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Abstract

Reasoning about agent preferences on a set of alternativeshe aggregation
of such preferences into some social ranking is a fundarhistze in reasoning
about multi-agent systems. When the set of agents and tlué akérnatives co-
incide, we get the ranking systems setting. A famous typauaing systems are
page ranking systems in the context of search engines. drptper we present
an extensive axiomatic study of ranking systems. In pdetfcuve consider two
fundamental axioms: Transitivity, and Ranked Independeafdrrelevant Alterna-
tives. Surprisingly, we find that there is no general so@aking rule that satisfies
both requirements. Furthermore, we show that our impdigitesult holds under
various restrictions on the class of ranking problems atersid. However, when
transitivity is weakened, an interesting possibility flessiobtained. In addition,
we show a complete axiomatization of approval voting usantked IIA.

1 Introduction

The ranking of agents based on other agents’ input is fund&hé multi-agent
systems (see e.g. [22]). Moreover, it has become a cenfatdient of a variety
of Internet sites, where perhaps the most famous exampde&aogle’'s PageRank
algorithm[20] and eBay'’s reputation system[21].

This basic problem introduces a new social choice modelhénctassical theory
of social choice, as manifested by Arrow[6], a set of agentsfs is called to rank a
set of alternatives. Given the agents’ input, i.e. the agj@mdividual rankings, a social
ranking of the alternatives is generated. The theory ssudésired properties of the
aggregation of agents’ rankings into a social ranking. Itipalar, Arrow’s celebrated
impossibility theorem[6] shows that there is no aggregatigde that satisfies some
minimal requirements, while by relaxing any of these regmients appropriate social
aggregation rules can be defined. The novel feature of tHemgqusystems setting is

*This paper is an extended version of [1].



that the set of agents and the set of alternatbe@scide. Therefore, in such setting one
may need to consider the transitive effects of voting. Faneple, if agent: reports
on the importance of (i.e. votes for) agénthen this may influence the credibility of
a report byb on the importance of agent these indirect effects should be considered
when we wish to aggregate the information provided by thetsgato a social ranking.

Notice that a natural interpretation/application of thatieg is the ranking of In-
ternet pages. In this case, the set of agents represenet thielisternet pages, and the
links from a pagep to a set of page§ can be viewed as a two-level ranking where
agents iny are preferred by agent(pagefo the agents(pages) which are nofJnThe
problem of finding an appropriate social ranking in this case fact the problem of
(global) page ranking. Particular approaches for obtgiminiseful page ranking have
been implemented by search engines such as Google[20].

The theory of social choice consists of two complementaigraatic perspectives:

e The descriptive perspective: given a particular nufer the aggregation of in-
dividual rankings into a social ranking, find a set of axiolmattare sound and
complete for. Thatis, find a set of requirements thatatisfies; moreover, every
social aggregation rule that satisfies these requiremaotdd coincide withr.

A result showing such an axiomatization is termed@resentation theoreiend
it captures the exact essence of (and assumptions behing§¢hof the particular
rule.

e The normative perspective: devise a set of requirementsathacial aggregation
rule should satisfy, and try to find whether there is a soaakegation rule that
satisfies these requirements.

Many efforts have been invested in the descriptive appraadhe framework of the
classical theory of social choice. In that setting, repnést#gon theorems have been
presented to major voting rules such as the majority ruldfeg [19] for an overview).
In the ranking systems setting, we have successfully apgiedescriptive perspective
by providing a representation theorem[2] for the well-kmd®ageRank algorithm [20],
which is the basis of Google’s search technology[9].

An excellent example for the normative perspective is Atsampossibility theo-
rem mentioned above. In [25], we presented some prelimirgaylts for ranking sys-
tems where the set of voters and the set of alternativesideinelowever, the axioms
presented in that work consist of several very strong requénts which naturally lead
to an impossibility result. Still in the normative approdotranking systems, we have
tackled the issue of incentives[4, 5], with both positivel aegative results. Recently,
we have considered a variation of ranking systems, wheresopalized ranking is
generated for every participant in the system[3], with ssimpgly different results.

In this paper we provide an extensive study of ranking systéffe introduce two
fundamental axioms. One of these axioms captures the tikensifects of voting in
ranking systems, and the other adapts Arrow’s well-knovdependence of irrelevant
alternatives(l1A) axiom to the context of ranking syster@arprisingly, we find that no
general ranking system can simultaneously satisfy thes@kioms! We further show
that our impossibility result holds under various restoies on the class of ranking
problems considered. On the other hand, we show a positdt fer the case when



the transitivity axiom is relaxed. This new ranking systesmpractical and useful.
Finally, we use our IIA axiom to present a positive resultia form of a representation
theorem for the well-known approval voting ranking systevhjch ranks the agents
based on the number of votes received. This axiomatizatiows that when ignoring
transitive effects, there is only one ranking system theésfsas our [IA axiom.

This paper is structured as follows: Section 2 formally defiour setting and the
notion of ranking systems. Sections 3 and 4 introduce owmasiof Transitivity and
Ranked Independence of Irrelevant Alternatives respalgtivOur main impossibility
result is presented in Section 5, and further strengthen&ection 6. Our main posi-
tive result, in the form of a ranking system satisfying a wezalersion of transitivity is
given in Section 7, while an axiomatization for the ApproVating ranking system in
presented in Section 8. Finally, some concluding remarkgaen in Section 9.

2 Ranking Systems

Before describing our results regarding ranking systenesmust first formally define
what we mean by the words “ranking system” in terms of grapiuslimear orderings:

Definition 2.1. Let A be some set. ArelatioR C A x A is called arorderingon A
if it is reflexive, transitive, and complete. L&{ A) denote the set of orderings oh

Notation2.2 Let < be an ordering, thetx is the equality predicate of, and< is the
strict order induced by. Formally,a ~ b if and only ifa < b andb < a; anda < b if
and only ifa < b but notb < a.

Given the above we can define what a ranking system is:

Definition 2.3. Let Gy be the set of all graphs with vertex $é&t A ranking systen#” is
a functional that for every finite vertex sétmaps graphé&' € Gy to an orderingz e
L(V). If Fis a partial function then it is calledartial ranking systemotherwise it
is called ageneral ranking system

One can view this setting as a variation/extension of thes@tal theory of social
choice as modeled by [6]. The ranking systems setting giffetwo main properties.
First, in this setting we assume that the set of voters ansiahef alternatives coincide,
and second, we allow agents only two levels of preference theealternatives, as
opposed to Arrow’s setting where agents could rank altem@aarbitrarily.

3 Transitivity

A basic property one would assume of ranking systems isfthatagent:’s voters are
ranked higher than those of agénthen agent should be ranked higher than agént
This notion is formally captured below:

Definition 3.1. Let F' be a ranking system. We say thatsatisfiesstrong transitivity
if for all graphsG = (V, E) and for all verticesn, v, € V: Assume there is a 1-1
mappingf : P(v1) — P(vz) s.t. forallv € P(v1): v < f(v). Further assume that
either f is not onto or for some € P(v1): v < f(v). Then,u; < vs.
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Figure 1: Example of Transitivity

Consider for example the graghin Figure 1 and any ranking systefmthat sat-
isfies strong transitivity.F' must rank vertexi below all other vertices, as it has no
predecessors, unlike all other vertices. If we assumeathaf, b, then by strong tran-
sitivity we must conclude thadt <% ¢ as well. But then we must conclude thak’: a
(asb’s predecessad is ranked lower tham's predecessot, anda has an additional
predecessaf), which leads to a contradiction. Givén<Z a, again by transitivity, we
must conclude that <% b, so the only ranking for the grapi that satisfies strong
transitivity isd <& ¢ <& b <& a.

In [25], we have suggested an algorithm that defines a rarskisigm that satisfies
strong transitivity by iteratively refining an ordering diet vertices.

Note that the PageRank ranking system defined in [20] doesatisty strong tran-
sitivity. This is due to the fact that PageRank reduces thightef links (or votes)
from nodes which have a higher out-degree. Thus, assumihgoYaand Microsoft
are equally ranked, a link from Yahoo! means less than a limkfMicrosoft, because
Yahoo! links to more external pages than does Microsoft.ingothis fact, we can
weaken the definition of transitivity to require that the ggeessors of the compared
agents have an equal out-degree:

Definition 3.2. Let F' be a ranking system. We say thatsatisfiesweak transitivity
if for all graphsG = (V, E) and for all vertices;,v2 € V: Assume there is a 1-1
mappingf : P(v1) — P(ve) s.t. forallv € P(vq): v < f(v) and|S(v)| = |S(f(v))].
Further assume that eithgris not onto or for some € P(v;): v < f(v). Then,
V1 < Vg,

Indeed, an idealized version of the PageRank ranking sydefimed on strongly
connected graphs satisfies this weakened version of tratysiEurthermore, the result
in the example above does not change when we consider weeititrdy in place of
strong transitivity.

4 Ranked Independence of Irrelevant Alternatives

A standard assumption in social choice settings is that antagrelative rank should
only depend on (some property of) their immediate predecsssSuch axioms are
usually called independence of irrelevant alternativég@xioms.

In our setting, we require the relative ranking of two agemtsst only depend on
the pairwise comparisons of the ranks of their predecesaatsnot on their identity
or cardinal value. Our IIA axiom, callecdinkedlIIA, differs from the one suggested by
[6] in the fact that we do not consider the identity of the vefdut rather their relative
rank.
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Figure 2: An example of RIIA.

For example, consider the graph in Figure 2. Furthermoseias a ranking system
I has ranked the vertices of this graph as following~ b < ¢ ~ d < e¢ ~ f.
Now look at the comparison betweerandd. c¢'s predecessors; andb, are both
ranked equally, and both ranked lower th&s predecessof. This is also true when
considering: andf —e’s predecessorsandd are both ranked equally, and both ranked
lower than f’s predecessoe. Therefore, if we agree with ranked IIA, the relation
betweert andd, and the relation betweerand f must be the same, which indeed itis —
bothc ~ d ande ~ f. However, this same situation also occurs when comparargl
f (c's predecessors andb are equally ranked and ranked lower thés predecessor
e), but in this case: < f. So, we can conclude that the ranking systEmvhich
produced these rankings does not satisfy ranked IIA.

To formally define this condition, one must consider all floifises of comparing
two nodes in a graph based only on ordinal comparisons af phedecessors. We call
these possibilities comparison profiles:

Definition 4.1. A comparison profilas a pair(a, b) wherea = (a1,...,a,), b =
(bl,...,bm),al,...,an,bl,...,bm eNar <as <---< an,andbl <bhy <--- <
b LetP be the set of all such profiles.

A ranking systen¥', a graphZ = (V, E), and a pair of vertices,, v, € V are said
to satisfysuch a comparison profil@, b) if there exist 1-1 mappingg; : P(v1) —
{1...n}andfy : P(ve) — {1...m} such that givery : ({1} x P(v1)) U ({2} x
P(v2)) — N defined as:

f(l,v) = afl(v)
f(2a u) = bfg(u)a

fli,x) < f(G.y) & = =g yforall (i,2), (j,y) € ({1} x P(v1)) U ({2} x P(v2)).

For example, in the example considered above, all of thespaitl), (¢, f), and
(e, f) satisfy the comparison profilg1, 1), (2)).

We now require that for every such profile the ranking systanks the nodes
consistently:

Definition 4.2. Let F' be a ranking system. We say thatsatisfiesranked indepen-
dence of irrelevant alternatives (RllAf)there exists a mapping : P — {0,1} such
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(a) GraphG'1 (b) GraphGa
Figure 3: Graphs for the proof of Theorem 5.1

that for every grapli = (V, E) and for every pair of vertices, , v, € V and for every
comparison profile € P thatv, andv, satisfy,u; <E vy & f(p) = 1.

As RIIA is an independence property, the ranking systémthat ranks all agents
equally, satisfies RIIA. A more interesting ranking systdmattsatisfies RIIA is the
approval voting ranking system, defined below.

Definition 4.3. Theapproval voting ranking systeml” is the ranking system defined
by:
v 25" va & [P(u1)] < |P(v2)]

A full axiomatization of the approval voting ranking systégiven in section 8.

5 Impossibility

Our main result illustrates the impossibility of satisfyitweak) transitivity and RIIA
simultaneously.

Theorem 5.1. There is no general ranking system that satisfies weak tiaitygiand
RIIA.

Proof. Assume for contradiction that there exists a ranking systérttat satisfies
weak transitivity and RIIA. Consider first the graph in Figure 3(a). First, note that
a1 andas satisfy some comparison profite, = ((x,y), (x,y)) because they have
identical predecessors. Thus, by Rlld, 551 as & as 551 a1, and therefore

a1 ~§, as. By weak transitivity, it is easy to see that<{; a; ande <§, b. If
we assume 55} ai, then by weak transitivitya, <g] b which contradicts our
assumption. So we conclude thak{, a1 <, b.

Now consider the grap@’s in Figure 3(b). Again, by RIlIAg, :F2 as. By weak
transitivity, it is easy to see that <§2 candb <§2 c. If we assumer; 552 b, then



by weak transitivityp <§2 a1 which contradicts our assumption. So we conclude that
b <&, a1 <&, c.

Consider the comparison profile= ((1, 3), (2,2)). GivenF, a; andb satisfyp in
Gy (because <&, ay ~&, az <&, b) and inG, (becausé <§. ay ~&, az <&, ©).
Thus, by RIIA,a; <& b < a1 <&, b, which is a contradiction to the fact that
aq <gl b butbd <gz ai. O

This result is quite a surprise, as it means that every redderdefinition of a
ranking system must either consider cardinal values foea@hd/or edges (like [20]),
or operate ordinally on a global scale (like [2]).

6 Relaxing Generality

A hidden assumption in our impossibility result is the fatattwe considered only
general ranking systems. In this section we analyze sespealial classes of graphs
that relate to common ranking scenarios.

6.1 Small Graphs

A natural limitation on a preference graph is a cap on the rarmobvertices (agents)
that participate in the ranking. Indeed, when there arectbrdess agents involved in
the ranking, strong transitivity and RIIA can be simultangly satisfied. An appropri-
ate ranking algorithm for this case is the one we suggestgbin

However, when there are four or more agents, strong traitgiéind RIIA cannot be
simultaneously satisfied (the proof is similar to that of @iteen 5.1, but with vertex
removed in both graphs). When five or more agents are invpéxezh weak transitivity
and RIIA cannot be simultaneously satisfied, as implied byptoof of Theorem 5.1.

6.2 Single Vote Setting

Another natural limitation on the domain of graphs that welmibe interested in is
the restriction of each agent(vertex) to exactly one vois{gssor). For example, in
the voting paradigm this could be viewed as a setting wheesyeagent votes for
exactly one agent. The following proposition shows thatneivethis simple setting
weak transitivity and RIIA cannot be simultaneously satisfi

Proposition 6.1. Let G, be the set of all graph& = (V, F) such thaiS(v)| = 1 for
all v € V. There is no partial ranking system ov&j that satisfies weak transitivity
and RIIA.

Proof. Assume for contradiction that there is a partial rankingesyst' overG; that
satisfies weak transitivity and RIIA. Let : P — {0, 1} be the mapping from the
definition of RIIA for F.

Let G; € G, be the graph in Figure 4a. By weak transitivity, :g] o <g]
b <&, a. (a,b) satisfies the comparison profilg1,1,2), (3)), so we must have
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(c) GraphG's

Figure 4: Graphs from the proof of proposition 6.1



f{(1,1,2),(3)) = 0. Now letG2 € G; be the graph in Figure 4b. By weak tran-
sitivity x1 ~§, @2 <&, y <&, a <&, b. (b,a) satisfies the comparison profile
((2,3),(1,4)), so we must have((2,3), (1,4)) = 0.

Let G5 € G; be the graph in Figure 4c. By weak transitivity it is easy te seat
Ty G, G X7 =G, Y1 6, Y2 <&, ¢ <&, d. Furthermore, by weak transitivity
we conclude that <§, banda’ <§, b frome <& d; andy, <&, bfromas <, d.
Now consider the vertex pajr, v'). We have shown that; ~§ x5 <§. y1 <&, b.
So, (¢, V') satisfies the comparison profilél, 1, 2), (3)), thus by RIAY <, c. Now
consider the vertex paib,a). We have already shown that <& b' <&, ¢ <£,
d. So, (a,b) satisfies the comparison profi(€2, 3), (1,4)), thus by RIIAb <& a.
However, we have already shown thzat<§3 b — a contradiction. Thus, the ranking
systemF’ cannot exist. O

6.3 Bipartite Setting

In the world of reputation systems[22], we frequently olbsea distinction between
two types of agents such that each type of agent only ranks®gé the other type.
For example buyers only interact with sellers and vice veFsds type of limitation is

captured by requiring the preference graphs to be bipaastelefined below.

Definition 6.2. A graphG = (V, E) is calledbipartite if there existV;, V> such that
V=Vuly, VinV=0andE C (V1 x V5) U (V2 x V). LetGp be the set of all
bipartite graphs.

Our impossibility result extends to the limited domain gbdvitite graphs.

Proposition 6.3. There is no partial ranking system ov@; N G, that satisfies weak
transitivity and RIIA.

Proof. The proof is exactly the same as @i, considering that all graphs in Figure 4
are bipartite. O

6.4 Strongly Connected Graphs

The well-known PageRank ranking system is (ideally) defioedhe set of strongly
connected graphs. That is, the set of graphs where thetts exdlirected path between
any two vertices.

Let us denote the set of all strongly connected grdphs. The following propo-
sition extends our impossibility result to strongly conteelographs.

Proposition 6.4. There is no partial ranking system oV

Proof. The proof is similar to the proof of Theorem 5.1, but with amdisidnal vertex
e in both graphs that has edges to and from all other vertices. O



7 Relaxing Transitivity

Our impossibility result becomes a possibility result whenrelax the transitivity re-
quirement. Instead of comparing only vertices with simdat-degree as in the weak
transitivity axiom above, we weaken the requirement facspreference to hold only
in the case where the matching predecessors of one agernefeered to thall pre-
decessors of the other.

Definition 7.1. Let I’ be a ranking system. We say tha&t satisfiesstrong quasi-
transitivity if for all graphsG = (V, E') and for all vertices);, vy € V: Assume there
isa 1-1 mapping : P(v1) — P(vz) s.t. forallv € P(v1):v < f(v). Then,vy < vs.
And, if P(v1) # @ and forallv € P(v1): v < f(v), thenv; < vs.

When we only require stronguasitransitivity and RIIA, we find an interesting
family of ranking systems that rank the agents accordingpéir in-degree, breaking
ties by comparing the ranks of the strongest predecessheselrecursive in-degree
systems work by assigning a rational value for every vettex,is based on the follow-
ing idea: rank first based on the in-degree. If there is adiek based on the strongest
predecessor’s value, and so on. Loops are ranked as paificational numbersin base
(n + 1) with a period the length of the loop, in the case that contiguin the loop is
the maximally ranked option.

The recursive in-degree systems differ in the way diffeiardegrees are com-
pared. Any monotone increasing mapping of the in-degrealsld used for the initial
ranking. To show these systems are well-defined and thatilhes can be calculated
we define these systems algorithmically as follows:

Definition 7.2. Let » : N — N be a monotone nondecreasing function such that
r(i) < iforalli € N. Therecursive in-degree ranking system with rank functida
defined as follows: Given a gragh= (V, E),

v <&M vy & value.(vy) < value (va),
where value is defined as:

value.(v) = erggﬁl)vpr(a) 1)

where the maximum is over the set of almost-simple revergespgav:

Patv) ={ (v=a1,a2,...,an)|
(@m, ... ,a1)isapathinG A (am—1,...,a1) is simple

and valuation function vpV* — Q is defined as:

r(|P(a1)])+
1 0 m=1
Vpr(al’az""’am)_n-i-l Vpr(ag,...,am,ag) alzam/\m>1 (2)
vp,.(az,...,am) Otherwise.

10
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Figure 5: Values assigned by the recursive in-degree algori

Note that vp(ay, as, ..., an) is infinitely recursive in the case when = a,, A
m > 1. For computation sake we can redefine this case finitely as:

S S P@))
Vpr(ala-'-;amval) - ;(n+1)mz; (n+1).7 B
N

= mVpT(Gq,...,am).

An example of the values assigned for a particular graph whethe identity function
is given in Figure 5. As: = 9, the trust values are decimal. Note that the loop
(¢,d, e, i) generates a periodical decimal val(® = vp,.(c,i,e,d, c) = 0.2321 by the
infinite recursion in (2).

The recursive in-degree system satisfies an interesting fimat property that can
be used to facilitate its efficient computation:

Proposition 7.3. Letr : N — N be a monotone nondecreasing function such that
r(i) < i forall i € N and definer(0) = 0. The value function for the recursive
in-degree ranking system satisfies:
— [r(|P(v)]) + max value.(p)] P(v) #0
— n+1 pEP(v) p
valug (v) { 0 Otherwise ®)

Proof. Denote Patt{p, v) as the set of almost-simple directed pathg tehich do not
pass throughy unless immediately looping back to

PatH(p,v) = { (p = ag,az,.. '5a’m)|
(@my ... a1)isapathinG A (apm—1,...,a1)is simpleA
Vie{l,...,m—2,m}:a; ZvA

-1 =V & Q= D}
Letv € V be some vertex. Then,

value.(v) = ergggﬁl )Vpr(a) =

11
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Figure 6: Example of paths from the proof of Proposition 7.4.

1 [ T(|P(U)|) +max(v:a1,...,am)epathv)
= +1 Vpr(aQa"'aa’maaQ) a1 = am Am > 1 = (4)
" L | vp,(az,...,am) Otherwise.
LT
= r(|P(v)|) + max max Vvp.(a)| = 5
T PO e v >] ©)
LT
= r(|P(v)|) + max max vp.(a)| =
T [P+ m m ( >]
1
= P I .
[P + i value )]

Note that (4) is equal to ze®if P(v) = (), as required. To show that the equality (5)
holds, assume for contradiction that there exists P(v) anda € Path{p) such that

vp,(a) > max max  vp.(a'). 6
P ( ) p'€P(v) a’EPath(p’,v) P ( ) ( )

Froma € Path(p) \ Pati(p,v), we know thata; = v for somei € {1,...,m}.

Assume wlog that is minimal. Letb denote the patkp = a1, a2,...,a;,p) and let
c denote the patly’ = ait1,...,am,aj41,...,0i4+1) if an = a; for somej < i or
(p’ = ait1,-..,an) otherwise. An example of such paths is given in Figure 6. Note

thatb € Patl(p, v) andc € Pathi(p’, v), wherep, p’ € P(v). Now, note that

_ (n+1)Y -1 1
Vpr (a) - (n + 1)_] Vpr(b) + (n + 1)7 Vpr (C)a
and thus vp(a) must be between ypb) and vp.(c), in contradiction to assumption
(6). O

We shall now show this ranking system does in fact satishARHd our weakened
version of transitivity.

Proposition 7.4. Letr : N — N be a monotone nondecreasing function such that
r(i) < iforall i € N and define’(0) = 0. The recursive in-degree ranking system
with rank function- satisfies strong quasi-transitivity and RIIA.

Proof. The fixed point result in Proposition 7.3 further implies value.(v) < 1, and
thus vertices are ordered first b§| P(v)|) and then bymax,c p(,, value.(p). There-
fore, every comparison profile, b) wherea = (ai,...,ar), b = (b1,...,b;) is

12



Algorithm 1 Efficient algorithm for recursive in-degree

1. Initialize valug(v) < —57(|P(v)|) forallv € V, wherer(0) is assumed to be
0.

2. LetV’ be the set of vertices with incoming edges.

3. lterate|V| times:

(a) Foreveryvertex € V':
i. Update valug(v) < = [(|P(v)|) + max,e p(y) value (p)].
4. SortV’ by value.(-).

5. Outputall vertices i\ V' as weakest, followed by the verticesliti sorted by
value.(-) in ascending order.

ranked as follows:
fab)=1 & (k=0)V(r(k) <r)VI[(r(k) =r1) A (o < b)].
This ranking of profiles trivially yields strong quasi-tstivity as required. O

A preliminary version of the personalized version of reaug$n-degree has been
presented [3]. The algorithm presented there is based oguavadent recursive defi-
nition for value:

value.(v) = pv,((),v) 7
(v) Pw)=10

pvr(a, v) = (’U, maXpe P(v) pvr(a, U,p)) vé¢a (8)
(ks ey Ay V) a=(ay,...,a5 =0U,...,an),

where the maximum on the paths is taken ovex(pp,.(a, v, p)).

We shall now present an efficient algorithm for ranking alitiees in a graph si-
multaneously by recursive-in-degree. Algorithm 1 worksQQ|V| - |E|) time. A
simple heuristic for improving the efficiency of the algarit for practical purposes
is to reduce the number of iterations, like in other fixed pailgorithms such as
PageRank[20]. We shall now prove the correctness and caityptd this algorithm.

Proposition 7.5. Algorithm 1 outputs vertices iWf in the order of<"/? as defined in
Definition 7.2 and works i®(|V| - |E|) time.

Proof. Let us first denote

1
vpL(ar,az,. .. am,...) = —" 1[r(|P(a1)| +vpl(az, ... am,...)

vp.() = 0.

13



Note that for allv € V and for allay,...,a, € Pativ): If a1,...,a,, is simple,

vp.(a1,...,am) = Vp,.(a1,...,an). Otherwise ifa,, = a;, thenvp.(as ..., an) =
Vp.(a1,. .. Qm, Git1, - -, 0m,-..). LetP(v) be the set of all reverse pathsdan G,
simple or otherwise. We then have foralE V:
value.(v) =  max vp,.(p) = max vp.(p),
(v) e P, (p) I VP (p)

because the first loop ip € P(v) can be replaced with the one maximizing,{,
thus increasing value.
The iteration in step 3 of the algorithm calculates forall

1 1 1
— |[ro+ max |---—— T|y|-1 T max —r el
n+1 [ ’ PIGP(”)[ n+1 { VI Py o n+ 1 V} ”

wherer; = r(|P(p;)|) andpy = v. This value is equal to

V]
T
max max --- max — =
p1EP(v) p2€P(p1) P\V\GP(P\vhl); (n+ 1)1
[V]+1 ‘

= max S ——

P15y P\V\+1)€P‘V‘(’U) ; (TL + 1)Z
= max  Vp..(v), 9)

PEP v |41 (v)

whereP,, (v) is the set of all reverse paths of lengthm to v, simple or otherwise.As
there are onlyV| vertices, any two vertices that differ in the value assighgdhe
value function from (1) must also differ the value (9) cafted by the algorithm and
in the same direction.

We shall now prove the time complexity of the algorithm, bagcing each step.
Steps 1 and 2 tak@(|V'|) time. The iteration in step 3 is repeat@d| times, and for
every vertex i/’ performsO(|P(v)|) calculations, so each iteration take§ F|) time
and thus the total time i9(|V|-|E|). Step 4 take®(|V'|log|V’|) < O(|V]log|E]) <
O(|V|-|E]). Finally, the output step 5 také¥(|V|) time. As every step takes no more
thanO(|V| - |E|) time, so does the entire algorithm. O

8 Axiomatization of Approval Voting

In Sections 5 and 6 we have seen mostly negative results vahisd when trying to
accommodate (weak) transitivity and RIIA. We have shown #ithough each of the
axioms can be satisfied separately, there exists no geaekahg system that satisfies
both axioms.

We have previously shown[25] a non-trivial ranking systdrattsatisfies (weak)
transitivity, and in the previous section we have seen swsgfsi@m for RIIA. However,
we have not provided a representation theorem for our netersys

In this section we provide a representation theorem for kingrsystem that satis-
fies RIIA but not weak transitivity — the approval voting rang system. This system
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ranks the agents based on the number of votes each agenedsagith no regard to
the rank of the voters. The axiomatization we provide in figistion shows the power
of RIIA, as it shows that there exists only one (interestiragking system that satisfies
it without introducing transitive effects.

In order to specify our axiomatization, recall the follogiclassical definitions
from the theory of social choice:

The positive response axiom essentially means that if antageeives additional
votes, its rank must improve:

Definition 8.1. Let F' be a ranking system.F' satisfiespositive responsé for all
graphsG = (V, E) and for all (vy,v2) € (V x V) \ E, and for allvg € V: Let
G = (‘/, FEU (1)1, 1}2)). If V3 jg V2, thenvg <g/ V2.

The anonymity and neutrality axioms mean that the nameseofdkers and alter-
natives respectively do not matter for the ranking:

Definition 8.2. A ranking systen¥’ satisfiesanonymityif for all G = (V, E), for all
permutationsr : V — V, and for allvy, vy € V: Let B/ = {(7(v1), v2)|(v1,v2) €
E} Then,vl j{‘V,E) Vg <= V1 j{‘V,E’) V2.

Definition 8.3. A ranking system” satisfiesneutrality if for all G = (V, E), for all
permutationsr : V — V, and for allvy, vy € V: Let B/ = {(v1, w(v2))|(v1,v2) €
E} Then,m j{V,E) Vo <= VU1 jFV,E’) V2.

Arrow’s classical Independence of Irrelevant Alternasiaxiom requires that the
relative rank of two agents be dependant only on the set aitadlat preferred one
over the other.

Definition 8.4. A ranking system#' satisfiesArrow’s Independence of Irrelevant Al-
ternatives (AllA)if for all G = (V. E), forall G’ = (V, E’), and for allvy, v, € V:
Let Pg(’l}l)\Pg(’Ug) = Py (Ul)\PG/ (v2) andPg (v2) \Pg(’l}l) = Pgr (’Ug)\PG/(Ul).
Then,m jg Vg <= V1 jg/ V2.

Our representation theorem states that together withip@sisponse and RIIA,
any one of the three independence conditions above (antyyrautrality, and AllA)
are essential and sufficient for a ranking system beifh@. In addition, we show that
as in the classical social choice setting when only consigewo-level preferences,
positive response, anonymity, neutrality, and AllA are agemtial and sufficient rep-
resentation of approval voting. This result extends thd kedwn axiomatization of
the majority rule due to [16]:

Proposition 8.5. (May’s Theorem) A social welfare functional over two aliztives is
a majority social welfare functional if and only if it satisfi anonymity, neutrality, and
positive response.

We can now formally state our theorem:

1In fact, an even weaker condition @écoupling that in essence allows us to permute the graph structure
while keeping the edges’ names is sufficient in this case.
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Theorem 8.6. Let F' be a general ranking system. Then, the following statenarats
equivalent:

1. Fis the approval voting ranking systemE& AV)
2. I satisfies positive response, anonymity, neutrality, and Al

3. F satisfies positive response, RIIA, and either one of andgyngutrality, and
AllA

Proof. Itis easy to see thatV satisfies positive response, RIIA, anonymity, neutrality,
and AllA. It remains to show that (2) and (3) entail (1) above.

To prove (2) entails (1), assume thatatisfies positive response, anonymity, neu-
trality, and AllA. LetG = (V, E) be some graph and let, v, € V be some agents.
By AllA, the relative ranking ofv; andv, depends only on the sef%;(v1) \ Pg(v2)
and Pg(v2) \ Pg(v1). We have now narrowed our consideration to a set of agents
with preferences over two alternatives, so we can apply ¢&itipn 8.5 to complete
our proof.

To prove (3) entails (1), assume thatsatisfies positive response, RIIA and either
anonymity or neutrality or AlIA. AsE" satisfies RIIA we can limit our discussion to
comparison profiles. Lef : P — {0, 1} be the function from the definition of RIIA.
We will use the notatioa < b to meanf(a,b) =1, a < b to meanf(b,a) = 0, and
a~ btomeam < b andb < a.

By the definition of RIIA, it is easy to see that ~ a for all a. By positive
response it is also easy to see tliatl,...,1) < (1,1,...,1) iff n < m. Let

N—— SN——

P = {(a1,...,an),(b1,...,by)) be a cgmparison profilné. Let = (V. E) be the
following graph (an example of such graph for the profilg 3, 3), (2,4)) is in Figure
7):

Vo= {Z1,. ., Tmax{an,bm}} Y
U{v1, .oy Un, 01,0, 0 U
ULty e vy Uy Uy e ey Ul U}

E = A{(@vy)li < a5} U{(zi,uy)li <bj}U

U{(vi, )i =1,...,n}U{(usu)li =1,...,m}.

Itis easy to see that in the graphv andu satisfy the profileP. Let be the following
permutation:

!
vl =y
v X =,
_ / —
mx)=4¢ u, r=u
u;  x =l

x  Otherwise
The remainder of the proof depends on which additional axitsatisfies:

e If F' satisfies anonymity, lef’ = {(n(z),y)|(z,y) € E}. Note that in the
graph(V, E’) v andu satisfy the profile((1,1,...,1),(1,1,...,1)), and thus
—_— Y

n m
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Figure 7: Example of grap& for the profile((1, 3,3), (2,4))

v ij,E/) u < n < m. By anonymity,u j{V,E) v e ou ij,E/) v, thus
proving thatf(P) = 1 < n < m for an arbitrary comparison profil®, and
thusF = AV,

o If F satisfies neutrality, leE’ = {(z,7(y))|(z,y) € E}. Note that in the

graph(V, E’) v andu satisfy the profile((1,1,...,1),(1,1,...,1)), and thus
—_— Y

n m

v ij,E/) v < n < m. By neutrality,u ij,E) v e ou ij,E/) v, again
showing thatf(P) = 1 & n < m for an arbitrary comparison profil®, and
thusF = AV,

o If F satisfies AllIA, letE' = {(z,n(y))|(z,y) € E} as before. So, also
v j{‘V,E’) u < n < m. NotethatPg (v) = Py, (v) andPg(u) = Py, gy (u),
so by AllA, u <{y, ) v & u 2y, gy v, and thus as beford; = AV

O

9 Concluding Remarks

Reasoning about preferences and preference aggregatidarislamental task in rea-
soning about multi-agent systems (see e.qg. [8, 10, 15])pi&#a)instance of preference
aggregation is the setting of ranking systems. Rankinggsystare fundamental ingre-
dients of some of the most famous tools/techniques in thegrnet (e.g. Google’s page
rank and eBay'’s reputation systems, among many others).

17



Moreover, the task of building successful and effectivelina-trading environ-
ments has become a central challenge to the Al community§723]. Ranking
systems are believed to be fundamental for the establishaiesuch environments.
Although reputation has always been a major issue in eca®(see e.g. [14, 17]),
reputation systems have become so central recently duesttath that some of the
most influential and powerful Internet sites and companée® put reputation systems
in the core of their business.

Our aim in this paper was to treat ranking systems from annaaiw perspective.
The classical theory of social choice lay the foundatiore large part of the rigorous
work on multi-agent systems. Indeed, the most classicaltseis the theory of mech-
anism design, such as the Gibbard-Satterthwaite Theork2n 2@]) are applications
of the theory of social choice. Moreover, previous work inb&s employed the the-
ory of social choice for obtaining foundations for reasgniasks[11] and multi-agent
coordination[13]. It is however interesting to note thatkimg systems suggest a novel
and new type of theory of social choice. We see this point psaally attractive, and
as a main reason for concentrating on the study of the axiofeaindations of ranking
systems.

In this paper we identified two fundamental axioms for raglégstems, and con-
ducted a basic axiomatic study of such systems. In partionkapresented surprising
impossibility results, complemented by a new ranking atpar, and a representation
theorem for the well-known approval voting scheme.
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