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Abstract

This work deals with geometric permutations for families of disjoint con-
vex sets in Euclidean spaces.

Denote by R? the d-dimensional Euclidean space. Let F = {A;, Ay, ..., A,}
be a finite family of pairwise disjoint convex sets in R% A straight line [ is
a transversal of F if it intersects every member of F. Each transversal in-
tersects the members of F in an order which can be described by a pair of
permutations of [n] = {1, 2, ..., n}, which are reverses of each other. Such
a pair is called a geometric permutation (the two permutations that form it
are referred to as representatives of the geometric permutation).

The study of geometric permutations was used in solving several problems
in Geometric Transversal Theory.

In this work we obtain some new results on geometric permutations.

The following result refutes a conjecture by Katchalski, Lewis and Liu,
showing that the maximal number of geometric permutations in a family of
disjoint translates of a convex set is not bounded by a constant:

e For each n € N, n > 1, there exists a convex set X = X(n) in R? and
a family F = F(n) of 2n disjoint translates of X that admits at least
n 4+ 1 geometric permutations.

A family P of permutations of n sets is realizable in R? if there exists a
family F of n disjoint convex sets in R? that has all the members of P as
geometric permutations; otherwise P is non-realizable, or forbidden, in R%

We find for which values of k there are families of & permutations forbid-
den in R%

o If d > 2k — 1 then each family of & permutations is realizable in R

o If d < 2k—2 then there is a family of k& permutations which is forbidden
in R<.

We study families of permutations realizable and non-realizable in R2
We find necessary and sufficient conditions for realizability in R? for families
of two permutations {p, ¢}

e A family {p, ¢} of permutations of [n] is forbidden in R? if and only
if there are i, j, k,[ € [n] so that p = (...i...j...k...[...), ¢ =

ojeiio k)



o Afamily {p =(1,2,...,n),¢=(q1, @2, - .., )} of permutations for
[n] is realizable in R? if and only if ¢ is decomposable to an ascending
and a descending sub-permutations.

o A family {p = (p1, p2, -+, Pu),q = (@1, @2, -+, ¢u)} of two permuta-
tions for [n] is realizable in R? if and only if [r] can be partitioned into

two subsets so that the members of one part appear in the same order
in p and ¢, and the members of the second part appear in opposite
orders in p and gq.

We provide a linear algorithm which checks whether a given family of two
permutations of [n] is realizable in R

Then we study realizability in R? of families of permutations with more
than two members. We find two necessary conditions for realizability:

o Let P ={p', p*, ...,p"} be a family of permutations realizable in R2
Then:

1. No two of them form a forbidden pair.

2. Tt is possible to choose a representative p’ of each p and to order
them, p't < p? < --- < p'*, so that there are no z,y,z € [k],
z <y < z,so that for some a,b € [n], p'* : (a < b), p'* : (b < a),
p'=: (a < b).

We give an example which shows that these necessary conditions together
are not sufficient: the family of permutations P = {(123456), (412563), (541632)}

satisfies both the conditions, but it is non-realizable in RZ2.



Chapter 1

Introduction

1.1 Background on Geometric Permutations

This work deals with geometric permutations for families of disjoint convex
sets in Euclidean spaces R,

Let F = {Ay, Ay, ..., A,} be a finite family of pairwise disjoint convex
sets in R A straight line [ is a transversal of F if it intersects every member
of F. Fach transversal intersects the members of F in an order which can
be described by an wundirected permutation, i.e. a pair of permutations of
[n] = {1, 2, ..., n}, which are reverses of each other. Such a pair is called a
geomelric permutation.

We shall use the following notations. If a directed transversal [ meets
the sets in a certain order, this order will be denoted by <, and we shall
write [ @ (Ay < Ap, < o0 < Ag), or just [ (1 <@g < - < ay,),

where {x1, x2, ..., z,} = {1, 2, ..., n}. This order is described by the per-
mutation p = (w1, &g, ..., ¥,). Then —[ denotes the same line oriented
conversely: —[: (A;, < A,,_, < -+ < A;), and —p denotes the reverse of
the permutation p: —p = (2, ®4_1, ..., ¥1). If [ is not directed, we shall

denote the order by * and we shall write [ : (A, * Az, % -+ * A, ), or just
[:(xy*ag%---*a,), and denote the corresponding geometric permutation
by p={p,—p} = {(x1, 22, ..., ¥n), (¥ny Tpo1y ooy 1)} = (T1, T2y ooy Ty).
The permutations p, —p are representatives of p. Where this is not essential,
we shall not distinguish between geometric permutations and their represen-
tatives. Figure 1.1 presents a planar family of four sets Ay, Ay, A3, A4 with
six geometric permutations: (3412), (3142), (1342), (1432), (1423), (1243).



/<34] 2>

. <3142>

<1342>

T <1432

<1243> <1423>
Figure 1.1: A family of four sets that admits six geometric permutations.

Geometric permutations were introduced by Katchalski, Lewis and Liu
[16] as a tool for dealing with problems in Geometric Transversal Theory. The
following two Helly-type results were proved using geometric permutations.

o Let F be a family of pairwise disjoint translates of a convex set in R2
If every 5 members of F have a common transversal, then the whole
family F has a common transversal (Tverberg, 1989 [26]).

This theorem confirms Griinbaum’s conjecture from 1958 [11]. The Helly
number 5 is the best possible. A weaker version of this result (with 128

instead 5) was proved by Katchalski in 1986 [15].

o Let F be a finite family of pairwise disjoint unit balls in R?. If every
11 members of F have a common transversal, then the whole family F
has a common transversal (Cheong, Goaoc and Holmsen, 2005 [5]).

It is not known whether the Helly number 11 is the best possible. A
weaker version of this result (with Helly number 46) was proved by Holmsen,
Katchalski and Lewis in 2003 [13], and then it was improved (with Helly
number 18) by Cheong, Goaoc and Na in 2004 [6]. There is no Helly-type
result of this type with transversal lines for disjoint translates of a general

set in R? (Holmsen and Matousek, 2001, [14]).

Survey articles on Geometric Transversal Theory [7, 8, 10, 12, 27, 29]
contain other generalizations and related results.
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1.2 Results presented in this work

Several papers on geometric permutations deal with a maximal number of
geometric permutations that a family of n disjoint convex sets in R? can
admit. The known bounds are the following:

e The maximal number of geometric permutations for families of n dis-
joint convex sets in R? is 2n —2 (for n > 4) (as an upper bound: Edels-
brunner and Sharir, 1990 [9]; as a lower bound: Katchalski, Lewis and
Zaks, 1985 [19]).

e The maximal number of geometric permutations for families of n dis-
joint convex sets in R? is O(n?=?) and Q(n?"!) (the upper bound:
Wenger, 1990 [28]; the lower bound: Katchalski, Lewis and Liu, 1992

18)).

e The maximal number of geometric permutations for families of n dis-
joint balls in R is ©(n?1). (Smorodinsky, Mitchell and Sharir, 2000
[25]).

Several results deal with geometric permutations for families of disjoint
convex sets with several restrictions on sets or on transversal lines involved:

e The maximal number of geometric permutations for families of n fat
disjoint sets in R is ©(n?~!) (Katz and Varadarajan, 2001 [21]).

(A fat set is a set with the bounded ratio of the radius of the smallest
ball containing the set to the radius of the largest ball contained in the
set.)

e The maximal number of geometric permutations for families of n dis-
joint convex sets in R¢, induced by lines passing through a fixed point,

is ©(n?"!) (Aronov and Smorodinsky, 2004 [2]).

In particular, several results deal with families of disjoint translates of a
convex set:

e The maximal number of geometric permutations for families of n dis-
joint translates of a convex set in R?is 3 (for n > 3) (Katchalski, Lewis

and Liu, 1987-92 [17, 18]).



It was conjectured [18] that similar results exist in higher dimensions as
well. That is, for each natural d there exists a constant number o = «a(d)
such that the maximal number of geometric permutations for families of n
disjoint translates of any convex set in R? is a. It was found that such a
number exists for families of disjoint congruent balls:

e For each natural d, the maximal number of geometric permutations for
families of n disjoint congruent balls in R? is 2 (for n > 9) (Cheong,
Goaoc and Na, 2004 [6]).

In Chapter 2 we disprove the mentioned above conjecture, proving that
there is no such result for a general set in R? (and therefore in R? for each

d>3):

Theorem 2.1. For each n € N, n > 1, there exists a conver set X =
X(n) in R? and a family F = F(n) of 2n disjoint translates of X that admits
at least n + 1 geometric permutations.

Then we show that a stronger result holds: the same can be done with a
set that does not depend on n:

Theorem 2.2. There exists a conver set Y in R> such that for each
n € N, n > 1, there exists a family F = F(n) of 2n disjoint translates of Y
that admits at least n + 1 geometric permutations.

Chapters 3 and 4 deal with another aspect of geometric permutations.
Let P = {p', p?, ..., p*} be a family of permutations for n sets. If there
is a family F of disjoint convex sets in R? that has all the members of
P as geometric permutations, we say that P is realizable in R%, otherwise
we say that P is non-realizable, or forbidden, in R It was noted in the
earliest paper on geometric permutations [16] that the family of permutations
{(1234), (2143)} is forbidden in R% We study the property of families of
permutations of being realizable or forbidden in R<

In Chapter 3 we find a necessary and sufficient condition on the relation
between d and k for the existence of a forbidden family of k& permutations
(of some set [n]) in R%:

Theorem 3.1. If d > 2k — 1 then each family of k permutations is
realizable in RY.



Theorem 3.2. If d < 2k — 2 then there is a family of k permutations
which is forbidden in R,

In Chapter 4 we investigate the realizability of families of permutations
in R% In Sections 4.2 — 4.3 we find a necessary and sufficient condition for
realizability of families of two permutations {p, ¢}. The condition is that
no restriction of p, ¢ to some 4 sets results in a family isomorphic to the

mentioned above “forbidden pair” {(1234), (2143)}:

Theorem 4.9 A family {p, q} of permutations for [n] is forbidden in R*
if and only if there are i, j, k, 1 € [n] so that p = (...i...5...k...[...),

g={(..g i Lo ko).

In order to prove this, we show a correspondence between realizable fami-
lies of two geometric permutations and permutations that can be partitioned
into an ascending and a descending sub-permutations:

Theorem 4.7 A family {p=(1,2,...,n),¢= (1, ¢2, - .-, Ga)} of per-
mutations for [n] is realizable in R? if and only if q is decomposable to an
ascending and a descending sub-permutations.

This result can be generalized (by relabeling the sets) to a more general
statement:

Corollary 4.8 A family {p = (p1, p2, -~ Pn)yq = (@1, G25 -+, Gu)} Of
two permutations for [n] is realizable in R? if and only if [n] can be partitioned

into two subsets so that the members of one part appear in the same order in
p and q, and the members of the second part appear in opposite orders in p
and q.

In Section 4.4 we provide a linear-time (in terms of n) algorithm which
checks whether a given family of two permutations is realizable in RZ

In Section 4.5 we study realizability in R? of families of permutations
with more than two members. We give two necessary conditions on P =
{p*, p?, ..., p"} for being realizable in R? (first of them is trivial):

Theorems 4.11 and 4.12. Let P = {p', p*, ...,p"} be a family of
permutations realizable in R?. Then:

1. No two of them form a forbidden pair.

2. It is possible to choose a representative p’ of each 3 and to order them,



Pt L P2 & -+ K p', so that there are no x,y,2 € [k], * <y < z, s0
that for some a,b € [n], p'= : (a < b), p'v : (b < a), p'= : (a < b).

We show that these necessary conditions are independent. However, even
together they are not sufficient: in Section 4.6 we give an example of a family
of three permutations for six sets which satisfies both the conditions but is

forbidden in R%:
Claim 4.13. P = {(123456), (412563), (541632)} is not realizable in R

All the chapters are concluded by a discussion on related open problems
and suggestions for a future research.



Chapter 2

The maximal number of
geometric permutations for n

disjoint translates of a convex
set in R° is Q(n)

In this chapter! we deal with geometric permutations for families of dis-
joint translates of a convex set. Several results are known for such families.
Katchalski, Lewis and Liu proved that for such families in R?, the maximal
number of geometric permutations is 3 [17, 18]. They also conjectured [18§]
that for each natural d, there is a constant upper bound on the number of
geometric permutations for such families in R? (the conjectured bound was
@). However, the only known upper bound in R? is O(n?~!) (this follows
from [21]). A constant upper bound is known in a special case: for families
of congruent balls in R? [20] (improved in [6]; the bound is 2 when n > 9).
We refute the conjecture mentioned above by proving that there is no con-
stant bound for the maximal number of geometric permutations of translates

of a general set:

Theorem 2.1 For each n € N, n > 1, there exists a conver set X = X(n)

in R® and a family F = F(n) of 2n disjoint translates of X that admits at
least n + 1 geometric permutations.

IThe results from this chapter appear in the paper The mazimal number of geometric
permutations for n disjoint translates of a conver set in R3 is Q(n) [4], accepted for
publication in Discrete and Computational Geometry.



In Section 2.2 we show that a stronger results holds: there is a set ¥ that
does not depend on n and satisfies Theorem 2.1:

Theorem 2.2 There exists a convexr set Y in R? such that for each n € N,
n > 1, there is a family F = F(n) of 2n disjoint translates of Y that admits
at least n + 1 geometric permutations.

Our constructions use an idea of Holmsen and Matousek. They showed
[14] that in R? there is no Helly-type theorem analogous to Tverberg’s result
mentioned in the Introduction (the solution of Griinbaum’s conjecture, see
page 4). For each n € N they construct a family of disjoint translates of a
convex set such that each n members of the family have a transversal line,
while the entire family does not. In general, the idea of their construction
is to take first a family of disjoint sets that have the desired transversal
properties, but are not translates of each other, and then to append them
one to another in order to obtain translates, preserving their disjointness and
transversal properties. Both constructions use the hyperbolic paraboloid
Y = {(z,y,2) € R® : 2 = zy}. This surface has been used earlier for
the construction of several examples with translersal lines (see, for example,
Theorem 2.9 by Aronov, Goodman, Pollack and Wenger, in [10], p. 171, and
the construction desrcibed there).

2.1 The construction (Proof of Theorem 2.1)

Let n € N.

Planes and Lines

Denote by X the hyperbolic paraboloid ¥ = {(z,y,2) € R*: z = zy}.
For each © € {0, 1, ..., n}, let A\; be the plane y = ¢, and let {; be the line
AMNY ={(x,y,2):y =1,z = ai}. These n + 1 lines will be transversal lines
for F, inducing different geometric permutations.

For each m € {1, 2, ..., n}, let u,, denote the plane x = 2mn?, u/ the
plane x = 2mn? + 1, and w,, the plane x = 2mn? + n? + 1/2. These planes
will be used in the construction of F, and in the proof of the disjointness of
its members.
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The set X

For each m € {1, 2, ..., n}, define four points on X as follows:

Pt = lp_1 Ny = (2mn®,m —1,2mn? - (m — 1)),
Pro=1l,Nnu, = (2mn*+1,m,2mn*+1)-m);

Qi =l Ny = (2mn?,m, 2mn* - m),

Quma=ln1Nu, =2mn?+1,m—1,2mn?>+1) (m—1)).

Note that P, 1, P2 € Ty, and Qu1, Q2 € 04, where 7, is the plane
y=x—2mn?+m —1 and o, is the plane y = —x + 2mn? 4+ m. The planes
T and o, are parallel to the planes y = x and y = —x respectively.

Let a,, be the segment that contains P, ; and P,, ; with endpoints in the
planes Ag and A, and let b,, be the segment that contains ), 1 and @, 2
with endpoints in the planes Ag and A,. Figures 2.1 and 2.2 show a;-s and
b;i-s for n = 3 (In these figures, the solid parts of the segments are above ¥,
and the dashed are below it. Note that the figures are not drawn to scale: in
fact, the segments are much further apart).

Figure 2.1: The segments a; and b;, for n = 3. The solid parts are above 3,
and the dashed are below it.

In what follows, “the highest (lowest) point” (of a set) means “the point
with the maximal (minimal) z-coordinate”. (This is used only when such
points are unique.)

Now define two sets X” and XV. Each of them is a polygonal line:
XtF=aUaU---Ua,, XY = [;1 UZN)Q U--- UIN)n, where each a,, 1s a translate
of a,,, and each IN)Z is a translate of b;, so that:

11
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/ az,e Vz R bx I

Figure 2.2: The segments a; and b;, for n = 3, viewed from above.

e the lowest point of a; is (0,0,0), and for each m € {2, 3, ..., n} the
lowest point of @, coincides with the highest point of a,,_1;

e the highest point of by is (0,n* Hp+H+ Hy) (where Hy, and Hy are the
z-heights of XT and XV respectively, and H is a large positive number),
and for each m € {2, 3, ..., n} the highest point of b, coincides with
the lowest point of ZN)m_l.

We make some observations on X% and XV.

1. Each a,, lies in m,,, and each b, lies in o,,. It follows that X% lies in
the plane y = x, and XV lies in the plane y = —x + n?.

2. Bach a,, contributes n to the lengths of the z- and y-projections of X7,
and each b,, contributes n to the lengths of the x- and y-projections of
XY, Thus the 2- and y-projections of X% and of XY are [0, n?].

3. The slopes of a,, and b,,, relative to the plane z = 0, are, respectively,

%((Zmn2 + )ym — 2mn*(m — 1)) = %(an + 1)m and

%((Zmn2 + 1)(m — 1) — 2m*n?) = —%((an —1)m+1).
This means that if m < m’ then the slope of «,, is smaller than that of
., and the slope of b, is smaller than that of b,,. It follows that X

is downward convex, and XY is upward convex polygonal line.

Let X = conv(XTUXY) (see Figure 2.3; note that in fact XV is situated
high above X%). Tt is clear that X is a convex set.

The family F of disjoint translates of X
For each m € {1, 2, ..., n}, define A,, to be a translate of X such that a,,
is translated to a,,, and B,, to be a translate of X such that b,, is translated

12



Figure 2.3: The set X for n = 3: the bold polygonal lines are X* and XV,
X is their convex hull.

to b,,. Denote by AU (AL) the polygonal line on A,, that corresponds to XV
(X1) on X, and by BY (BL) the polygonal line on B,, that corresponds to
XYV (X1)on X.

The family F = {4y, Ay, ..., A,, By, By, ..., B,} is a family of 2n
translates of X. We prove that they are pairwise disjoint, and that F has at
least n + 1 geometric permutations.

Disjointness of the members of F

First, note that for each m € {1,2, ..., n — 1}, the sets A,, and B,
have points (P, 1 and (), respectively) with x-coordinate 2mn?, and the
sets A,,p1 and By,41 have points (Prq12 and (41,2 respectively) with a-
coordinate 2(m + 1)n2 + 1. The a-lengths of the sets are n?. It follows
that A,, and B,, are to the left of the plane w,, (recall that this plane is
v = 2mn® + n® + 1/2), while A,,+, and B, are to its right. Hence for
m#£m', A, N A, A, N B, and B, N B, are {).

It remains to prove that A,, N B,, = () for each m € {1, 2, ..., n}. Let 7,
be the plane that contains the point (2mn®+1/2,m—1/2,(2mn*+1/2)(m —
1/2)), and parallel to a, and b,. We claim that this plane separates A,,
from B,,. Let t,, = 7y N Toy S = 0p N 7y (the planes m, and o, were

13



Figure 2.4: Illustration to the proof of the disjointness of A,, and B,,: the
segment a,, is above b,,.

defined in the beginning of this section). The segment «,, is parallel to 7,
and lies in 7,,, hence «a,, is parallel to ,,, and it is easy to check that a,, is
above t,, in the vertical plane m,,. We have observed that X” is downward
convex. Hence AL being a translate of X%, is also above t,,, and thus above
Tm. Similarly, the segment b, is parallel to s, and is below it in the vertical
plane o,,. We have observed that XV is upward convex. Hence BY, being a
translate of XU is also below s,,, and thus above 7, (see Figure 2.4).

If H in the definition of X; is large enough, then also AU is above 7,,,
and BL is below 7,,. Since A,, = conv(AL U AY) and B,, = conv(BL U BY),
it follows that A,, is above 7,,, and B,, is below 7,,. Hence A,, N B,, = 0.

Transversal properties
We prove that each A,, and each B,, meets each [;.

e For A,,:
Fori=m—1, Ph,1=1lh_1Nay; fori =m, P,y =1,0a,.

For each ¢ £ m — 1, m: since the curve ¥ N, is downward convex, the
point A; N @,,, which belongs to AL lies below ¥ and hence below /;.
Since the projection of AY on the y-axis is equal to the projection of
AL there is a point of AU that belongs to A;. Since AV is high above
AL | this point is above [;, and it follows that A,, meets [;.
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e For B,,:
Fori=m—1,Qun2="1n_1Nby;for e =m, Qp1=1,Nb,.

For each ¢ # m — 1, m: since the curve ¥ N o, is upward convex, the
point A; N b,,, which belongs to BY, lies above ¥ and hence above [;.
Since the projection of BL on the y-axis is equal to the projection of
BY there is a point of BL that belongs to \;. Since BY is high above

BL  this point is below [;, and it follows that B,, meets [;.

Geometric permutations

Let T4 and T2 be the open halfspaces bounded by 7,,, that contain A,,
and B, respectively. Let O; = (0,7,0) € [;. On each [;, choose direction such
that O; is before all the points with positive x-coordinate. It follows that for
each m, on each [;, O; < A,, and O; < B,,. Note also that for m < m’, on
each [; we have A,, < A/, A, < By, B, < A, and B, < B, since the
planes w,, separate such pairs of sets. However, the order of A,, and B,, on
[; depends on ¢:

e fori=m—1: onl,_y, Oy < Pp1 < Quy, and thus A, < B,,.
Note that O,,_; € TA.

o For vt =m: onl,, O, < Qn1 < P,2, and thus B,, < A,,. Note that
O, cT?.

e For any i: we have observed that O,,_; € T2 and O,, € T'Z. 1t follows
that O; € TTZ‘ fors <m —1, and O; € TTE for 1 > m. Since both A,,
and B,, meet each [; after O;, we have A,, < B,, on [; for : < m —1
and B,, < A,, on [; for 1 > m.

We obtain the following geometric permutations for F:

lo: (A1, Bi, As, By, As, Bs, ..., An, By)
I+ (Bi, A1, As, Ba, As, Bs, ..., Ay, By)
ly: (Bi, A1, By, Ag, As, Bs, ..., An, By)
ls: (Bi, A1, By, As, Bs, As, ..., Ay, By)

n

Y oy

ln . (Bl, Al, BQ, AQ, Bg, Ag, ceey Bn7 An)

Thus F is a family of 2n disjoint translates of the convex set X that has
the n + 1 geometric permutations listed above (they are distinct if n > 1).
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2.2 Proof of Theorem 2.2

The set X = X(n) that has been constructed in Section 2.1, depends on n.
Here we explain, omitting some details, how to construct a set that satisfies
Theorem 2.1 for all values of n € N.

Recall the constuction of X(n). It is easy to see that it is possible to
modify the construction so that A; is the plane y = ¢ for some positive
constant € < 1; [; = A; N Y; all the segments a,, and b, are still parallel to
the planes y = x and y = —a respectively, but have a- and y-lengths ne (then
the z- and y-lengths of X are n*¢). Choosing € < 1/n?, it is possible to modify
the construction so that the planes @ = 5(2m — 1) and « = 5(2m — 1) 4+ ¢
play the roles of u,, and u/ (respectively)in the definition of the points P, ;
and (), ;, and the planes @ = 10m play the role of w,, in the proof of the
disjointness of the translates (note that in this case the a- and y-lengths of X
are less than 1). Once this is done, it is possible to “squeeze” the construction
(applying the transformation (x,y,z) — (x,y,0z) for a constant 0 < § < 1)
so that the slopes of all a,,’s and b,,’s will be positive but less than a constant
a.

Using these observations, we construct a set Y that satisfies Theorem 2.1
for each n € N.

For each n € N, construct modified X*(n) and XY(n) so that:

1. The z- and y-lengths of X%(n) and XY(n) are 1/2;

2. The slopes of all a,,(n)’s and b,,(n)’s are positive but less than the
slopes of all a,,(n — 1)’s and b,,(n — 1)’s, and less than 1/27.

Append XE(n)’s (XY(n)’s) in order to obtain a polygonal line Y2 (YY)
in the way similar to the joining of the segments a,, (b,,) in the construction
of X' (XY). That is, let Y2 = [J°2, X*(n) and YV = [ J°2, XY (n) where
XE(n) (XY(n)) is a translate of modified X*(n) (XY(n)), and the lowest
point of X*(n) coincides with the highest point of X%(n 4 1) (the highest
point of )N(U(n) coincides with the lowest point of )N(U(n +1)). Because of the
conditions 1 and 2 above, the sequences of the lowest points of )N(L(n) and
of the highest points of )N(U(n) converge, the polygonal lines Y and YV are,
respectively, downward and upward convex, and they have z- and y-lengths
1 (=3,cn1/2"), and finite z-lengths. It remains to put ¥ high above Y*
(so that they have the same x- and y-projections, say, [0,1]), and to define
Y = conv(YZ U YY), The set Y looks similar to the set from Figure 2, but
the bold polygonal lines consist of an infinite number of segments.

For each natural n, it is possible to place 2n translates of Y so that the
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segments of Y2 (YY) that correspond to a,,(n)’s (b,,(n)’s) coincide with these
segments in 2n translates of the modified X (n).

They are disjoint since the planes & = 10m separate pairs of translates
from each other, and two translates forming a pair are disjoint since Y% is
and Y'Y are, respectively, downward and upward convex polygonal lines.

They also admit the n 4+ 1 geometric permutations mentioned in the end
of Section 2.1. This concludes the proof of Theorem 2.2.

2.3 Concluding remarks

We have proved that the maximal number of geometric permutations for
families of n translates in R® is Q(n). As was mentioned earlier, it is also
O(n?) [21]. A natural question is: what is the exact order of this number?

Obviously, for d > 3, the maximal number of geometric permutations for
such families in R? is also Q(n). It seems plausible that this bound can be
improved for d > 3.
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Chapter 3

Forbidden families of geometric
permutations in RY

In this chapter! we deal with the following aspect of geometric permutations.
Let P = {p',p*,...,p"} be some family of permutations on n sets (we assume
that all of the permutations are distinct, and, furthermore, no two of them
are reverses of each other). It can be asked whether there is a family F that
admits all of them as its geometric permutations. The answer may depend
on d (the dimension of the space). If there is such a family in R% we say that
P is realizable in R, otherwise we say that it is non-realizable (or forbidden)
in R

For example, the pair of permutations {(1234), (2143)} is forbidden in
R? (see Example 1 in Section 3.2.1). On the other hand, for each natural
n, any pair {p', p*} of permutations on n sets is realizable in R® (this is a
special case of Theorem 3.1).

Our results deal with realizable and forbidden families of permutations
in R%

Theorem 3.1 For cach natural k, each family of k permutations is realizable
in R¥*-1,

Theorem 3.2 For cach natural k, there is a family of k permutations which
is non-realizable in R*~2,

IThe results from this chapter appear in the paper Forbidden families of geometric
permutations in R? [3], accepted for publication in Discrete and Computational Geometry;
published in Online First issue of DCG at July 26, 2004.
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It is clear that if a family of permutations is realizable in R?, then it is
realizable in each R? where d’ > d. Thus it follows from our theorems that
each family of k& permutations is realizable in R? for each d > 2k — 1, but
there is a family of k& permutations which is non-realizable in R? for each

d <2k —2.

3.1 Proof of Theorem 3.1

Let {p', p%, ..., p"} be a family of permutations on n sets. Take k lines
li, Iy, ..., I in general position in R*~1 (by general position we mean that

their affine hull is R?*~1). Foreach 7 € {1, 2, ..., k}, put n points P;;, Pj,, ...

on l;, according to the permutation p’. For each i € {1, 2, ..., n}, define
S; = conv({ P;, Py, ..., Pii}). Each S; is of dimension at most k& — 1.

We prove that the sets Sy, So, ..., .5, are pairwise disjoint: suppose
Sy NS, # 0 with « # y. Let 7 be the minimal flat containing S, and
Sy. Since S, and S, intersect, the dimension of 7 is at most 2k — 2. Then

for each j € {1, 2, ..., k}, the points P;, and Pj,, and therefore the line /;,
belong to 7. Thus all the lines l1, I3, ..., I} lie in 7, contradicting their being
in general position.

Thus {51, So, ..., S,}is a family of pairwise disjoint convex sets in R?*~1,
and it has p*, p?, ..., p* (induced by [y, Iy, ..., I} respectively) as geometric
permutations.

3.2 Proof of Theorem 3.2

We shall prove the theorem using separating hyperplanes. We shall use the
following notation. For two disjoint convex sets A, and A, in R?, we denote
by H®Y a hyperplane ((d — 1)-flat) that strictly separates A, from A,; by
1 the open halfspace bounded by H®¥ that contains A,, and by ngxy)
the open halfspace bounded by H@¥ that contains A,.

3.2.1 Examples of forbidden families of permutations
in R?, R? and R*

In this section we provide three examples of forbidden families of permu-
tations. Examples 1 and 3 illustrate the general idea used in the proof of
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Theorem 3.2; Example 2 illustrates a slightly different method, applied to
R?,
Example 1 The pair of permutations
{p = (12 34),

b= (21 43)}
is forbidden in R?
Remark This example appeared already in early papers on geometric per-
mutations [17, 19].
Proof Suppose that this pair is realizable in R? with F = {A;, Ay, A3, A4}
and transversal lines [y, inducing permutations p', p? respectively. Since
parallel transversals clearly induce the same permutation, [; and [, intersect
in a point O. Note that for each possible position of O on the transversals
relative to the members of F, there exist A, and A, in F so that [;: (O*xxy)
and ly: (O * y* ), and this contradicts the disjointness of the sets:

(the bar | denotes the position of O on the transversals; * is dropped)

L (11)2134), I2: (|2|1]43): take # = 3, y = 4.
L (1213[4)), L2 (21]4)3)): take 2 =2, y = 1.
L (]1)234), 50 (214]3]): take x = 2, y = 4.
Lo (123|4]), 22 (]12]143): take x =3, y = 1.

Example 2 The triple of permutations
{p.= (123 4586),

Py = (456 123),

ps = (246 135)}
is forbidden in R®.
Proof Suppose that this triple is realizable in R? with F = {A;, A,, ..., A¢}
and transversal lines [y, l5, [3 inducing permutations p', p?, p® respectively.
Using standard arguments (we mention them later in Section 3.2.3), it is
possible to assume that no two lines among [, [ and [3 intersect, and that
there is no plane parallel to all of them. Then there exists a line m which is
parallel to 3 and intersects both [; and [, — in points O; and O; respectively
(such a line m exists since the plane 7 that contains {; and is parallel to /s,
intersects [ in a point; denote this point by Oy; m is the line parallel to /3
that contains O3). Choose a direction for m, and the same direction for /s,
so that m: (O < Os).

Suppose that there exist A,, A, € F so that [; : (O; * A, ¥ A,) and

l: (O % Ay * A;).  This implies O; € H;xy) and O, € Hél’y), hence

20



m : (H;w) < HZSW)), and thus also s : (Hyy) < HZSW)). However, [3 is a
transversal of F, hence l3: (A, < A,).

Note that for each possible position of O; and Oy on the transversals
relative to the members of F, we can choose two pairs of members of F so

that the previous observation contradicts the actual permutation p?:
(the bar | denotes the position of O; on the transversal {;):

o 11: (|1123456) and Lo : (|4]5/6123).
l1:(]26) and {5: (|62) imply {3: (2 < 6); {1:(|36) and l5: (|63) imply I5: (3 < 6).
A contradiction to lz: (26 % 3).

o I1: (123456) and l»: (|4/5/6123).
li:(21) and {3 (|12) imply {3: (2 < 1);
A contradiction to lz: (2% 6% 1 % 3).

o 11: (|1)213]456) and I : (456]1)2]3]).
l1: (|46) and {5 : (|64) imply l3: (4 < 6);
A contradiction to lz: (4% 6 % 5).

o 11: (123[4[56]) and & : (|4]5/6]123).
li:(21) and {3 (|12) imply {3: (2 < 1);
A contradiction to lz: (2 1 3).

o I1: (1234]56) and Iy (4561]2]3]).
l1:(]41) and l2: (]14) imply I5: (4 < 1);
A contradiction to lz: (4 x 6 % 1 % 5).

o I1: (123456]) and o (4561]2]3]).
l1:(]41) and l2: (]14) imply I5: (4 < 1);
A contradiction to lz: (4% 1 % 5).

o~

1:(]36) and I2: (|63) imply I3: (3 < 6).

o~

1: (]56) and I2: (|65) imply l3: (5 < 6).

o~

1:(31) and 2 (]13) imply I3: (3 < 1).

o~

1: (]56) and I2: (|65) imply l3: (5 < 6).

o~

1:(151) and 2 (|15) imply l3: (5 < 1).

Remark: In this forbidden triple, replacing p® by one of the seven permuta-
tions obtained from it by rearranging some of the pairs {2,4}, {1,6}, {3,5}
(for example (421635)), also gives a forbidden triple. This can be proved
using the same method.

Example 3 The triple of permutations
{p.=(123 456 789),

pr= (312564 978),

ps= (231 645 897)}
is forbidden in R
Proof: Suppose that this triple is realizable in R* with F = {A;, A, ..., Ag}
and transversal lines [y, {5, l3 inducing permutations p', p?, p® respectively. It
is possible to assume that there is a line s that intersects each of Iy, (3, [5 (this
follows from Lemma 3.4 to be proved later). For ¢ € {1,2,3}, choose a point
O; € ;N s. It is also possible to assume that O3 € conv({O0y,03}): it is easy
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to see, using the symmetry of the permutations, that the two other possi-
bilities can be obtained from this by relabeling the sets. Note that for each
possible position of O, 0y, O3 on the transversals relative to the members of
F, there exist A, and A, in F so that [;: (O * 2 *y) and l3: (Oy % x % y),
but l3: (O3 *y * x):

o Uy: (11121314]5(6]789), L2 (|311]2]5(6]419]78), I3 (|2]3]1]6]4/5[897): take x = 7, y = 8.
o [1:(12]3]41516]7[8]91), {2 : (312]5]6]4]9|7|8]), I5: (231]6]4|5|8|9|7]): take x = 2, y = 1.
o 1 (|1120314]5]6789), I»: (|3]1]2]5]64978), 3 : (2316458]9|7)): take = = 6, y = 8.

o [1:(12345]6|7|8]9]), {2: (3125|6|4|9|7|8]), I5: (]2]3]1645897): take x =5, y = 1.

o 1r: (|1]2131456789), Lo : (|3]1]2]5]6|4978), L5 : (2316458]9|7)): take z = 4, y = 8.

o [1:(1234]516]7|8|9]), l2: (312564|9|7|8]), I5: (]2]3]|1645897): take x =4, y = 1.

o 1y: (|1]2131456789), I2: (312564|9|7(8]), Is : (231645(8(9|7)): take = = 4, y = 5.

o 1y: (|1]2131456789), I2: (312564|9|7(8]), Ls : (|2]3]1]645897): take = 4, y = 6.

o 11:(|1]2]3]4[5]6]789), l2: (31256497|8]), Is: (|2]3]1]6]4]5|8|97): take x =7, y = 9.

o [1:(]1]23456789), l5: (312|5]|6]4]9]718]), I3 : (23|1|6|4]5|8]9|7]): take x = 2, y = 3.

o [1:(123456|7|8]9]), l2: (|3]1]2|5|64978), I5: (23164|5|8|9]|7|): take x = 6, y = 4.

o [1:(12345]6]7|8]9]), {2: (|3|1|2|564978), I5: (|2|3|1]|6]|45897): take x = 5, y = 4.

This contradicts the disjointness of the members of F: O, 0, € H;xy), and
05 € Hél’y). However, also O3 € Hyy) since Oz € conv({01,0s}). Thus, O
belongs both to 1 and to ngxy), a contradiction.

3.2.2 A (k—2)-flat that intersects all the transversals

We prove two lemmas that imply the existence of a (k—2)-flat that intersects
a transversal line for each of the k& geometric permutation.

Definition A family £ of s-flats in R is an open family if for any L € L,
there are s+ 1 open balls By, Bs, ..., Bsyq so that L intersects each of them,
and any s-flat that intersects all these balls belongs to L.

Remark This definition implies that for each member of an open family, a
small perturbation results in another member of the family. For s = 0, an
open family (of points) is just an open set in the usual sense.

Lemma 3.3 Let £ € N. Let Ly, Lo, ..., Ly be open families of lines, and
P a point, in R¥*=L. Then there exist lines I; € L; and a (k — 1)-flat S so
that P € S and for each v € {1, 2, ..., k}, l; intersects S.
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Lemma 3.4 Let k € N, k> 1. Let Ly, Lo, ..., Ly be open families of lines
in R¥*=2. Then there exist lines l; € L;, and a (k —2)-flat S so that for each
1€ {1,2, ..., k}, l; intersects S.

Proof of Lemma 3.3

For k =1 the statement is obvious.

Suppose the Lemma holds for & — 1.

For 1 <1 < k, it is possible to choose [; € L; so that: A = aff{l, l5, ..., lz_1}
is a (2k — 3)-flat; B = aft{ly, P} is a 2-flat; and AN B is a point @ different
from P, so that the line P(Q) intersects [}.

For 1 <i:<Ek—1,let £ = L;NA. Each £ is an open family of lines
relative to A. By the induction assumption applied to £{, £}, ..., £} _; and
@ in the (2k — 3)-flat A, there exist I! € L} C L; (1 <1 <k —1), and a
(k — 2)-flat T that contains @) and intersects each /..

Let S = aff(T, P). Clearly, P € S. The flat S intersects each I/ since
T C S, and it intersects [ since the line PQ) lies in S. Since ) is the only
point in AN B, S is a (k — 1)-flat.

Thus, S and the lines 1, I}, ..., [} _,, [y satisfy the conclusion of the
Lemma.
Proof of Lemma 3.4

For 1 < < k, it is possible to choose l; € L; so that C' = aft{ly, I3, ..., l;_1}

is a (2k — 3)-flat, and [, N C' is a point P.

For 1 <i<k—1,let £ = £;NC. Each £! is an open family of lines in
C. By Lemma 3.3 applied to £}, £}, ..., £}, and P in the (2k — 3)-flat C,
there exist I/ € L) (1 <i <k —1), and a (k — 2)-flat S that intersects each
[/ and contains P (that belongs to ).

Thus, S and the lines I}, [}, ..., [} _,, [y satisfy the conclusion of the
Lemma.

3.2.3 Idea of the proof of Theorem 3.2

Let F = {A;, Ay,..., A} be a family of disjoint convex sets in R?*~2 that
has permutations p*, p%, ..., p". After a slight expansion of the members of
F, for each geometric permutation there is a transversal line that intersects
all the members of F in interior points. Then, for each i, the family of all
the transversal lines that induce p' contains an open family of lines. Hence,
by Lemma 3.4, it is possible to choose transversals [i,ls,...,{; (inducing
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pt,p%, ..., p" respectively) so that there is a (k — 2)-dimensional flat S that
intersects each of these transversals.

For each j € {1,2,...,k}, let O; € [; N S. These are k points in a
(k — 2)-flat, thus by Radon’s Theorem [22] they can be partitioned into
two non-empty sets whose convex hulls intersect: {1,2, ..., k} = K UL,
KNL=0, K,L#0,and conv({O; :j € K})Nconv({O;:j5 € L}) #0.

Suppose that there are two sets A, and A, in F so that for each j € K,
[;: (O; * Ay x A,), and for each j € L, [;: (O; x A, * A;). Then for each
JEK.0; € H;xy), and foreach j € L, O; € ngxy). Since the open halfspaces
H;xy) and ngxy) are convex sets, it follows that conv({O; : 7 € K}) C H;xy)
and conv({O; : j € L}) C ngxy). However, then each point common to
conv({0; : j € K}) and conv({O; : j € L}) belongs to both HEY and HY,
which is clearly impossible.

Thus, we have proved the following:

Observation 3.5 If a family of permutations {p*, p*, ..., p*} for F is such
that for each partition of {1, 2, ..., k} into two disjoint non-empty sets K
and L, and for each possible position of the O;’s in the p’’s relative to the
members of F, there are two sets A, and A, in F (that depend on the parti-
tion and on the position of the O;’s) so that for each j € K, [;: (O;% A% Ay),
and for each j € L, l;: (O; % Ay x A;) — such a family of permutations is
forbidden in R**—2,

3.2.4 Construction of a forbidden family of permuta-

tions

We construct a family of k& permutations P = {p!, p?, ..., p*} that has the
property mentioned in Observation 3.5. The permutations involve (k + 1) - (281 4+ 1)
sets. In the first step we construct their subpermutations n', 7%, ..., 7*
which are permutations of {0, 1, ..., 2*71}.

Let Sy, Sy, ..., Sqem1 be the 28=1 subsets of {1, 2, ..., k} that contain
I (numbered in some way). Define 7!, 72, ..., 7% to be permutations of
{0, 1, ..., 25711 that satisfy:

In w7: 0 is before i & j € S;.

Note that the permutations 7', 72, ..., 7% are not defined uniquely.

After that, for each j € {1, 2, ..., k}, construct a permutation p’ by
duplication of 77/ k41 times, as follows: for 7/ = (ag, a1, ..., a1 ), define
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P = ((20,1), ., (gr-1, 1), (@0, 2), -, (r=1,2), . oo, k+1), ., (e, k4 1)),

The permutations p', p?, ..., p* are permutations of the members of the set
10,1, ..., 25 < {1,2, ..., k+1}. Foreach m € {1, 2, ..., k+1}, we call
the subpermutation ((ag,m),. .., (ag-1,m)) the m-th interval of p'.

Example of the construction for £ = 3: Let 57 = {1,2,3}, S, = {1, 2},
Sy = {1,3}, Sy = {1}. The permutations 7', 7% 72 should be defined so
that:

In7h: 0<1,0=<2,0<3,0<4;

Inm% 0<1,0=<2,3=<0,4<0;

In7: 0<1,2=<0,0=<3,4=<0.

For example, take 7! = (01234), 7% = (34012), 7° = (24013).

Then, for these choices of 7?,
Pt = ((0,1),(1,1),(2,1),(3,1), (4, 1), (0,2), (1,2), (2,2), (3, 2), (4,2), .., (0,4), (1,4), (2,4), (3,4), (4,4) ),

1stinterval 2ndinterval 4thinterval
((3,1),(4,1),(0,1), (1,1),(2,1), (3,2), (4,2), (0,2), (1,2), (2,2), ..., (3,4), (4,4), (0,4), (1,4), (2,4)),
2

(( ,1),(4,1),(0,1),(1,1),(3,1),(2,2),(4,2),(0,2),(1,2),(3,2),..., (2,4),(4,4),(0,4),(1,4),(3,4)).

7% and 77,

p2
]?3

The family of permutations {p', p?, p*} is forbidden in R*.

3.2.5 Why the construction gives a forbidden family

We prove that the family of permutations {p*, p?, ..., p*} defined in Sec-
tion 3.2.4 is forbidden in R?*72. Suppose that there exists a family F of
convex disjoint sets in R?~2 that admits p', p?, ..., p* as geometric permu-
tations. Let [y, [5, ..., [z be transversals giving these geometric permuta-
tions, and let S be a (k — 2)-flat that intersects each [;, and let O; € [; N S.
Since each p’ consists of (k + 1) “intervals”, there is m € {1, 2, ..., k+ 1}
so that for each j € {1, 2, ..., k}, O, does not belong to the m-th interval
of p/. After dropping the “second component” (m), the m-th interval of p’
is identical to 7/, and O; is either before or after all of its sets.

Let K U L be a partition of {1, 2, ..., k} into two disjoint non-empty
sets. Define M = {j € {1,2,....k} : O; is before 7/} and N = {j €
{1,2,...,1{}4 :
O; is after m/}. Define K’ = (K N M) U (L N N). Note that K’ is a subset
of {1, 2, ..., ,k}, and it is possible to assume that 1 € K’ (otherwise we
interchange K and ). Hence K’ = S, for some a € {1, 2, ..., 2¥-1}.

Consider four cases:
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o If € KN M, then j € K" =5,, hence [;: (O; < Ay < A,).

o If j€ KN N, then j ¢ K'=5,, hence [;: (A, < Ay < Oj).
o If j€ LN M, then j ¢ K'=S,, hence [;: (O; < A, < Aop).

o If € LN N, then j € K'=15,, hence [;: (Ag < A, < O;).

In each case, for each j € K, [;: (Oj * Ag % A,), and for each j € L, [;:
(Oj % Ay * Ag). Then Observation 3.5 implies that the family of permutations
is forbidden.

3.3 Bounds on the minimal number of sets in
a forbidden family

By Theorems 3.1 and 3.2, for each natural d, each family of [d/2] per-
mutations is realizable in R? but there is a forbidden family of [d/2] + 1
permutations. What is the minimal number of sets that must be involved in
such a forbidden family? Denote this minimal number by ;. By our proof,
wq < ([d/2] +2) - (Z[d/z] + 1). This gives @3 <9 and ¢35, ps < 20, whereas,
by Examples from Section 3.2.1, ¢ <4, 3 < 6 and @4 < 9.

On the other hand, for each natural d, there is a family of d 4+ 1 disjoint
convex sets in R? that have all possible (d+1)!/2 geometric permutations [18].
It follows that ¢4 > d 4+ 2. Thus, w3 =4, 5 < 3 <6, 6 <y < 9. It seems
that the exponential upper bound for ¢, can be improved substantially. It is
clear that d < d" implies ¢; < ¢g. However, we do not even know whether
g4 18 strictly monotone as a function of d.
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Chapter 4

Geometric permutations in the
plane

In this chapter we study realizable and forbidden families of permutations in
the plane R?% For |P| = 2, i.e. for families of two permutations, we give a
complete characterization of realizability. For |P| > 2 we give some necessary
conditions for the realizability, and provide examples which show that the
conditions are not sufficient.

4.1 Notations and preliminary results

Realization of a family of permutations; Regular realization.

A realization of P = {p', p*, ..., p*} in R%is a pair (F,L) where F =
{Ay, Ay, ..., A} is afamily of disjoint convex sets in R, £ = {ly, lo, ..., I3}
is a family of transversal lines of F so that [; induces the permutation p’ on
the members of F. (Thus a family of permutations P is realizable in R if
and only if there is a realization of P in R%)

Observation 4.1 Let P = {p', p*, ..., p*} be a realizable family of permu-
tations on n sets. Then there is a realization of P in which the sets are
convexr polygons whose vertices lie on the transversal lines, and none of the
vertices coincides with an intersection point of transversals.

Proof Let (F = {A1, Az, ..., A}, £ = {l1, Iz, ..., lx}) be a realization
of P. For each 5 =1,2,....k, 1 =1,2,...,n, choose a point P;; € [; N A;.
It is possible to assume that no Pj; is an intersection point of transversal
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lines (a slight expansion of the members of F may be needed). For each
i =1,2,...,n, define B; to be the polygon conv(Pi;, Py, ..., Pyi). Then the
family (F' ={Bi, Bz, ..., B,}, L) is the required realization. W

A realization described in Observation 4.1 will be called regular. For
P = {p, q}, a family of two permutations, the sets in a regular realization are
segments with endpoints on the transversal lines (and none of the endpoints
is the point of the intersection of the transversals).

Quadrants. Let /; and [, be two directed nonparallel lines in R?, and let O
be the point of their intersection. For j = 1,2, let l;’ ({;7) denote the positive
(negative) part of ;. Denote the four closed quadrants formed by I; and [y
as follows: I bounded by [{ and /§, IT bounded by i and /3, ITI bounded by
[7 and [, TV bounded by [ and [; .

Figure 4.1: Four quadrants defined by [; and [;. The set A crosses quadrant I.

We say that a set A crosses one of the quadrants defined by [y,[5 if it
intersects both the rays that bound the quadrant, but does not contain the
point O (see Figure 4.1). It is clear that if [y and [, intersect A, then either
A contains O, or A crosses just one of the four quadrants. Therefore each
segment in a regular realization of a family of two permutations crosses just
one quadrant.

The graph of a permutation. Sometimes, in order to illustrate a discus-
sion on a permutation p = (py1, p2, ..., pn), we shall use the graph of p, that
is the set of points {(1,p1), (2,p2), ..., (n,p,)} in the plane. See Figure 4.2.
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Figure 4.2: The graph of the permutation p = (251463)

4.2 A Helly-type result on decomposable se-
quences

Claim 4.2 The family of permutations P = {p = (1234),q = (2143)} is
forbidden in R2.

This fact was noted in one of the earliest papers on geometric permutations
[19]. A detailed proof can be found in [3]. It can be also proved using
Observation 4.14 from Section 4.6

Now we define a property of a permutation to be decomposable to an
ascending and a descending subpermutations. The definition is valid for a
wider class of objects: for finite one to one sequences of real numbers.

Let a = (aq, az, ..., a,) be a one to one real function (sequence) defined
on [n] ={1,2, ..., n}. For A C[n],let a|4 be the the restriction of a to A.
For example,ifn =5, a = (2,6,1,4,8) and A = {2,3,5}, then a|4 = (6,1, 8).
(Note that the members of A refer to the places in p, and not to their values.)

Definition. A one to one sequence a = (a1, az, ..., a,) is decomposable
if there exists a partition of [n], KUM = [n], KNM =, so that fori,j € K,
i <j=a;<ajand fori,j € M,i<j= a; > a; (in the other words: a|x
is an ascending subsequence, and «a|ys is a descending subsequence).

Note that a permutation is decomposable if and only if its reverse is
decomposable (K and M interchange roles), and thus the property of being
decomposable is well defined for undirected permutations.

Observation 4.3 Forn = 1,2,3, each permutation of [n] is decomposable.
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Observation 4.4 Forn =4, there are just two non-decomposable permuta-

tions of [4]: (2143) and (3412).

Figure 4.3 shows the graphs of these permutations.

Figure 4.3: The graphs of the only non-decomposable permutations of
{17 27 37 4}'

Observation 4.5 If A = {i,5,k,{l} with 1 < j < k <, then a|s is non-
decomposable if and only if a; < a; < a; < ay or ay < a; < a; < a;.

Observations 4.3 and 4.4 can be proved by checking all the cases. Ob-
servation 4.5 follows directly from Observation 4.4. Note that the only non-
decomposable permutations of [4] are precisely the representatives of the
undirected permutation (2143) mentioned in Claim 4.2.

The main result of this section is the following Theorem which claims that
a sequence a is decomposable if and only if no restriction of a to 4 members
has one of the types mentioned in Observation 4.5

Theorem 4.6 A one to one sequence a = (ay, as, ..., a,) is decomposable
if and only if for each A C [n], |A| =4, the restriction a|s is decomposable.

Proof. The necessity is clear. We shall prove the sufficiency.

For n = 1,2, 3, the claim holds in a trivial way.

For n = 4 the claim is also trivial.

It remains to prove the sufficiency for n > 4. We do it by induction on n.

Let a = (ai, ag, ..., a,) be a one to one sequence defined on [n] (n > 4)
such that for each A C [n], |A| = 4, the restriction a|4 is decomposable. It is
clear that for each B C [n — 1], |B| = 4, the restriction a|g is decomposable,
and thus, by the induction hypothesis, a|j,—1) is decomposable. Let (K, M)
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be a corresponding partition of [n — 1]: K UM =[n—1], KNM =0, so
that fori,7 € K, 1 <j=a; <aj,and fori,7 € M, 1< j = a; > a;.

If K =0, set K" ={n}. Then (a|x/,a|as) is a decomposition of a.

Similarly, if M = 0, set M’ = {n}. Then (a|x,a|an) is a decomposition
of a.

From now, assume K # (), M # (). Denote kK = max{i : i € K},
p=max{i : 1 € M}. It is clear that x < n, p < n. It follows from the
definitions of K and M that a, = max{a; :7 € K}, a, = min{a,; : 1 € M }.

If a, > a,, set K' = K U{n}. Then (a|x,a|nm) is a decomposition of a.

Similarly, if a, < a,, set M' = M U {n}. Then (a|x,a|n) is a decompo-
sition of a.

It remains to check the case a, < a, < ay.

There is no loss of generality in assuming that x < p since otherwise we
replace ¢ = (ay, as, ..., a,) by —a = (—ay, —asz, ..., —a,) and exchange
the roles of K and M; it is obvious that a is decomposable if and only if
—a is decomposable, and that a|4 « is decomposable if and only if (—a)|4 is
decomposable.

To summarize, from here on we assume k < p < n, and a, < a, < a.

There is no ¢ € [n] such that x < ¢ < p and a; > a, since otherwise
we have K < 7 < p < n and a, < a, < a, < a; and thus a|(.; ) Is
non-decomposable.

Similarly, there is no ¢ € [n] such that i < « and «, < @; < a, since
otherwise we have 1 < k < p < n and a, < a, < a; < a, and thus a|(, .«
is non-decomposable.

Besides, there there is no ¢ € [n] \ {n} such that i > u, and there is
no i € [n] such that k < ¢ < g and a; < a,: these facts follow from the
definitions of x and p, and from the assumption x < p.

We summarize these observations in Figure 4.4. It presents the points
that correspond to a,, a, and «, on the graph of the permutation a. The
shaded regions do not contain points.

We consider two cases.

Case 1: There is no m € M such that m < k and a, < a,, < a,. This
means that for m € M\ {u}, if m < &, then a,, > a,, and if & < m < g, then
a, < am < a, (see Figure 4.5). Therefore if we define K’ = (K \{x})U{n},
M'" = M U{k}, then the partition (K’, M") of [n] gives a decomposition of a.

Case 2: There is m € M such that m < k and a, < a,, < a,. We note
first that such m is unique. For if there are mqy,my € M, my # my, that
satisfy this. Assume m; < my. Then a,, < @y, < a, (since my, mqy € M).
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Figure 4.4: Theorem 4.6. The shaded regions do not contain points.

Now m; < mg < k£ < n with @y, < am, < @, < a, and thus al(m, m, k0 18
non-decomposable.

There is no ¢ € [n] such that « < m and a,, < a; < a, since otherwise
i < m < Kk < n with a, < @ < a, < a, and thus a|f .. is non-
decomposable, and there is no ¢ € [n] such that m < i < x and a; < a,
since otherwise m <1 < k < n with a; < a,, < a, < a, and thus @, ; «n) 18
non-decomposable.

This means that for : € K, if ¢+ < m then a; < a,,, and if m <1 < & then
(U < a; < ay; and for 2 € M, if 1+ < m then a; > a., m <1 < & is impossible
(since m € M), and if k <1 < p then a, < a; < ay,.

These observations are summarized in Figure 4.6.

It follows that if we define K" = (K \{x})U{m}U{n}, M’ = (M\{m})U
{k}, then the partition (K’, M’) of [n] gives a decomposition of «.

Remark. Theorem 4.6 was proved by Z. Stankova in [24]. Our proof is
independent (however, it is essentially identical to her proof).

Corollary. A permutation a = (a1, az, ..., a,) of [n] is decomposable if
and only if for each A C [n], |A| = 4, the restriction a|4 is decomposable.
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Figure 4.5: Case 1 in Theorem 4.6.

Figure 4.6: Case 2 in Theorem 4.6.
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4.3 A relation between realizable pairs of ge-
ometric permutations and decomposable
finite sequences

In this Section we prove another condition equivalent to realizability of a
family P = {p, q} of two permutations in R2 Since it is possible to relable
the sets so that p will be (1, 2, 3, ..., n), we shall assume this in the main
theorem of this Section (Theorem 4.7). The result without this assumption
will be formulated as Corollary 4.8.

Theorem 4.7 A family {p = (1,2, ..., n),q = (q1, 92, - - -, @)} of permu-
tations for [n] is realizable (as geometric permutations of some family) in R?
if and only if q is decomposable.

Proof. Necessity. Let P ={p = (1,2, ..., n),9g = (¢1, G2, ---, ¢u)} be a
family of permutations for [n] realizablein R Let (F = {A;, Az, ..., A}, L =
{l,, l,}) be a regular realization of P (each A; is a segment).

Each A; € F belongs to one of the four quadrants. Denote K = {i € [n]:
A, e TUI}, M ={i € [n]: A,, € TUIV}. Tt is clear that K U M = [n],
KN M = (. Since the sets are disjoint, for i,7 € K, 1 < j = ¢; < g;, and for
i, € M,1<j= q > q; (see Figure 4.7). Thus ¢ is decomposable.

Figure 4.7: A realizable pair P = {p = (12345678), ¢ = (62354718)}. For
K = {2,3,6,8), M = {1,4,5,7}: qlx = (2378), q|n = (6541).
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Sufficiency. Suppose ¢ is a decomposable permutation and [n] = KUM is
a partition as appears in the definition of a decomposable sequence. For each
ae€{05,15,...,n+05let Kf ={i1e K:i<a}l, Kg={ie K:i>a},
My ={ieM:i<a}, Mj={i € M :1 > o}, and denote (for nonempty
sets) X, = max{i:¢ € K{}, X = max{i : v € M}, pl, = min{i : 1 € K3},
pr =min{i ¢ € M3}.

We say that « is good if two following conditions hold:

o K7 =0,0or My =0, or g\, < quy (ais good from the left);
o K =10,0or M =0, or q, < g (ais good from the right).

Example. Let ¢ = (62354718), K = {2,3,6,8}, M = {1,4,5,7}. Then
qlx = (2378), q|p = (6541) (see Figure 4.8). The good from left values of « are

1 2 3 4 5 6 7 8

Figure 4.8: The graph of ¢ = (62354718) and the decomposition for K =
{27 37 67 8}7 M = {1747 57 7}'

o = 0.5, 1.5, 2.5, 3.5, 4.5, 5.5; the good from right values of o are v = 3.5, 4.5, 5.5,
6.5, 7.5, 8.5. Thus the good values of o are v = 3.5 (with ¢\ =3, ¢ =6, ¢, =7,
g = 5); o = 4.5 (with g =3, g =6, ¢y = 7, q,v = 4); and o = 5.5 (with
gy =3, g =4, Gyt = 7, Gprr = 1).

We shall prove that there is at least one good «. Trivially, = 0.5 is

good from the left. Let 3 = b+ 0.5 be the maximal (the rightmost) good
from the left o.
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If 3 =n+4 0.5 then it is trivially good from the right and thus good.

Let B < n 4 0.5, and suppose that it is not good from the right. This
means that Klg # () and M]g # (), and oty > - We claim that 3+ 1 is also
good from the left, contradicting the choice of 3.

It can be assumed without loss of generality that b+ 1 =3+0.5 € K
(otherwise we can replace ¢ by ¢/, the permutation defined by ¢/ = n — ¢;.

Then K and M interchange their roles, and so also X/, and X/, and p, and p”
for each «). Then )‘/ﬁ+1 =b+1= ,0’5. If Mf = () then also Mf“ = () (since
b —|— 1 € K), andrthus 3+ 1 is good from the left. If Mf # 0 then A7, = A}
‘(smce b+ 1 € K), therefore Ay, = oy, < Qo < Q= and thus 5 + 1
is good from the left.

Now we construct a family F of n disjoint segments that has geometric
permutations p = (123...n) and ¢. Let (K, M) be a decomposition of g.

1

Choose a good o for this decomposition. Let [, and [, be two intersecting
directed lines. Put points Py, P, ..., P, on [,, and @1, @2, ..., ), on [, in
the orders defined by p and ¢, so that

L. Ifi € Kf UMSE then P, €l if i € Kj UM} then P, € [

p?

2. If i € K7 UMJ then Qg € l;;if i € KU M} then Q,, € [}.

q?

It is possible to satisfy the first condition: suppose ¢ € K7 U M7 and
JEKyUMP. Ifie Ky, j € Kg,orifi € UMR, j € UM} then ¢; < ¢; by
definitions of K and L. If 1 € K7, j € M} then ¢; < g; since « is good from
left. If : € M3, j € Kj, then ¢; < ¢; since « is good from right.

It is also possible to satisfy the second condition: this follows directly
from the definitions of K7, M7, K3 and M3.

For each s € [n], denote by A, the segment P;Q),;. The segments do not
intersect for the following reason. If two segments, P, Q,, and P, Q,,, with
gi < qj, intersect, they belong to the same quadrant. Suppose, for example,
that they belong to quadrant II (bounded by I and [}). Then i,5 € Mp.
It follows that [, : (Qg < @ < O) and [, : (O < @, < Q). Therefore
Ag and A; do not intersect. Similar arguments prove the statement for the
other quadrants. W

Corollary 4.8 A family {p = (p1, p2, -+, Pn);q = (@1, G2, - -+, @n)} of two
permutations for [n] is realizable in R? if and only if the members of [n] can

be partitioned into two subsets so that the members of one part appear in the
same order in p and q, and the members of the second part appear in opposite
orders in p and q.
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Corollary 4.8 generalizes Theorem 4.7 for the case when the permutation
p is not necessarily (123...n), and it follows directly from this Theorem by
relabeling the sets.

Combining Theorem 4.7 ({p = (123...n), ¢} is realizable in R? if and
only if ¢ is decomposable) with Theorem 4.6 (¢ is decomposable if and only
if each restriction of ¢ to four sets is decomposable) and Observations 4.4
and 4.5 ((2143) and (3412) are the only non-decomposable permutations for
[n]), and relabeling the sets if necessary, we obtain the following Helly-type
condition of realizability of {p,q} in R%

Theorem 4.9 A family {p, q} of permutations for [n] is forbidden in R?
if and only if there are i, j, k, 1 € [n] so that p = (...i...5...k...[...),

=(..g 0.k,

4.4 A linear algorithm for checking the real-
izability of a pair of geometric permuta-
tions in R?

Let P = {p, ¢} be a pair of permutations on [n]. We want to check whether
it is realizable in R% It takes linear time to relabel the members of [n]
so that p = (123...n). Thus we shall assume that this is the case: P =
{p=0,2,....n),¢g = (1, ¢2, - -+, go)}. By Theorem 4.7, we need only
to check whether ¢ is decomposable. We present a linear algorithm that
does this. Loosely speaking, we decompose ¢ from left and from right, and
then we either construct a decomposition of ¢, or prove that that ¢ is not
decopmposable.

Left decomposition. Define K7, M; C [n] according to the following
rules:

Step 1: 1 =1; K = My = 0.

Step 2: If max{q;|j € K.} < ¢ < min{q;|7 € ML}, or if K7, or My, is 0,
mark ¢ as “current”. Otherwise STOP.

Step 3: If 1 =1, 2 := 2 and go to step 2. If ¢ > 1, continue.

Step 4: If ¢;_1 < ¢;, add 71 —1to Kp. If ¢;_y > ¢;, add 7 — 1 to M.

Step 5: If 1 =n, STOP. If 1 <n,1:=14 1, and go to step 2.

Right decomposition. Define K'r, Mg C [n] according to the following
rules:
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Step 1: 1 =n; Kr = Mg = (.

Step 2: If max{q;|j € Mr} < ¢ < min{g¢;|j € Kgr}, or if Kr or Mg is 0,
mark ¢ as “current”. Otherwise STOP.

Step 3: If 1 =n, 1:=n — 1 and go to step 2. If + < n, continue.

Step 4: If ¢; < qi41, add 1 4+ 1 to Kr. If ¢; > ¢ir1, add ¢ — 1 to Mp.

Step 5: If 1 =1, STOP. If ¢ > 1,72 :=1— 1, and go to step 2.

Denote by A the “current” 7 on the termination of the left decomposition,
and denote by p the “current” 7 on the termination of the right decompo-
sition. Note that the subsequences ¢|x, and ¢|x, are ascending, and the
subsequences ¢|a, and ¢|ar, are descending. Moreover, A is greater than all
the members of ¢|x, and less than all the members of ¢|as, ; p is less than all
the members of ¢|x, and greater than all the members of ¢|ar,. Note also
that always A > 2 and p < n — 1.

Example. Let ¢ = (928745361).

The left decomposition: The right decomposition:

9]2 8 74536 1 9287453 6[1]
9[2]s 745361 928745 3[6]1
9 2[8]745361 9287 45[3]6 1
928[7]45361 9287 4[5]36 1
928 7[4]536 1 928 7[4]5356 1
9287 4[5]361

Here K}, = {2, 5}, ql, = (24); My, = {1, 3, 4}, qlm, = (987); A =6, qn = 5;
and Kg = {67 8}7 Q|KR = (56)7 Mp = {77 9}7 Q|MR = (31)7 P = 5, qp = 4, see
Figure 4.9.

In order to establish whether ¢ is decomposable we need to analyze the
mutual position of A and p (and, probably, of some neighbouring members).
If X # p, we shall assume that gy < ¢,. There is no loss of generality
since if ¢\ > ¢, we can consider the permutation ¢ defined by ¢/ = n — ¢
then ¢\ < ¢,, and it is clear that ¢ is decomposable if and only if ¢ is
decomposable. If K7, # (), denote N = max{i : i € K}; if My # (), denote
X' =max{i:i € Mp}; if Kr # (), denote p’ = min{i : i € Kr}; if Mg # 0,
denote p"” = min{i : 1 € Mp}.
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1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
A 0

Figure 4.9: Left and right decompositions of p = (928745361 ).

Claim 4.10 Compare A and p obtained in left and right decompositions. If
A # p, assume that g\ < q,. Then:

1. If X\ > p—1 then q is decomposable.

2. If X = p—1, then M, # 0 and Mr # 0. If ¢uv > g then q is
decomposable, and If gyn < q,n then q is not decomposable.

3. If X< p—1 then q is not decomposable.

Proof

L A>p—1(or: A >p).
If A =p, define K = Ky U{A}U Kr, M = My U Mg (of course, it is
also possible to define A to be a member of M instead of K).

Suppose A > p. Then, since g\ < ¢q,, p € M and A € Mp. We assert
that « € K = ¢ < p and that 1 € Kr = ¢ > A. We prove the first
assertion: suppose ¢ € K, (this impliesi < A) and ¢ > p. Then ¢ € K
or © € Mp. However, both these possibilities contradict ¢; < ¢\ < g,:
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if © € Kpg, it must be ¢; > q,; if © € Mg, it must be ¢; > ¢\ (since
A € Mpg). The second assertion can be proved in a similar way. Define
K =K,UKgr, M = MU Mg. Then (K, M) is a decomposition of ¢.

A=p—1

If M;, = (0, then it is possible to continue the left decomposition by
defining p to be “current”, in contradiction to the definition of A.
Therefore My, # (). For a similar reason, Mg # ().

If ¢uv > q,n, just define K = K; U Kr, M = My U Mg, and then
(K, M) is a decomposition of g.

If gov < qpr, We have X' < )\ < p < ,0” with ¢\ < g < gy <
q,- Thus the restriction of ¢ to {A\", A, p, p"} is not decomposable (see
Observation 4.5), and therefore ¢ is not decomposable.

. A< p—1. Denote A\t = A+1,p~ = p—1. Then AT < p~ (the equality
is possible).

We shall prove that in this case there are 7,7, k,[ € [n] so that ¢ <
J < k<lwithg <q¢ <q <q orqg >q >q > q,. Then, by
Observation 4.5, ¢ has a non-decomposabe subsequence, and therefore
¢ 1s non-decomposable.

First we note the following: if ¢, > q\+ then K, # 0 and ¢\ > ¢ > ¢+,
since otherwise it is possible to continue the left decomposition defining
i = At to be “current”. Using similar arguments, we can see that if
g < @+ then My, # 0 and g\ < ¢ < qu+; if ¢, > ¢,— then Mp # 0
and q, > g, > q,-; if ¢, < q,- then Kp # () and ¢, < ¢y < q,-.

The case splits into several subcases.
(31) O+ < ).
We have Ky # ) and ¢\+ < g < .

Suppose first ¢,- > ¢q,.
Since g\ < g,, we obtain ¢+ < g,-. Therefore AT < p~.

Now we have A < AT < p~ < p with ¢+ < ¢\ < ¢, < q,-, and ¢
is not decomposable (see Figure 4.10).

Now suppose ¢,- < ¢,. Then Mg # 0 and q,- < ¢,» < q,.
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(3.2)

(3.3)

If gy < g then X < AT < p < p” with g+ < qv < g < q,, and
q is not decomposable (see Figure 4.11).
If g» < qv then N < XA < p™ < p” with ¢\ > ¢ > ¢,» > ¢,-, and
q is not decomposable (see Figure 4.12).

g < @+ < Gp-
We have My, # () and ¢\ < qav < qy+-

If ¢,- > q,, replacing ¢ with ¢” defined by ¢/ = n — g,—; gives us
the case (3.1) that has already been checked.

Suppose q,- < ¢,. Then Mp # 0 and q,- < ¢ < q,.

If g\ < qp then A < A < p < p’ with ¢\ < quv < g < qp, and
q is not decomposable (see Figure 4.13).

If Qo < Qo then M < M\ < p- < ,0” with @t > Qo > Qe >
q,-, and ¢ is decomposable (here AT < p~ since g+ # ¢,-) (see
Figure 4.14).

qp < Qr+-
We have My, # () and ¢\ < qav < qp+-

If ¢,- > ¢, replacing ¢ with ¢” defined by ¢ = n — ¢,—; gives us
the case (3.1) that have been already checked.

Suppose q,- < ¢r. Then Mg # 0 and ¢,- < g,» < q,.

If gyv < g, then X < X < AT < p with ¢, < ¢ < ¢, < qx+, and
q is not decomposable (see Figure 4.15).

If g, < ¢ then X' < AT < p~™ < p with ¢+ > ¢ > ¢, > q,-,
and ¢ is not decomposable (here At < p~ since ¢\+ # ¢,-) (see
Figure 4.16). W
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Figure 4.10: Case (3.1) with ¢,- > q,.

Figure 4.11: Case (3.1) with ¢,- < ¢, and qv < g,».
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Figure 4.12: Case (3.1) with ¢,- < g, and ¢, < gy

Figure 4.13: Case (3.2) with ¢,- < ¢, and g\ < g,»
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Figure 4.14: Case (3.2) with ¢,- < ¢, and ¢,» < ¢»

Figure 4.15: Case (3.3) with ¢,- < ¢\ and ¢\» < ¢,
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Figure 4.16: Case (3.3) with ¢,- < ¢\ and ¢, < q\»
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4.5 Two necessary conditions for realizability
of families of geometric permutations in

R2

Suppose P = {p', p%, ..., p*} is a family of permutations of [n], and we
want to know whether it is realizable in R% For k = 2 the problem was
solved in Section 4.3 (Theorems 4.7 and 4.9). We shall see that for & > 2 the
situation is much more complicated. We describe some necessary conditions
for realizability, and show that they are not sufficient.

Necessary condition 1
The following statement is clear:

Observation 4.11 (Necessary condition 1) If P is realizable in R?, then
no two members of P form a forbidden pair.

The following example (taken from [1]) shows that this condition is not
sufficient. Let n € N. Foreach A C{2,3 ..., [n/2]}, define the permutation
p = pa on [n] as follows:

If je Aorn—j € A, then p; = n — j; otherwise p; = .

For example, for n = 6, we have:

pp = (123456), pgoy = (153426), prsy = (124356), praay = (154326).

In this way we obtain 2*/2=! permutations. Since all of them begin
with 1, no two of them are reverses of each other. Each two of them form
a realizable pair: for ps and pp, where A, B C {2, 3, ..., [n/2]|}, let K =
{ilt € AAB or n —i € AAB}, M = [n]\ K. Then palx = pp|lx and
palm = —pg|m, and thus the pair {pa, pg} is realizable by Corollary 4.8.

Thus we have a family of 21"/21=1 pairwise realizable permutations. How-
ever, the entire family is forbidden since the maximal size of a realizable
family in R?is 2n — 2 [9].

Necessary condition 2

Definition. Let P = (p, p2, ..., p'*) be a family of (directed) permu-
tations on [n], ordered by p < p'' & j < j'. We say that the ordering <
is good if for each a,b € [n] with pt : (a < b) there is y = y(a,b) € [k] so that
pri(a=<b)forz=1,2 ...,y,and p= : (b<a)forx=y+1,y+2, ..., k.

This can be reformulated in the following way: there are no z,y,z € [k],
z <y < z, so that for some a,b € [n], p™* : (a < b), p* : (b < a), p'= : (a < b).
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Claim 4.12 (Necessary condition 2) Let P = {p*, p?, ..., p*} be a fam-
ily of undirected permutations (p' = {p’, —p’}), realizable in R?. Then:

1. It is possible to choose a representative of each member of P, and to
order them using a good order < (that is, the ordering of the family
(p't € p? K -+ K p™) is a good one).

2. There are precisely 4k such good orderings.

Proof.

1. Consider a realization of P. Choose a direction on each transversal so
that all the directions will be contained in an open semicircle ¥ on the
circle of directions. Order the transversals (with their permutations)
according to the order of the appearance (for example, clockwise) of
their directions on circle of directions.

Let a,b € [n]. Consider a line m that separates S, from 5, and trans-
late it to the circle of directions. This line divides ¥ into two sectors
(see Figure 4.17). Then a < b on the transversals that belong to one
of them, and b < @ on the transversals that belong to another.

Figure 4.17: Hlustration to the proof of Necessary condition 2 (Claim 4.12).

2. Suppose without loss of generality that (p', p?, ..., p*) is a good or-
dering of representatives of the members of P. Then for each j € [£],
the following orderings are also good:
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o (P, =t =P =)
o (—p/, —pt L =pEph % )
o (P 7t pt =Pt L =)
o (—p',—p7t . =pt R P L )

We shall prove only that the first of these orderings,

(p/, pPPHL o PR —pt, —p?, ..., —p'7Y), is good (the remaining three
orderings are proved in a similar way). If not, we have one of the
following cases:

(a) There exist a,b € [n] and z,y,z € [k]and sothat j <z <y <z <
k and p” : (a < b), pY : (b < a), p®: (a < b). This is impossible
since (p, p%, ..., pf)i

(b) There exist a,b € [n] and z,y,z € [k] and so that j <2 <y <k,
1<z<]—1andpx'(a<b), :(b<a), —p®:(a <b). This is
impossible since then p® : (b < a), p” : (a < b), p : (b < a) with
z <z <uy,and (p', p*, ..., p¥) is a good ordering.

(c) There exist a,b € [n] and x,y,z € [k] and so that j < a < K,
I<y<z<j—1land p”:(a=<b),—pY:(b=<a), —p”:(a<Db).
This is impossible since then p¥ : (a < b), p* : (b < a), p* : (a < b)
with y < 2z < z, and (p', p%, ..., p*) is a good ordering.

(d) There exist a,b € [n] and x,y,z € [k] and so that | < 2 <y <
z<j—1land —p”:(a <b), —p¥:(b<a), —p®: (a <b). Thisis
impossible since then p* : (b < a), p¥ : (a < b), p* : (b < a) with
z <y <zand (p', p*, ..., p¥) is a good ordering.

is a good ordering.

Thus we have at least 4k good orderings of P. It remains to prove that
only these orderings of are good.

Assume again that (p!, p?, ..., p¥) is a good ordering of P, and let
Y,z € k], x <y <z

Since p” and p® are representatives of distinct undirected permutations
and thus are not reverses of each other, there are a,b € [n] so that
p®: (a < b) and p* : (a < b). Since (p', p?, ..., p*) is a good ordering,
and © <y < z, we have also p¥ : (a < b).

Since p” and pY are representatives of distinct undirected permutations,
there are ¢,d € [n] so that p* : (¢ < d) and p¥ : (d < ¢). Since
(p', p*, ..., p*) is a good ordering, and z < y < z, we have p* : (d < ¢).
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Since pY and p® are representatives of distinct undirected permutations,
there are e, f € [n] so that p¥ : (e < f) and p* : (f < e). Since

Lop?, ..., p")isagood ordering, and x < y < z, we have p” : (e < f).
p,p, » P g g, Y ) p

To summarize: there exist a,b,c,d,e, f € [n] (not necessarily all of
them distinct) such that:

p*i(a<0b),pY:(a=<0b),p”:(a=<b)
pri(e=<d),pY:(d=<¢),p”:(d=<ec)
prile=<f),p(e<f),p:(f<e).

We claim that in any good ordering < of P, the representatives of p”,
pY, p° appear in one of the following 12 ways:

Pt L pY L pF, Pt L —pF L —p
—pt L —pt L = py —p" L pF LY

P L pt L —pf P L pt L —pt
—p! < —p” L7 —p! L —pt L P
P —pt L —pY, P L pt L pt

—p° L p* L pY, —p° L —p¥ L —p~.

All the other cases are impossible. For example:

p* & p¥ < pYis impossible since p” : (e < f), p* : (f <€), pY : (e < f).
p* L p¥ < —p¥ is impossible since p” : (¢ < d), p* : (d < ¢), —p¥ : (¢ <
d).

p" < —pY <« p7 is impossible since p® : (a < b), —p¥ : (b < a),
p° i (a <b).

Now we shall prove our claim by induction on k. We have already

proved it for k = 3 (see the 12 possibilities above). Suppose that we
have proved that for some k > 3 the only good orderings are:

(a) (', p* ..., p")

(b) (—=p", —p )

(c) (5 ™" .. pY)

(d) (=p*, —p* ' ..., —p")

(e) (pP. P, ..., pF, —pt, —p% ..., —p7!) with j > 1
(f) (=1, p]“ =P Pt Pt ) with > 1



(g) (pjv pj_lv "'7p17 _pkv _pk_lv ceey _pj—l_l) Wlth] < k
(h) (_pjv _pj_lv RN _p17 pkv pk_lv "'7pj+1) Wlth] < k

These are precisely the four types of orderings listed above, but this
time we consider separately the orderings in which the first and the
last permutations are +p', +p*. There is one such ordering of each of
the types (a)—(d), and k — 1 orderings of each of the types (e)-(h).
Now suppose we have a good ordering of representatives of {pt, p*, ..., p*T1}.
Any restriction of a good ordering is clearly also good, thus any good
ordering for k£ + 1 permutations can be obtained by adding of 4p*t!

to one of the 4k orderings of representatives of {p', p%, ..., p*} among

the listed above. We claim that for (a)—(d) this can be done in two

ways, and for (e)—(h), in one way:

a) \p,p, ..., p
(a) (p', p? ) —
— (p17 p27 ) pkv pk+1) or (_pk+17 p17 p27 SR pk)
(b) (_p17 _p27 sy _pk) —
— (_p17 _p27 ) pkv _pk+1) or (pk+17 p17 _p27 i) _pk)
(c) (5, P ) —
— (P PN Pt o (R, P Lt M)
(d) (_pkv pk_lv ) _pl) —
— (_pk+17 _pkv _pk_lv ) _pl) or (_pkv _pk_lv ) _p17 pk+1)
(6) (p]7 p]+17 "'7pk7 _p17 _p27 ceey _p]_l) Wlth] >1—
— (pjv pj+17 "'7pk7 pk+17 _p17 _p27 RN _pj_l)
(f) (_p]7 pj+17 R _pkv p17 p27 "'7pj_1) Wlth] >1—
— (_p]7 _p]+17 RN _pkv _pk+17 p17 p27 R p]_l)
(g) (p]7 p]_lv "'7p17 _pkv _pk_lv ceey _p]+1) Wlth] < k —
— (pjv pj_lv RN p17 _pk+17 _pkv _pk_lv R _pj-l—l)
(h) (_pjv _pj_lv RN _p17 pkv pk_lv "'7pj+1) Wlth] < k—
— (_p]7 _p]_lv RN _p17 pk+17 pkv pk_lv R p]+1)

This gives 2-4+1-(k—1) =4-(k+ 1) orderings. We shall prove that
these are the only ways to add dp**! for cases (a) and (e) (for other
cases this can be proved similarly).
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(a) By the assumption, (p!, p?, ..., p*) is a good ordering. We need
to add p**t! or —p*t! to it. According to what we have proved
for 3 permutations (see 12 cases on page 49) with @ = 1, y = k,
z = k + 1, the only possibilities for p*, p*, £p**! with p! <«
pFare p! < pF < pM!and —pftt <« p! <« pf. This yields
(p', P2, s P8 M) and (—ptH pt p? ).

(e) By the assumption, (p/, p*t, ..., pf, —p', —p?, ..., —p/71) (with
7 > 1) is a good ordering. We need to add p**! or —p**! to it.
According to what we have proved for 3 permutations with = = 1,
y = k, z = k + 1, the only possibility for —p', p*, +£p**t! with
P —plis pF < PP < —pl.

This yields (p?, p*t, ..., pF, p"t, —pt, —p%, ..., —p/71). B

We saw in the proof that for a realizable family of permutations, a good
ordering of their representatives corresponds to a natural ordering of their di-
rections on the circle of directions. In this case, 4k good orderings correspond
to the choice of the first permutation, its orientation, and clockwise or coun-
terclockwise ordering at the circle of directions, and they can be obtained
from each other by rotation and/or reflection of the plane.

Necessary Condition 2 is also not sufficient. Consider the following family
of permutations: begin with p' = (123...n), then move 1 by one to the right
until it reaches the last position, then move 2 by one to the right until
it reaches next to the last position, and so on (each i reaches the position
n—i+1). Each time just one pair of sets interchange, and no pair interchanges
twice (this means that this family satisfies Necessary Condition 2). The last
permutation will be (n—1, n, n—2, n—3, ..., 2, 1) (only n—1 and n remain
not interchanged). For example, for n = 4 we have the following sequence of
permutations:
pt = (1234), p* = (2134), p* = (2314), p* = (2341), p° = (3241), p°® = (3421).

There are (g) permutations in this family. Again, by the result from [9],
this means that such a family is forbidden (for n > 5).

Another way to see that this family is forbidden (for n > 4) is to note that
pPP=(2,1,3,4,....,n—1,n) andp(g) =n—-1,nn—-2n-3,...,2 1),
and these two permutations form a forbidden pair: note the restriction to
{1,2,n — 1,n}. Thus we see that Condition 1 does not follow from Condi-
tion 2.
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In fact, Conditions 1 and 2 are independent. Consider a family P =
{p, p*, p°} = {(1234), (1342), (1423)} of non-directed permutations. This
family satisfies Condition 1 (its members are pairwise compatible), but does
not satisfy Condition 2: if we try to find a good ordering p' < p* < p° of
representatives, it is possible to assume that p' = (1234), it is also possible
to assume that p* = +(1342), therefore p® = +(1423). There are four ways
to choose representatives of p* and p® and to obtain thus an ordering of this
family of non-directed permutations. None of them is good as for each of
them there are two sets that violate Condition 2:

(112][3}), (13 k2], (14[2][3);

(13)7 (13)7 (31);

(2B, (2h301)), (Lh2B);

(12[3][4]), (2L4][3]1), (324]0).

4.6 The necessary conditions are not suffi-
cient

We show that Necessary Conditions 1 and 2 from Section 4.5, even together,
are not sufficient. Consider the following family of three permutations for
six sets: P = {(123456), (412563), (541632)}. This family satisfies both
the necessary conditions: it is easy to check that each two of them form a
realizable pair; and (p' = (123456), p* = (412563), p® = (541632)) is a good
ordering of their representatives. However, we shall prove that P is forbidden

in R

Claim 4.13 The family of permutations P = {(123456), (412563), (541632)}

is not realizable in R2.
We shall use the following simple fact.

Observation 4.14 Let p' = (123), p* = (132) be two directed geometric
permutations of { Ay, Aa, Az}, realized by directed transversal lines Iy and 1.
Then A, crosses quadrant 1111

Proof of Observation 4.14 We need to show that A; N{; C [] and that
AN, Cly.

!Quadrants have been defined on page 28.
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Suppose Ay NI # (. Then Ay NIy C I and AsN iy C I,

It is clear that O € As. If Az Ny C [F then also Ay NIy C If, and
A3 Ay £ (. If A3y C 15 then also Ay Ny C 17, and Az N Ay # 0 (see
Figure 4.18).

Figure 4.18: Tllustration of the proof of Observation 4.14.

Thus Ay N{; CI]. By symmetry, also AyNi, Cl;. B
Proof of Claim 4.13 Suppose (f = {Al, AQ, Ag, A4, A5, A6}, L= {ll, lz, lg})

is a realization of P (/; is a directed transversal that induces p’). Since
(p', p*, p*) is a good ordering, we can assume without loss of generality (see
remarks after the proof of Claim 4.12) that (ly, l5, [3) is the order in which
these lines appear on the circle of directions, see Figure 4.19.

L

Figure 4.19: The order of the directions of the lines [y, l5, Is.

For 7,5 € {1,2,3} denote O;; = O;; = [; N{;. It is possible to assume
that O19, O3, O3 are distinct points. There are two possible cases: the
first is {1 : (O12 < O13), Iz : (O21 < Oa3), I : (O31 < Osz); the second is
l[1 : (O15 < O13), I3 : (O3 < Oa1), I3 : (O35 < Os1), see Figure 4.20.
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[,: (123456) 11: (123456)

ZE
0,/ \ O, 1,: (412563) Ox3\ /On 1,: (412563)

[5:(541632) [5:(541632)

Figure 4.20: Two cases for the lines [, [3, I5.

However, the second case can be obtained from the first by relabeling
the sets 1 — 4,2 — 1,3 — 2,4 — 5,5 — 6,6 — 3, the transversals
l1 — Iy, I3 — 3, [3 — —Iy, and the intersection points O3 +— Os3, O13 —
O12, O3 +— O13. Therefore we shall consider only the first case.

We claim that

[1:1<2<3<013<013<4<5<6,

[5:4<1<2<03 <0y3<5<6<3,

[3:5<4<1=<03 <03 <6=<3 =<2 (see Figure 4.21).

Figure 4.21: Position of the sets A; at the lines [;, about the points of inter-
section of the transversals.

In order to prove this, we use Observation 4.14 several times:
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Since l; : 3 <4 <5 and —ly : 3 <5 < 4, we have by Observation 4.14
[1 :3 <012 (and [y : Oy < 3). Therefore l; : 1 < 2 <3 < Oy5. Similarly we
obtain l5: O3 <5 <6 <3 and l3:5 <4 <1< 0s3.

Since =l : 4 <2 <1andl3:4 <1 < 2, we have by Observation 4.14
[ : 013 <4 (and [3: 4 < Os1). Therefore [y : O15 <4 <5 < 6. Similarly we
obtain {5 :4<1<2<0y and l3: 03, <6 <3 <2,

Using an affine transformation, we can assume that the angle between
each two transversals is 60°. Then the realization must look similar to the
situation on Figure 4.22, with arcs replaced by convex sets. It is also possible
to assume that the sets are segments with endpoints on transversal lines: let
Pe Ainl, Q € AiNls, and let R be the point of intersection of the segment
PQ with l;. Then [y : (R < Oj3) and therefore the set A; can be replaced
by the segment P(). Applying the same argument to all the sets in F we
conclude that it can be assumed that all the members of F are segments.

Figure 4.22: A “realization” of {(123456), (412563), (541632)} by arcs.

However, there is no realization of F with segments with endpoints on
transversal lines. Assume that there is such a realization, and denote by ¢ the
minimal distance between an endpoint of one of them and one of the points of
the intersection of the transversals. Without loss of generality, § = dist(A; N
[3,013) or § = dist(Ay N {3, 0q1) (other possibilities can be obtained from
one of these by relabeling the sets and the transversals). Then (since all the
angles between the transversals are 60°) in the first case dist(AzN{ly, Og1) > 6§
and A; misses [1; in the second case dist(As N1y, O12) > § and As misses [3
(see Figure 4.23). It follows that the family P is not realizable in R* W

Remark. A similar construction was used by Sharir and Smorodinsky
in their study of neighboring sets in geometric permutations [23]. Though
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Figure 4.23: The proof of the impossibility of realization the family
{(123456), (412563), (541632)} in R2

used in slightly different contexts, the two constructions point to constraints
on geometric permutations for one family of disjoint convex sets.

4.7 Concluding remarks

The most obvious open problem related to the results from this chapter is
the following: given a family of permutations P, how to check whether it
is realizable in R?? Theorems 4.7 and 4.9 solve this problem for families of
two permutations, but the situation seems to be more complicated for larger
families of permutations.

The Helly-type condition in Theorem 4.9 suggests a question: does a
similar condition exists for larger families of permutations? Is it true that
for each k (the number of permutations) there is [a Helly number] o = (k)
so that if any restriction of the members of P to «a sets is realizable then the
whole family P is realizable? As a first step it is possible to try to solve this
problem with fixed transversal lines.
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