
The maximal number of geometri
 permutationsfor n disjoint translates of a 
onvex set in R 3is 
(n)Andrei Asinowski Meir Kat
halskiAbstra
tA geometri
 permutation indu
ed by a transversal line of a �nite familyof disjoint 
onvex sets in Rd is the order in whi
h the transversal meets themembers of the family. It is known that the maximal number of geometri
permutations in families of n disjoint translates of a 
onvex set in R2 is 3.We prove that for d � 3 the maximal number of geometri
 permutationsfor su
h families in Rd is 
(n).1 Introdu
tionLet F = fA1; A2; : : : ; Ang be a �nite family of n pairwise disjoint 
onvex setsin Rd . A line l is a transversal of F if it interse
ts all the members of F . Ea
hnon-dire
ted transversal interse
ts the members of F in an order whi
h 
an bedes
ribed by a pair of permutations of f1; 2; : : : ; ng whi
h are reverses of ea
hother. Su
h a pair is 
alled a geometri
 permutation.There are several results 
on
erning the maximal number of geometri
 per-mutations for families of n disjoint 
onvex sets in Rd (we shall denote it bygd(n)). Among them: g2(n) = 2n � 2 for n � 4 ([3℄ as the upper bound, [9℄as the lower bound); gd(n) = O(n2d�2) [13℄ and gd(n) = 
(nd�1) [8℄. Someresults deal with families with the restri
tion that the members of the familyare disjoint translates of a 
onvex set. Kat
halski, Lewis and Liu proved [7, 8℄that for su
h families in R2 , the maximal number of geometri
 permutations is3. They also 
onje
tured [8℄ that for ea
h natural d, there is a 
onstant upperbound on the number of geometri
 permutations for families of translates inRd (the 
onje
tured upper bound was (d+1)!2 ). However, the only known upperbound in Rd is O(nd�1) (this follows from [11℄). A 
onstant upper bound isknown in a spe
ial 
ase: for families of 
ongruent balls in Rd [10℄ (improved in[2℄; the bound is 2 when n � 9).We refute the 
onje
ture mentioned above by proving that there is no 
on-stant bound for the maximal number of geometri
 permutations for families ofdisjoint translates of a general 
onvex set:1



Theorem 1 For ea
h n 2 N, n > 1, there exists a 
onvex set X = X(n) in R3and a family F = F(n) of 2n disjoint translates of X that admits at least n+1geometri
 permutations.In Se
tion 3 we show that a stronger results holds: there is a set Y that doesnot depend on n and satis�es Theorem 1.A motivation for studying geometri
 permutations is Helly-type problemson the existen
e of 
ommon transversals for families of disjoint translates ofa 
onvex set. For example, geometri
 permutations were used in Tverberg'ssolution [12℄ of Gr�unbaum's 
onje
ture: if in a family of disjoint translates of a
onvex set in R2 ea
h 5 sets have a transversal line, then the whole family has atransversal. Geometri
 permutations were also used in the proofs of Helly-typetheorems on transversals for disjoint unit balls in R3 [1, 5℄.Holmsen and Matou�sek showed [6℄ that in R3 there is no Helly-type theo-rem analogous to Tverberg's result mentioned above (the proof of Gr�unbaum's
onje
ture). For ea
h n 2 N they 
onstru
t a family of disjoint translates of a
onvex set su
h that ea
h n members of the family have a transversal line, whilethe entire family does not. In general, the idea of their 
onstru
tion is to take�rst a family of disjoint sets that have the desired transversal properties, butare not translates of ea
h other, and then to append them one to another inorder to obtain translates, preserving their disjointness and transversal proper-ties. Our 
onstru
tion also uses this idea. Both 
onstru
tions use the hyperboli
paraboloid � = f(x; y; z) 2 R3 : z = xyg. This surfa
e has been used earlierfor the 
onstru
tion of several examples with transversal lines (see, for example,Theorem 2.9 by Aronov, Goodman, Polla
k and Wenger, in [4℄, p. 171, and the
onstru
tion desr
ibed there).2 The 
onstru
tionLet n 2 N, n > 1.Planes and LinesDenote by � the hyperboli
 paraboloid � = f(x; y; z) 2 R3 : z = xyg.For ea
h i 2 f0; 1; : : : ; ng, let �i be the plane y = i, and let li be the line�i \� = f(x; y; z) : y = i; z = xig. These n+1 lines will be transversal lines forF , indu
ing di�erent geometri
 permutations.For ea
h m 2 f1; 2; : : : ; ng, let um denote the plane x = 2mn2, u0m the planex = 2mn2+1, and wm the plane x = 2mn2+n2+1=2. These planes will be usedin the 
onstru
tion of F , and in the proof of the disjointness of its members.The set XFor ea
h m 2 f1; 2; : : : ; ng, de�ne four points on � as follows:Pm;1 = lm�1 \ um = (2mn2;m� 1; 2mn2 � (m� 1)),Pm;2 = lm \ u0m = (2mn2 + 1;m; (2mn2 + 1) �m);Qm;1 = lm \ um = (2mn2;m; 2mn2 �m),Qm;2 = lm�1 \ u0m = (2mn2 + 1;m� 1; (2mn2 + 1) � (m� 1)).2
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Figure 1: The segments ai and bi, for n = 3. The solid parts are above �, andthe dashed are below it.
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Figure 2: The segments ai and bi, for n = 3, viewed from above.Note that Pm;1; Pm;2 2 �m, and Qm;1; Qm;2 2 �m, where �m is the planey = x � 2mn2 +m � 1 and �m is the plane y = �x + 2mn2 +m. The planes�m and �m are parallel to the planes y = x and y = �x respe
tively.Let am be the segment that 
ontains Pm;1 and Pm;2 with endpoints in theplanes �0 and �n, and let bm be the segment that 
ontains Qm;1 and Qm;2 withendpoints in the planes �0 and �n. Figures 1 and 2 show ai-s and bi-s for n = 3(In these �gures, the solid parts of the segments are above �, and the dashedare below it. Note that the �gures are not drawn to s
ale: in fa
t, the segmentsare mu
h further apart).In what follows, \the highest (lowest) point" (of a set) means \the point withthe maximal (minimal) z-
oordinate". (This is used only when su
h points areunique.)Now de�ne two sets XL and XU . Ea
h of them is a polygonal line:XL = ~a1 [ ~a2 [ � � � [ ~an, XU = ~b1 [ ~b2 [ � � � [ ~bn, where ea
h ~am is a translateof am, and ea
h ~bi is a translate of bi, so that:3



� the lowest point of ~a1 is (0; 0; 0), and for ea
h m 2 f2; 3; : : : ng the lowestpoint of ~am 
oin
ides with the highest point of ~am�1;� the highest point of ~b1 is (0; n2; HL+H+HU) (where HL and HU are thez-heights of XL and XU respe
tively, and H is a large positive number),and for ea
h m 2 f2; 3; : : : ng the highest point of ~bm 
oin
ides with thelowest point of ~bm�1.We make some observations on XL and XU .1. The polygonal line XL lies in the plane y = x (this is true sin
e ea
h amlies in �m whi
h is a verti
al plane parallel to y = x, see Figure 2; and ~a1
ontains the point (0; 0; 0)). Similarly, XU lies in the plane y = �x+ n2.2. Ea
h am 
ontributes n to the lengths of the x- and y-proje
tions of XL,and ea
h bm 
ontributes n to the lengths of the x- and y-proje
tions ofXU . Thus the x- and y-proje
tions of XL and of XU are [0; n2℄.3. The slopes of am and bm, relative to the plane z = 0, are, respe
tively,1p2 ((2mn2 + 1)m� 2mn2(m� 1)) = 1p2 (2n2 + 1)m and1p2 ((2mn2 + 1)(m� 1)� 2m2n2) = � 1p2 ((2n2 � 1)m+ 1).This means that if m < m0 then the slope of am is smaller than that ofam0 , and the slope of bm is smaller than that of bm0 . It follows that XL isdownward 
onvex, and XU is upward 
onvex polygonal line.Let X = 
onv(XL[XU ) (see Figure 3; note that in fa
t XU is situated highabove XL).The family F of disjoint translates of XFor ea
h m 2 f1; 2; : : : ; ng, de�ne Am to be a translate of X with ~am trans-lated to am, and Bm to be a translate of X with ~bm translated to bm. Denoteby AUm (ALm) the polygonal line on Am that 
orresponds to XU (XL) on X , andby BUm (BLm) the polygonal line on Bm that 
orresponds to XU (XL) on X .The family F = fA1; A2; : : : ; An; B1; B2; : : : ; Bng is a family of 2n translatesof X . We prove that they are pairwise disjoint, and that F has at least n + 1geometri
 permutations.Disjointness of the members of FFirst, note that for ea
h m 2 f1; 2; : : : ; n � 1g, the sets Am and Bm havepoints (Pm;1 and Qm;1 respe
tively) with x-
oordinate 2mn2, and the sets Am+1and Bm+1 have points (Pm+1;2 and Qm+1;2 respe
tively) with x-
oordinate2(m + 1)n2 + 1. The x-lengths of the sets are n2. It follows that Am and Bmare to the left of the plane wm (re
all that this plane is x = 2mn2 + n2 + 1=2),while Am+1 and Bm+1 are to its right. Hen
e for m 6= m0, Am\Am0 , Am\Bm0and Bm \Bm0 are ;.It remains to prove that Am \Bm = ; for ea
h m 2 f1; 2; : : : ; ng. Let �m bethe plane that 
ontains the point (2mn2+1=2;m�1=2; (2mn2+1=2)(m�1=2)),and parallel to am and bm. We 
laim that this plane separates Am from Bm.4
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Figure 4: Illustration to the proof of the disjointness of Am and Bm: the segmentam is above bm. 5



Let tm = �m \ �m, sm = �m \ �m (the planes �m and �m were de�ned in thebeginning of this se
tion). The segment am is parallel to �m and lies in �m,hen
e am is parallel to tm, and it is easy to 
he
k that am is above tm in theverti
al plane �m. We have observed that XL is downward 
onvex. Hen
e ALm,being a translate of XL, is also above tm, and thus above �m. Similarly, thesegment bm is parallel to sm and is below it in the verti
al plane �m. We haveobserved that XU is upward 
onvex. Hen
e BUm, being a translate of XU , isalso below sm, and thus above �m (see Figure 4).If H in the de�nition of XU is large enough, then also AUm is above �m, andBLm is below �m. Sin
e Am = 
onv(ALm [ AUm) and Bm = 
onv(BLm [ BUm), itfollows that Am is above �m, and Bm is below �m. Hen
e Am \ Bm = ;.Transversal propertiesWe prove that ea
h Am and ea
h Bm meets ea
h li.� For Am:For i = m� 1, Pm;1 = lm�1 \ am; for i = m, Pm;2 = lm \ am.For ea
h i 6= m � 1;m: sin
e the 
urve � \ �m is downward 
onvex, thepoint �i\am, whi
h belongs to ALm, lies below � and hen
e below li. Sin
ethe proje
tion of AUm on the y-axis is equal to the proje
tion of ALm, thereis a point of AUm that belongs to �i. Sin
e AUm is high above ALm, this pointis above li, and it follows that Am meets li.� For Bm:For i = m� 1, Qm;2 = lm�1 \ bm; for i = m, Qm;1 = lm \ bm.For ea
h i 6= m�1;m: sin
e the 
urve �\�m is upward 
onvex, the point�i \ bm, whi
h belongs to BUm, lies above � and hen
e above li. Sin
e theproje
tion of BLm on the y-axis is equal to the proje
tion of BUm, there isa point of BLm that belongs to �i. Sin
e BUm is high above BLm, this pointis below li, and it follows that Bm meets li.Geometri
 permutationsLet TAm and TBm be the open halfspa
es bounded by �m, that 
ontain Am andBm respe
tively. Let Oi = (0; i; 0) 2 li. On ea
h li, 
hoose dire
tion su
h thatOi is before all the points with positive x-
oordinate. It follows that for ea
hm, on ea
h li, Oi � Am and Oi � Bm. Note also that for m < m0, on ea
h li wehave Am � Am0 , Am � Bm0 , Bm � Am0 and Bm � Bm0 , sin
e the planes wmseparate su
h pairs of sets. However, the order of Am and Bm on li depends oni: � For i = m� 1: on lm�1, Om�1 � Pm;1 � Qm;2, and thus Am � Bm. Notethat Om�1 2 TAm.� For i = m: on lm, Om � Qm;1 � Pm;2, and thus Bm � Am. Note thatOm 2 TBm .� For any i: we have observed that Om�1 2 TAm and Om 2 TBm . It followsthat Oi 2 TAm for i � m � 1, and Oi 2 TBm for i � m. Sin
e both Am6



and Bm meet ea
h li after Oi, we have Am � Bm on li for i � m� 1 andBm � Am on li for i � m.We obtain the following geometri
 permutations for F :l0 : (A1; B1; A2; B2; A3; B3; : : : ; An; Bn)l1 : (B1; A1; A2; B2; A3; B3; : : : ; An; Bn)l2 : (B1; A1; B2; A2; A3; B3; : : : ; An; Bn)l3 : (B1; A1; B2; A2; B3; A3; : : : ; An; Bn). . .ln : (B1; A1; B2; A2; B3; A3; : : : ; Bn; An).Thus F is a family of 2n disjoint translates of the 
onvex set X that has then+ 1 geometri
 permutations listed above (they are distin
t if n > 1).3 Con
luding remarks1. The set X = X(n) that has been 
onstru
ted in Se
tion 2, depends on n.Here we explain, leaving some details to the reader, how to 
onstru
t a set thatsatis�es Theorem 1 for all values of n 2 N.Re
all the 
onstu
tion of X(n). It is easy to see that it is possible to modifythe 
onstru
tion so that �i is the plane y = i� for some positive 
onstant � � 1;li = �i\�; all the segments am and bm are still parallel to the planes y = x andy = �x respe
tively, but have x- and y-lengths n� (then the x- and y-lengthsof X are n2�). Choosing � � 1=n2, it is possible to modify the 
onstru
tion sothat the planes x = 5(2m� 1) and x = 5(2m+ 1) + � play the roles of um andu0m (respe
tively) in the de�nition of the points Pm;j and Qm;j , and the planesx = 10m play the role of wm in the proof of the disjointness of the translates(note that in this 
ase the x- and y-lengths of X are less than 1). On
e this isdone, it is possible to \squeeze" the 
onstru
tion (applying the transformation(x; y; z) 7! (x; y; Æz) for a 
onstant 0 < Æ � 1) so that the slopes of all am's andbm's will be positive but less than a 
onstant �.Using these observations, we 
onstru
t a set Y that satis�es Theorem 1 forea
h n 2 N.For ea
h n 2 N, 
onstru
t modi�ed XL(n) and XU (n), and modi�ed X(n) =
onv(XL(n) [XU (n)), so that:1. The x- and y-lengths of XL(n) and XU (n) are 1=2n;2. The slopes of all am(n)'s and bm(n)'s are positive but less than the slopesof all am(n� 1)'s and bm(n� 1)'s, and less than 1=2n.Append XL(n)'s (XU (n)'s) in order to obtain a polygonal line Y L (Y U )in the way similar to the joining of the segments am (bm) in the 
onstru
tionof XL (XU ). That is, let Y L = S1n=1 ~XL(n) and Y U = S1n=1 ~XU (n) where~XL(n) ( ~XU (n)) is a translate of modi�ed XL(n) (XU (n)), and the lowest pointof ~XL(n) 
oin
ides with the highest point of ~XL(n + 1) (the highest point of~XU (n) 
oin
ides with the lowest point of ~XU (n+1)). Be
ause of the 
onditions1 and 2 above, the sequen
es of the lowest points of ~XL(n) and of the highest7



points of ~XU (n) 
onverge, and the polygonal lines Y L and Y U have x- andy-lengths 1 (= Pn2N 1=2n), and �nite z-lengths. It remains to put Y U highabove Y L (so that they have the same x- and y-proje
tions, say, [0; 1℄), and tode�ne Y = 
onv(YL [ YU). The set Y looks similar to the set from Figure 2,but the bold polygonal lines 
onsist of an in�nite number of segments.For ea
h natural n, it is possible to pla
e 2n translates of Y so that thesegments of Y L (Y U ) that 
orrespond to am(n)'s (bm(n)'s) 
oin
ide with thesesegments in 2n translates of the modi�ed X(n). This translates are disjoint, andthey have the mentioned above n+ 1 geometri
 permutations. This proves ourstatement.2. Theorem 1 shows that for d � 3, for families of disjoint translates of a 
on-vex set, gd(n) = 
(n). We think that it is possible, using similar 
onstru
tions,to improve this bound for d > 3.3. To summarize, for families of disjoint translates of a 
onvex set, g3(n) =O(n2) and 
(n). The problem of narrowing this gap remains open.Referen
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