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the lower value, 0.9\*, at all likelihood aspirations L.. In other words, A\*
is a better robust-satisficing choice than 0.9\* at any L.. However, the ro-
bustness curves for \* and 1.1\* cross at (L, @ ), indicating that the MLE
is preferable at large L. and low robustness, while 1.1\* is preferred else-
where. The crossing of robustness curves entails the reversal of preference
between \* and 1.1\*, as discussed in section 3.1.8.

This pattern is repeated for all of 500 random samples: a@(A*, L.) domi-
nates a(0.9\*, L.), while a(\*, L.) and a(1.1A\*, L.) cross. The coordinates
of the intersection of a(\*, L.) and a(1.1A*, L.) are plotted in fig. 3.20 for
500 robustness curves, each generated from a different 20-element random
sample. In each case, A\* is the MLE of that sample. The vertical axis is
the robustness at the intersection, @y, divided by the maximum robust-
ness for that sample, amax, defined in eq.(3.147). The horizontal axis is
the likelihood-aspiration at the intersection, Ly, divided by the maximum
likelihood for the sample, L[ X, p(x]|A*)].

The center of the cloud of points in fig. 3.20 is about (0.5, 0.2). What
we learn from this is that the robustness curves for A* and 1.1A\* typically
cross at a likelihood aspiration of about half the best-estimated value, and
at a robustness of about 20% of the maximum robustness. We also see
that curve-crossing can occur at much higher values of L., and that this
tends to be at very low robustness. This happens when L[X, p(z|1.1A*)]
is only slightly less than L[X,p(x|\*)]. Curve-crossing can also occur at
much lower L. and higher robustness, typically because L[X, p(z|1.1A*)] is
substantially less than L[X, p(z|\*)].

Note that the data in this example are generated from an exponential
distribution, so there is nothing in the data to suggest that the exponential
distribution is wrong. But things change, so a model which fits historical
data may “become mis-specified ... [which is] the main problem in economic
forecasting” [9, p.246]. The motivation for the info-gap model of eq.(3.144)
is that, while the past has been exponential, the future may not be. The
robust-satisficing estimate of A accounts not only for the historical evidence
(the sample X') but also for the future uncertainty about the relevant family
of distributions.

In short, the curve-crossing shown in fig. 3.19 is typical, and robust-
satisficing provides a technique for estimating the parameters of a pdf when
the form of the pdf is uncertain.

3.3 Production Volume With Uncertain
Costs

Many decisions under uncertainty involve one or another form of cost-benefit
analysis. The prototype of such deliberations is the direct calculation of
profit: the difference between monetary earnings and costs. We will illus-
trate some aspects of the robustness and opportuneness functions with a



92 INFO-GAP DECISION THEORY

simple economic example of a small firm which needs to choose its produc-
tion volume despite severely uncertain production costs.

Consider a static production situation in which the manufacturer must
choose the quantity ¢ which will be produced, and let us assume this to
equal the quantity which will be sold. p(q) is the known price per item,
which may depend on the quantity produced, and c¢(q) is the total cost of
producing ¢ items. We will suppose that the production cost ¢(q) is an
uncertain function of the production volume g. The profit R(g,c) depends
on both the manufacturer’s decision ¢ and the uncertain costs incurred, c:

R(q,c) = qp(q) — c(q) (3.150)

Classical theory: profit maximization. If p(q) and ¢(q) were both
completely known, then the manufacturer could maximize the profit by
choosing ¢ to satisfy:
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However in our case, while the price function p(q) is known, the cost function
¢(q) is highly uncertain, so eq.(3.151) cannot be directly solved to find the
optimum production volume.

Satisfice profit, maximize robustness. We now consider a robust-
satisficing strategy which both guarantees no less than a specified minimum
profit (if possible) and which maximizes the robustness or immunity to
uncertainty.

Suppose we have chosen an info-gap model U(a,¢), o > 0, to match
the limited information which we possess about the uncertainty of the
production-cost function c(g). Let r. be the lowest profit which the pro-
ducer tentatively considers to be acceptable. A robust-satisficing strategy
for choosing the volume of production is to seek the value of ¢ which guaran-
tees a profit of at least r. and which maximizes the producer’s immunity to
the unknown variation of the cost function. This “robust rationality” sat-
isfies the producer’s need for a minimum profit while also maximizing the
avoidance of uncertainty. r. is a parameter which need not be chosen un-
alterably, but which folds into the firm’s decision process. After evaluating
the robustness function, &(q,r.), the producer can explore the desirabil-
ity of different values of critical reward r. by examining the robustness to
uncertainty as a function of reward. As in fig. 3.1, a(q,r.) will decrease
monotonically as r. increases.

The implementation of this strategy proceeds in two stages. First we
find the robustness as a function of q. The robustness is the greatest
horizon of uncertainty, «, which is consistent with obtaining a profit no
less than r., which is expressed by eq.(3.4) on p.40.

The second stage is to choose the volume of production to maximize the
robustness. This optimal volume, g.(r.), is defined in eq.(3.20) on p.45.
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This approach is quite different from a max-min strategy wherein one
maximizes a minimum profit. What one maximizes here is the robustness to
uncertainty, making this strategy attractive for avoidance of uncertainty. Of
course, one can still gamble since setting a high value for the least acceptable
profit r. will reduce the available robustness @. In subsequent examples (and
extensively in chapter 4) we will discuss “calibration” of the robustness:
while @ may be either dimensionless or have problem-specific units, its value
can be scaled to give a feeling of whether the robustness is great or small.

Example 1 Uniform-bound info-gap model. Let us suppose that p(q)
is known exactly and that we know a nominal or typical value of the
production-cost function, ¢(g), but we also know that the actual cost func-
tion can deviate from ¢(q) in some unknown way. This very limited amount
of information about the variability of the cost function can be represented
by a uniform-bound info-gap model:

U(,d) = {clq): lelq) —e@) <a}, a>0  (3152)

Uy (a,¢) is the set of cost functions c(q) whose deviation from ¢(q) is no
greater than a. What we know about the cost function ¢(g) is the nominal
function ¢(¢) and that the deviation of ¢(q) from ¢(g) is bounded by «a.
What we do not know is the value of the horizon of uncertainty «, so the
info-gap model is an unbounded family of nested convex sets U, (,¢), for
a > 0.

The minimum profit, up to uncertainty «, in the evaluation of the ro-
bustness in eq.(3.4) is readily seen to occur for the greatest cost function
allowed by the info-gap model at horizon of uncertainty «, which is simply
c(q) + a:

min _ R(g,c) = qp(q) — [¢(q) + a (3.153)
c(q)€Uu(ac)
For fixed production volume ¢, the robustness is the greatest value of the
uncertainty parameter « for which this minimum is at least r.. Equating
the minimum profit to the critical value r. and solving for « results in the
robustness function:

ap(q) — [élq) + o] =rc = au(g,re) = qp(q) —&(q) —re  (3.154)

unless this expression for ay(q,7.) is negative, in which case a,(q,r.) =
0. The robust-satisficing production volume, defined in eq.(3.20), is found

o (g, ) dplg) _ dela)
ulq,Tc p\q c\q
0= - — 3.155
dq p(9) +q dq aq (3.155)
which is precisely the classical full-information solution, eq.(3.151), if the
nominal cost function, ¢(q), is employed in the classical theory. In other
words, the classical profit maximization with precise information leads to
the same production decision as the robust-satisficing strategy with this
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particular representation of uncertainty in the cost function. Furthermore,
the robust choice of ¢ is in fact independent of the producer’s lowest ac-
ceptable profit, r.. However, the info-gap robustness will equal zero for the
classical best estimate of the profit. Hence the firm will evaluate its decision
differently in the classical and in the robust-satisficing analyses.

Example 2 Envelope-bound info-gap model. The equivalence of the
classical and the robust-satisficing decision strategies in example 1 results
from the structure of the uniform-bound info-gap model of cost-function
uncertainty. Suppose, as before, that the demand function p(q) is known
exactly, and that the nominal production-cost function ¢(q) is known, and
that the shape of the envelope of uncertain variation of the actual cost
function changes in a known way with the quantity produced. For instance,
we may have information about the relative accuracy of the estimated cost,
¢(q), at different values of q. The envelope-bound info-gap model is suitable
to this somewhat different prior information. Instead of eq.(3.152) we use:

Ue(er,¢) ={clg) = |e(g) —elg)] < app(q)}, a=0 (3.156)

where ¢(q) and ¥(q) are known, and again we have an unbounded family of
nested convex sets of possible production-cost functions. (gq) determines
the shape of the envelope within which ¢(g) varies in an unknown way, while
the horizon of uncertainty « (whose value is unknown) determines the size
of the envelope. Now, instead of eq.(3.153), the least possible profit up to
uncertainty o becomes:

min _ R(q,c) = qp(q) — [¢(q) + ap(q)] (3.157)
c(q)EUe (ax,c)

And, instead of eq.(3.154), the robustness of production volume ¢ becomes:

R[qvg(Q)] —Tc i z r
Ge(q,7c) = ¥(q) flR[q’ (@ =re (3.158)
0 else

where R[q,¢(q)] is the estimated profit function, eq.(3.150).

Seeking the most robust production volume, as in eq.(3.155), we will
(usually) obtain the classical profit-maximization result only if the uncer-
tainty-envelope function t(q) is constant (so that U, reverts to the uniform-
bound info-gap model U,,).

The robustness of the decision can be calibrated by noting from eq.(3.156)
that ¢(q), ¢(¢q) and « all have monetary units (¢(q) is a dimensionless en-
velope function). Q(q,r.) is the greatest uncertainty in the cost function
¢(q) which is consistent with minimum profit r.. The ratio @e(q,7.)/¢(q) is
a dimensionless expression of the greatest acceptable fractional uncertainty
in ¢(q). If @Qe(q,7c)/c(q) > 1 then large fractional variation of ¢(q) with re-
spect to the nominal function does not jeopardize attainment of the critical
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profit r., and the production volume ¢ is very robust. On the other hand,
if ae(q,7¢)/c(q) < 1, then even small fractional deviation of ¢(q) from its
nominal value entails shortfall below the critical profit, so this value of ¢ is
extremely fragile to uncertainty.

To illustrate the robustness function let the price per item be constant,
p(¢) = po, which means that the market price is unaffected by the man-
ufacturer’s production volume, as would be expected when a small firm
faces a large competitive market. Also, let the envelope function be linear:
¥(q) = ¢, meaning that the uncertainty in the production cost is propor-
tional to the production volume. Finally, let the nominal cost function be:
¢(q) = ¢o,/q. The robustness function in eq.(3.158) becomes:

_Co T if _= >
e(q,7e) = { Po \621 q 11qp0 Vg = e (3.159)
else

The robustness, a,(g, ), increases monotonically with increasing pro-
duction volume ¢, so the manufacturer will be inclined to maximize produc-
tion. However, the marginal increase in robustness decreases steadily with
increasing q.
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Figure 3.21: Robustness functions vs. profit aspiration for two different produc-
tion volumes, eq.(3.159).

Robustness curves for two different production volumes, ¢ and ¢’ > q, are
shown in fig. 3.21, where /¢’ +/q > ¢y /po implying that R(q,¢) < R(¢,¢).
The robustness decreases as the critical profit, r., increases, illustrating
the trade-off asserted in eq.(3.23). Furthermore, the robustness vanishes
precisely when the aspired profit r. equals the anticipated profit as stated
in eq.(3.25). Finally, these robustness curves cross, indicating the potential
for preference reversal. The nominal profit at production volume ¢’ exceeds
the nominal profit at volume ¢, suggesting that ¢’ might be preferred over
q. However, the slope of the robustness curve is more negative for ¢ than
for ¢/, so the curves cross at ry. This means that g will be preferred over
q' at profit aspiration less than ry.
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Information and robustness. One would generally expect that more
information would enable the choice of a more robust strategy. We can
give this intuition a precise statement, and also understand when to expect
surprises. The extent of our information about the uncertain elements of
the analysis is represented by an info-gap model. The relation “more in-
formation” in one formulation than another is expressed by set-inclusion
of the corresponding info-gap models: U;(w,¢) C Uz(a,¢). Model ‘17 is
more informative than model ‘2’ because the former constrains the uncer-
tain quantity more tightly than the latter. In U;(«, ¢) the information gap
is smaller than in Us(«, ¢). It then results from eq.(3.4) that the correspond-
ing robustnesses are ranked in reverse order: ai(q,r.) > da(g,rc). (We will
explore this ranking further in chapter 7.)

For instance, suppose that the envelope function ¢ (q) in eq.(3.156) sat-
isfies: 0 < ¥(q) < 1. Then the envelope-bound info-gap model is more in-
formative than the uniform-bound model, U (e, ¢) C Uy (e, ¢), and the cor-
responding robustnesses, eqgs.(3.154) and (3.158), are ranked as Qc(q,r.) >
ay(g, 7). No robust strategy based on the uniform-bound model will yield
a robustness greater than that obtainable from the envelope-bound model
(with the same values of ¢ and 7¢).

Surprises can occur in the relative robustnesses of different formulations
as a result of the incautious assessment of how informative an info-gap
model really is. A Fourier ellipsoid-bound info-gap model, such as eq.(2.26)
on p.26, is certainly more complicated and intricate than the uniform-bound
model, eq.(3.152). However, it is not so clear that the Fourier-bound model
is more informative than the uniform-bound model in the strict sense of
more tightly constraining the uncertain cost function for all values of a > 0.
In fact, these info-gap models can be chosen so that neither includes the
other, though they do intersect. While one model may lead to a more robust
decision than the other at some aspiration levels, we are unclear about which
is which until we perform the analysis.

Information surrogates. Given two info-gap models, where U1 (v, ¢) C
Us(,¢), we can now simply say that U;(a,¢) is more informative than
Us(a,¢). However, it is nonetheless still possible that the maximum ro-
bustnesses of these two models are the same: @s(gy,7c) = @1(qy,7¢). The
decision maker will have the same vulnerability to info-gaps with Us(a, ©)
as with U; (v, €), so we can use the terminology of Simon [160, p.239] and
refer to Us (e, €) as an information surrogate for Uy (e, c).

In fact, given any two info-gap models, regardless of whether one is in-
cluded in the other, if they have the same maximum robustness we can say
that either model is an information surrogate for the other, or that the two
models have the relation of information equivalence. The decision maker’s
robustness will be identical, whichever information set is used, though dif-
ferent robust-satisficing strategies may be adopted. That is, g; may differ
from g@,. (We will explore a related issue in chapter 9 when we ask: by how
much can the info-gap models of two decision makers differ and yet they
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still agree on a course of action.)

We might also say that the uniform-bound info-gap model is an infor-
mation surrogate for precise knowledge of the cost function in example 1
of this section, since the robust-satisficing strategy based on U, leads to
the same choice of ¢ as the classical profit-maximization strategy (compare
egs.(3.151) and (3.155)). While the decision maker makes the same choice
with a robust-satisficing strategy based on U,, as with complete knowledge,
this is serendipitous, since the optimization goals are different in these two
situations. In one case profit is optimized while in the other case robustness
is optimized and profit is satisficed. Such serendipitous information surro-
gates are not uninteresting or unimportant, but we need not be disappointed
when they are lacking, since the decision maker may in fact deliberately
prefer the robust-satisficing strategy even though it fits a less informative
model.

A note of caution. We have said that U1 («a,¢) is more informative than
Usz(a,€) if Ui(a,¢) C Ua(a, ), which suggests an absolute scale of infor-
mation. This inclusion does imply an absolute ordering of extrema such as
the robustness functions a(q, r.) or a(g.,r.). However, we have noted that
info-gap models which are not nested one in the other are not commensu-
rable in this way. But even info-gap models which are commensurable by
inclusion may have very different implications when evaluated on the basis
of performance criteria other than simple extrema. In short, the measure-
ment of information is usually not absolute, but rather relative to an end
use.

Robustness and information-gap uncertainty. The ‘robust ratio-
nality’ which is developed in these examples is an alternative to the classical
maximization of profit. This info-gap robust-satisficing analysis is based on
a non-probabilistic quantification of uncertainty. The gap between what the
manufacturer does know (a nominal cost function, in these examples) and
what needs to be known in order to implement the classical analysis (the
true cost function), is represented by an info-gap model. It is in the context
of info-gap models that robust-satisficing provides a particularly natural
decision algorithm. An info-gap model is an unbounded family of nested
uncertainty sets, where the horizon of uncertainty determines both the level
of nesting and the magnitude of the info-gap. The robust-satisficing de-
cision procedure in eqs.(3.4) and (3.20) takes immediate advantage of the
info-gap model structure to define a strategy which maximizes the decision
maker’s immunity to the info-gap. While this approach may appeal to some
decision makers on its own merits as a criterion of optimality, it may also
be a pragmatic necessity in those situations where lack of information pre-
vents implementation of the more classical analysis. Furthermore, as we
will show in section 11.4, the robust-satisficing strategy is a better bet than
direct best-model optimization in a wide class of problems.

Example 3 Robustness and opportuneness. Let us continue the pro-
duction volume decision problem with the envelope-bound info-gap model
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for uncertainty in the cost function, eq.(3.156) in example 2, and evaluate
the opportuneness function.

The greatest possible profit, for any cost function up to horizon of un-
certainty «, occurs when the cost function falls on the lower envelope:

max _ R(q,c) = qp(q) — [c(q) — arp(q)] (3.160)
c(q)EUe (ax,c)

Equating this greatest possible profit to the windfall value ry, and solving
for the uncertainty parameter a yields the opportuneness function:

rw +¢(q) — qp(q)
¥(q)

unless this expression for Be(q, Tw) is negative, in which case Be(q7 rw) = 0.
The robustness function for this example, eq.(3.158), and the opportune-
ness function are an anti-symmetric pair, and are related as:

ap(q) — [E@) — (@) = = Blg,rw) = (3.161)

3 Tw —Te

ﬁe(qﬂnw) = _ae((LTC) + QZ}((])

_ We can now explore how the robustness and opportuneness functions,
B.(q, rw) and @e(g,7c), vary as the manufacturer’s choice of the production
volume ¢ is altered. Robustness and opportuneness may be sympathetic,
but in this example they will sometimes be antagonistic.

Differentiation eq.(3.162) with respect to ¢ results in:

(3.162)

83 _862 rw—rc%

dg  9q  ¥%(q) dg

The quantity (ry — r¢)/1? is for all practical purposes positive, since the
wildest dream for windfall reward ry, is doubtlessly greater than the critical
survival level of reward r.. This means that the extrema of 8 and a will
not occur at the same value of ¢ unless dv/dg happens to vanish precisely
at an optimal ¢q. That is, we cannot have:

(3.163)

83 oa
= d — = .164
. 0 an 3 0 (3.164)
at the same value of ¢ unless
dy
— = 1
. 0 (3.165)

as well. Furthermore, not only can we not simultaneously optimize both
Bo(q, ) and @e(g,7¢), €q.(3.163) also implies that there can be some ranges
of g-values for which both functions have the same slope. Since “bigger is
better” for a while “big is bad” for §, this means that for some ranges
of production volumes one can improve one of these functions only at the

expense of degrading the other. In these ranges of g one can trade robustness
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for opportuneness or vice versa. On the other hand, this antagonism need
not be universal. If, for instance, d)/dq is positive, then a range of ¢g-values
over which a(g,r.) increases (which is desirable) will be a range of g-values
over which (g, ry) decreases (which is also desirable). We will explore the
antagonism and sympathy of the immunity functions further in chapter 5.

3.4 i General Robustness and Opportuneness
Functions

For most practical purposes egs.(3.4) and (3.5) (or egs.(3.10) and (3.11))
are sufficiently general and powerful assessments of the impact of pernicious
and propitious aspects of uncertainty. In some circumstances, however,
one needs a more general formulation of robustness and opportuneness. In
this section we briefly address this need. These concepts are applied in
sections 11.1 and 11.2.

Robustness function. Let ¢ be a vector of actions made (or con-
templated) by the decision maker, and let Q be the set of all allowed or
available actions. Let uq, ...,uy be info-gap variables with info-gap mod-
els Ui (o, uy), ..., Un(a,un), a > 0. Let Ry [q, Ur(a,y), ..., UN(a,un)]
be a reward algorithm which evaluates action ¢ with respect to the sets
Ui(a,ty), ..., Un (o, un), at fixed uncertainty «, and returns a real-valued
assessment of the reward. The reward algorithm R, is monotonically de-
creasing in the sets upon which it acts. That is, R, has the following

property:

Ai Q Bi, = 1, ...7]\[7 1mphes R*[q,Al, ,AN} Z R*[(LBla ...,BN]

(3.166)
We stress that the reward algorithm R, is monotonically decreasing on
the uncertainty sets, but we have assumed nothing about how R, varies
with the decision vector g. The most common motivation for requiring this
monotonic decrease of the reward algorithm is that it thereby seeks the
worst case on the uncertainty-sets in its domain. We will have more to say
shortly about worst cases.

Referring to eq.(3.4) we see that the expression:

min _ R(q,u) (3.167)
weU (a,u)
is a special case of:
Ry g, Ur(a, ), ..., UN(a, )] (3.168)

The minimum in (3.167) decreases as the set U(«,u) grows, which is pre-
cisely the property of monotonic decrease required of the generic reward
algorithm in (3.168).



