already checked.Suppose q�� < q�. Then MR 6= ; and q�� < q�00 < q�.If q�00 < q� then �00 < � < �+ < � with q� < q�00 < q� < q�+, andq is not decomposable (see Figure 4.15).If q� < q�00 then �00 < �+ < �� < � with q�+ > q�00 > q� > q��,and q is not decomposable (here �+ < �� since q�+ 6= q��) (seeFigure 4.16). �
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4.5 Two necessary conditions for realizabilityof families of geometric permutations inR2Suppose P = fp1; p2; : : : ; pkg is a family of permutations of [n], and wewant to know whether it is realizable in R2. For k = 2 the problem wassolved in Section 4.3 (Theorems 4.7 and 4.9). We shall see that for k > 2 thesituation is much more complicated. We describe some necessary conditionsfor realizability, and show that they are not su�cient.Necessary condition 1The following statement is clear:Observation 4.11 (Necessary condition 1) If P is realizable in R2, thenno two members of P form a forbidden pair.The following example (taken from [1]) shows that this condition is notsu�cient. Let n 2 N. For eachA � f2; 3 : : : ; bn=2cg, de�ne the permutationp = pA on [n] as follows:If j 2 A or n� j 2 A, then pj = n� j; otherwise pj = j.For example, for n = 6, we have:p; = (123456), pf2g = (153426), pf3g = (124356), pf2;3g = (154326).In this way we obtain 2bn=2c�1 permutations. Since all of them beginwith 1, no two of them are reverses of each other. Each two of them forma realizable pair: for pA and pB, where A;B � f2; 3; : : : ; bn=2cg, let K =fiji 2 A4B or n � i 2 A4Bg, M = [n] n K. Then pAjK = pBjK andpAjM = �pBjM , and thus the pair fpA; pBg is realizable by Corollary 4.8.Thus we have a family of 2bn=2c�1 pairwise realizable permutations. How-ever, the entire family is forbidden since the maximal size of a realizablefamily in R2 is 2n� 2 [9].Necessary condition 2De�nition. Let P = (pi1 ; pi2 ; : : : ; pik ) be a family of (directed) permu-tations on [n], ordered by pij � pij0 , j < j 0. We say that the ordering �is good if for each a; b 2 [n] with pi1 : (a � b) there is y = y(a; b) 2 [k] so thatpix : (a � b) for x = 1; 2; : : : ; y, and pix : (b � a) for x = y+1; y+2; : : : ; k.This can be reformulated in the following way: there are no x; y; z 2 [k],x < y < z, so that for some a; b 2 [n], pix : (a � b), piy : (b � a), piz : (a � b).46



Claim 4.12 (Necessary condition 2) Let P = f~p1; ~p2; : : : ; ~pkg be a fam-ily of undirected permutations (~pj = fpj ; �pjg), realizable in R2. Then:1. It is possible to choose a representative of each member of P, and toorder them using a good order � (that is, the ordering of the family(pi1 � pi2 � � � � � pik ) is a good one).2. There are precisely 4k such good orderings.Proof.1. Consider a realization of P. Choose a direction on each transversal sothat all the directions will be contained in an open semicircle � on thecircle of directions. Order the transversals (with their permutations)according to the order of the appearance (for example, clockwise) oftheir directions on circle of directions.Let a; b 2 [n]. Consider a line m that separates Sa from Sb, and trans-late it to the circle of directions. This line divides � into two sectors(see Figure 4.17). Then a � b on the transversals that belong to oneof them, and b � a on the transversals that belong to another.
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Figure 4.17: Illustration to the proof of Necessary condition 2 (Claim 4.12).2. Suppose without loss of generality that (p1; p2; : : : ; pk) is a good or-dering of representatives of the members of P. Then for each j 2 [k],the following orderings are also good:47



� (pj ; pj+1; : : : ; pk; �p1; �p2; : : : ; �pj�1)� (�pj ; �pj+1; : : : ; �pk; p1; p2; : : : ; pj�1)� (pj ; pj�1; : : : ; p1; �pk; �pk�1; : : : ; �pj+1)� (�pj ; �pj�1; : : : ; �p1; pk; pk�1; : : : ; pj+1)We shall prove only that the �rst of these orderings,(pj ; pj+1; : : : ; pk; �p1; �p2; : : : ; �pj�1), is good (the remaining threeorderings are proved in a similar way). If not, we have one of thefollowing cases:(a) There exist a; b 2 [n] and x; y; z 2 [k] and so that j � x < y < z �k and px : (a � b), py : (b � a), pz : (a � b). This is impossiblesince (p1; p2; : : : ; pk) is a good ordering.(b) There exist a; b 2 [n] and x; y; z 2 [k] and so that j � x < y � k,1 � z � j � 1 and px : (a � b), py : (b � a), �pz : (a � b). This isimpossible since then pz : (b � a), px : (a � b), py : (b � a) withz < x < y, and (p1; p2; : : : ; pk) is a good ordering.(c) There exist a; b 2 [n] and x; y; z 2 [k] and so that j � x � k,1 � y < z � j � 1 and px : (a � b), �py : (b � a), �pz : (a � b).This is impossible since then py : (a � b), pz : (b � a), px : (a � b)with y < z < x, and (p1; p2; : : : ; pk) is a good ordering.(d) There exist a; b 2 [n] and x; y; z 2 [k] and so that 1 � x < y <z � j � 1 and �px : (a � b), �py : (b � a), �pz : (a � b). This isimpossible since then px : (b � a), py : (a � b), pz : (b � a) withx < y < z, and (p1; p2; : : : ; pk) is a good ordering.Thus we have at least 4k good orderings of P. It remains to prove thatonly these orderings of are good.Assume again that (p1; p2; : : : ; pk) is a good ordering of P, and letx; y; z 2 [k], x < y < z.Since px and pz are representatives of distinct undirected permutationsand thus are not reverses of each other, there are a; b 2 [n] so thatpx : (a � b) and pz : (a � b). Since (p1; p2; : : : ; pk) is a good ordering,and x < y < z, we have also py : (a � b).Since px and py are representatives of distinct undirected permutations,there are c; d 2 [n] so that px : (c � d) and py : (d � c). Since(p1; p2; : : : ; pk) is a good ordering, and x < y < z, we have pz : (d � c).48



Since py and pz are representatives of distinct undirected permutations,there are e; f 2 [n] so that py : (e � f) and pz : (f � e). Since(p1; p2; : : : ; pk) is a good ordering, and x < y < z, we have px : (e � f).To summarize: there exist a; b; c; d; e; f 2 [n] (not necessarily all ofthem distinct) such that:px : (a � b), py : (a � b), pz : (a � b);px : (c � d), py : (d � c), pz : (d � c);px : (e � f), py : (e � f), pz : (f � e).We claim that in any good ordering � of P, the representatives of ~px,~py, ~pz appear in one of the following 12 ways:px � py � pz , px ��pz � �py,�px ��py � �pz, �px � pz � py,py � pz ��px, py � px � �pz,�py ��pz � px, �py � �px � pz,pz � �px ��py, pz � py � px,�pz � px � py , �pz � �py � �px.All the other cases are impossible. For example:px � pz � py is impossible since px : (e � f), pz : (f � e), py : (e � f).px � pz � �py is impossible since px : (c � d), pz : (d � c), �py : (c �d).px � �py � pz is impossible since px : (a � b), �py : (b � a),pz : (a � b).Now we shall prove our claim by induction on k. We have alreadyproved it for k = 3 (see the 12 possibilities above). Suppose that wehave proved that for some k � 3 the only good orderings are:(a) (p1; p2; : : : ; pk)(b) (�p1; �p2; : : : ; �pk)(c) (pk; pk�1; : : : ; p1)(d) (�pk; �pk�1; : : : ; �p1)(e) (pj ; pj+1; : : : ; pk; �p1; �p2; : : : ; �pj�1) with j > 1(f) (�pj ; �pj+1; : : : ; �pk; p1; p2; : : : ; pj�1) with j > 149



(g) (pj ; pj�1; : : : ; p1; �pk; �pk�1; : : : ; �pj+1) with j < k(h) (�pj ; �pj�1; : : : ; �p1; pk; pk�1; : : : ; pj+1) with j < kThese are precisely the four types of orderings listed above, but thistime we consider separately the orderings in which the �rst and thelast permutations are �p1, �pk. There is one such ordering of each ofthe types (a){(d), and k � 1 orderings of each of the types (e){(h).Now suppose we have a good ordering of representatives of f~p1; ~p2; : : : ; ~pk+1g.Any restriction of a good ordering is clearly also good, thus any goodordering for k + 1 permutations can be obtained by adding of �pk+1to one of the 4k orderings of representatives of f~p1; ~p2; : : : ; ~pkg amongthe listed above. We claim that for (a){(d) this can be done in twoways, and for (e){(h), in one way:(a) (p1; p2; : : : ; pk) �!�! (p1; p2; : : : ; pk; pk+1) or (�pk+1; p1; p2; : : : ; pk)(b) (�p1; �p2; : : : ; �pk) �!�! (�p1; �p2; : : : ; �pk; �pk+1) or (pk+1; �p1; �p2; : : : ; �pk)(c) (pk; pk�1; : : : ; p1) �!�! (pk+1; pk; pk�1; : : : ; p1) or (pk; pk�1; : : : ; p1; �pk+1)(d) (�pk; �pk�1; : : : ; �p1) �!�! (�pk+1; �pk; �pk�1; : : : ; �p1) or (�pk; �pk�1; : : : ; �p1; pk+1)(e) (pj ; pj+1; : : : ; pk; �p1; �p2; : : : ; �pj�1) with j > 1 �!�! (pj; pj+1; : : : ; pk; pk+1; �p1; �p2; : : : ; �pj�1)(f) (�pj ; �pj+1; : : : ; �pk; p1; p2; : : : ; pj�1) with j > 1 �!�! (�pj; �pj+1; : : : ; �pk; �pk+1; p1; p2; : : : ; pj�1)(g) (pj ; pj�1; : : : ; p1; �pk; �pk�1; : : : ; �pj+1) with j < k �!�! (pj; pj�1; : : : ; p1; �pk+1; �pk; �pk�1; : : : ; �pj+1)(h) (�pj ; �pj�1; : : : ; �p1; pk; pk�1; : : : ; pj+1) with j < k �!�! (�pj; �pj�1; : : : ; �p1; pk+1; pk; pk�1; : : : ; pj+1)This gives 2 � 4+ 1 � (k� 1) = 4 � (k+1) orderings. We shall prove thatthese are the only ways to add �pk+1 for cases (a) and (e) (for othercases this can be proved similarly).50



(a) By the assumption, (p1; p2; : : : ; pk) is a good ordering. We needto add pk+1 or �pk+1 to it. According to what we have provedfor 3 permutations (see 12 cases on page 49) with x = 1, y = k,z = k + 1, the only possibilities for p1, pk, �pk+1 with p1 �pk are p1 � pk � pk+1 and �pk+1 � p1 � pk. This yields(p1; p2; : : : ; pk; pk+1) and (�pk+1; p1; p2; : : : ; pk).(e) By the assumption, (pj ; pj+1; : : : ; pk; �p1; �p2; : : : ; �pj�1) (withj > 1) is a good ordering. We need to add pk+1 or �pk+1 to it.According to what we have proved for 3 permutations with x = 1,y = k, z = k + 1, the only possibility for �p1, pk, �pk+1 withpk ��p1 is pk � pk+1 ��p1.This yields (pj; pj+1; : : : ; pk; pk+1; �p1; �p2; : : : ; �pj�1). �We saw in the proof that for a realizable family of permutations, a goodordering of their representatives corresponds to a natural ordering of their di-rections on the circle of directions. In this case, 4k good orderings correspondto the choice of the �rst permutation, its orientation, and clockwise or coun-terclockwise ordering at the circle of directions, and they can be obtainedfrom each other by rotation and/or re
ection of the plane.Necessary Condition 2 is also not su�cient. Consider the following familyof permutations: begin with p1 = (123 : : : n), then move 1 by one to the rightuntil it reaches the last position, then move 2 by one to the right untilit reaches next to the last position, and so on (each i reaches the positionn�i+1). Each time just one pair of sets interchange, and no pair interchangestwice (this means that this family satis�es Necessary Condition 2). The lastpermutation will be (n�1; n; n�2; n�3; : : : ; 2; 1) (only n�1 and n remainnot interchanged). For example, for n = 4 we have the following sequence ofpermutations:p1 = (1234); p2 = (2134); p3 = (2314); p4 = (2341); p5 = (3241); p6 = (3421).There are �n2� permutations in this family. Again, by the result from [9],this means that such a family is forbidden (for n � 5).Another way to see that this family is forbidden (for n � 4) is to note thatp2 = (2; 1; 3; 4; : : : ; n� 1; n) and p(n2) = (n� 1; n; n� 2; n� 3; : : : ; 2; 1),and these two permutations form a forbidden pair: note the restriction tof1; 2; n � 1; ng. Thus we see that Condition 1 does not follow from Condi-tion 2. 51



In fact, Conditions 1 and 2 are independent. Consider a family P =f~p1; ~p2; ~p3g = fh1234i; h1342i; h1423ig of non-directed permutations. Thisfamily satis�es Condition 1 (its members are pairwise compatible), but doesnot satisfy Condition 2: if we try to �nd a good ordering p1 � p2 � p3 ofrepresentatives, it is possible to assume that p1 = (1234), it is also possibleto assume that p2 = �(1342), therefore p3 = �(1423). There are four waysto choose representatives of ~p2 and ~p3 and to obtain thus an ordering of thisfamily of non-directed permutations. None of them is good as for each ofthem there are two sets that violate Condition 2:(1 2 3 4); (1 3 4 2 ); (14 2 3 );(1 2 3 4 ); (13 4 2 ); (3 2 4 1);( 1 2 34); ( 2 43 1 ); ( 1 4 2 3);(12 3 4 ); (2 4 3 1); ( 3 2 4 1).4.6 The necessary conditions are not su�-cientWe show that Necessary Conditions 1 and 2 from Section 4.5, even together,are not su�cient. Consider the following family of three permutations forsix sets: P = fh123456i; h412563i; h541632ig. This family satis�es boththe necessary conditions: it is easy to check that each two of them form arealizable pair; and (p1 = (123456); p2 = (412563); p3 = (541632)) is a goodordering of their representatives. However, we shall prove that P is forbiddenin R2.Claim 4.13 The family of permutations P = fh123456i; h412563i; h541632igis not realizable in R2.We shall use the following simple fact.Observation 4.14 Let p1 = (123), p2 = (132) be two directed geometricpermutations of fA1; A2; A3g, realized by directed transversal lines l1 and l2.Then A1 crosses quadrant III.1Proof of Observation 4.14 We need to show that A1 \ l1 � l�1 and thatA1 \ l2 � l�2 .1Quadrants have been de�ned on page 28.52



Suppose A1 \ l+1 6= ;. Then A2 \ l1 � l+1 and A3 \ l1 � l+1 .It is clear that O 62 A3. If A3 \ l2 � l+2 then also A2 \ l2 � l+2 , andA3 \ A2 6= ;. If A3 \ l2 � l�2 then also A1 \ l2 � l�2 , and A3 \ A1 6= ; (seeFigure 4.18).
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Since l1 : 3 � 4 � 5 and �l2 : 3 � 5 � 4, we have by Observation 4.14l1 : 3 � O12 (and l2 : O21 � 3). Therefore l1 : 1 � 2 � 3 � O12. Similarly weobtain l2 : O23 � 5 � 6 � 3 and l3 : 5 � 4 � 1 � O31.Since �l1 : 4 � 2 � 1 and l3 : 4 � 1 � 2, we have by Observation 4.14l1 : O13 � 4 (and l3 : 4 � O31). Therefore l1 : O13 � 4 � 5 � 6. Similarly weobtain l2 : 4 � 1 � 2 � O21 and l3 : O32 � 6 � 3 � 2.Using an a�ne transformation, we can assume that the angle betweeneach two transversals is 60�. Then the realization must look similar to thesituation on Figure 4.22, with arcs replaced by convex sets. It is also possibleto assume that the sets are segments with endpoints on transversal lines: letP 2 A1\ l1, Q 2 A1\ l3, and let R be the point of intersection of the segmentPQ with l2. Then l2 : (R � O12) and therefore the set A1 can be replacedby the segment PQ. Applying the same argument to all the sets in F weconclude that it can be assumed that all the members of F are segments.
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